2-d Collisions

Based on “2-Dimensional Elastic Collisions Without Trigonometry” by Chad Bercheck.
http://www.geocities.com/vobarian/2dcollisions/

Known:

Particle 1:
mass: mp
velocity: vix, Viy
position: X1, yi

Particle 2:
mass: mo
velocity: vax, Vay
position: X2, y2

Need, where f = final = after the collision:
Particle 1:

velocity: Vixt, Viyt
Particle 2:

velocity: Vaxf, Vayf

Note about mass: If m; == m», then equations do get simpler. I show below where this
assumption comes into the equations. The final result given here does assume that m; == mo.

Find unit normal and unit tangent vectors:
n = normal vector
un = unit normal vector
uny = x-component of unit normal vector
uny = y-component of unit normal vector
t = tangent vector
ut = unit tangent vector
utx = x-component of unit tangent vector
uty = y-component of unit tangent vector
n=<x2-Xi,y2-yi>
un =< (X2 - x1) / sqrt[], (y2 - y1) / sqrt[] >
uny = (X2 - x1) / sqrt[]
uny = (y2 - yl) / sqrt(]
t=<-(y2-y1),(x2-x1)>
ut = < -(y2 - y1) / sqrt[], (x2 - x1) / sqrt[] >
utx = -(y2 - y1) / sqrt[]
uty = (X2 - X1) / sqrt[]
Note: since sqrt[(X2 - X1)% + (y2 - y1)?] keeps appearing in the formulas, I am abbreviating it by
using: sqrt[].



Find normal and tangent for vi and v»:

For each of the two particles, find the magnitude of their velocities relative to the unit normal and
unit tangent directions. This is done by taking a dot product of vi ® n and v; * t (and analogously
for v2). Since we know the x- and y-components of v and v2, we compute these as follows:

Vin = UN ® V1 = UNxVix + UnyViy = [Vix(X2 - X1) + Viy(y2 - y1)] / sqrt[]

Von = UR ® V2 = UNxVax + UNyVoy = [Vax(X2 - X1) + Vay(y2 - y1)] / sqrt[]

Vig=ut ® v1 = UtxVix + Utyviy = [-vix(y2 - y1) + Viy(X2 - x1)] / sqrt[]

var = ut ® v2 = utxvax + Utyvay = [-vax(y2 - y1) + vay(X2 - X1)] / sqrt[]

Note: vin, Vit, Vo, and vy are scalar values, not vectors. They can become vectors if we include
their directions. For vi, and va,, the direction is either in the same direction as, or the opposite
direction of, the unit normal vector, un. For vi; and vy, the direction is either in the same
direction as, or the opposite direction of, the unit tangent vector, ut.

Find normal and tangent after collision for v; and v2:

Find the normal and tangent values for both particles after the collision. This will give us Vinf,
v, Voot and v, Where f indicates the final velocity after the collision. The tangential velocities
after the collision are the same for vif and vz as before the collision; this result derives from the
conservation of momentum. The normal velocities of vir and vz are different after the collision;
this result derives from the 1d collision and uses conservation of momentum and energy.

Vite = Vit

Vatf = Vat

Vinf = [Vin(m - mp) + 2mva,] / (m; + my)
If m; == my, this equation becomes:
Vint = [Vin(m - m) + 2mva,] / (m + m) = 2mva, / (2m)
Vinf = V2n

v2nf = [von(m - m2) + 2mavia] / (M + my)
If m; == mp, this equation becomes:
Voot = [Von(m - m) + 2mvi,] / (m + m) = 2mvi, / (2m)
V2nf = Vin

From this point forward, assume m; == mo.



Find vir and v2:
For particle 1, we know: vinf and vier. We
can use these two to find:
Vit = Vinf + Vit
as shown in the drawing. vit
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But, we need vixr and viyr; that is, we need vif

the x- and y-components of vir. We

compute:
Vinf = <Vinfx, Vinfy>

and vinf
Vitt = <Vitfx, Vitty>

vty = vinfy + vitfy
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Then, we can add vectors to get: vinix

Vit = <Vinfx + Vitfx, Vinfy + Vitfy>.
nix X> Vinly Y vifx = vinfx + vitfx

> v1tfx
—
>

v1ntx

First, find viatx. This is done by multiplying viat by the x-component of the unit normal vector:
Vintx = Vinf((X2 - X1) / sqrt[]) = van((x2 - X1) / sqrt[]) =

([vax (X2 - x1) + vay(y2 - yn1 / sqrt[]) ((x2 - x1) / sqrt[]) =

[Vax (X2 - x1)? + vay(x2 - x)(y2 - YOI/ [(x2 - x1)* + (y2 - y1)°]
Now, find vix. This is done by multiplying vi¢ by the x-component of the unit tangent vector:
vitrx = Viee((X2 - X1)/ sqrt[]) = vie((x2 - x1) / sqrt[]) =

(-vix(y2 - y1) + viy(x2 - x0)] / sqrt[]) ((y2 - y1) / sqrt[]) =

[-Vix (X2 - X1)(y2 - y1) + Viy (X2 - X1)2] / [(X2 - X1)? + (y2 - y1)?]
Finally, to find vixf, add Vintx + Vittx. Note that both terms have the same denominator.
Vifx = Vinfx + Vitftx =

{[vax(x2 - X1)? + Vay(X2 - X1)(y2 - yD)] + [-Vix(X2 - X1)(y2 - Y1) + Viy(X2 - X1)?]}

I(x2 - x1)> + (y2 - y1)?]

Repeat the last three steps for va:
First, find vantx. This is done by multiplying vznf by the x-component of the unit normal vector:
Vantx = Vant((X2 - X1) / sqrt[]) = vin((X2 - X1) / sqrt[]) =

([vix(x2 - x1) + viy(y2 - y0I / sqrt[]) ((x2 - x1) / sqrt[]) =

[Vix(X2 - X1)2 + viy(x2 - X)(y2 - YD) / [(X2 - X1)? + (y2 - y1)?]
Now, find vaux. This is done by multiplying va¢ by the x-component of the unit tangent vector:
Vairx = Vaue((X2 - X1) / sqrt[]) = vae((X2 - x1) / sqrt[]) =

([-vax(y2 - y1) + vay(x2 - x1)] / sqrt[]) ((x2 - x1) / sqrt[]) =

[-vax(X2 - x1)(y2 - y1) + Vay(x2 - x1)?] / [(X2 - X1)? + (y2 - y1)?]
Finally, to find vatx, add vangx + Vattx. Note that both terms have the same denominator.
Vafx = Vanfx + V2tfx =

{[vix(x2 - X1)? + Viy(x2 - X1)(y2 - y)I + [-vax(X2 - X1)(y2 - y1) + Vay(X2 - X1)?]}

/(X2 - x1)% + (y2 - y1)?]



To find the y-components for particles 1 and 2, we perform the same 3 steps.
First, find vingy. This is done by multiplying viaf by the y-component of the unit normal vector:
Vinty = Vine((y2 - y1) / sqrt[]) = van((y2 - y1) / sqrt[]) =

([vax(x2 - X1) + vay(y2 - yD1 / sqrt[]) ((y2 - y1) / sqrt[]) =

[Vax(X2 - x1)(y2 - ¥1) + Voy(y2 - y1)?1 / [(X2 - X1)? + (y2 - y1)?]
Now, find viy. This is done by multiplying v by the y-component of the unit tangent vector:
Vitty = Viee((y2 - y1) 7 sqrt[]) = vie((y2 - y1) / sqrt[]) =

([-vix(y2 - y1) + viy(x2 - x0)] / sqrt[]) ((y2 - y1) / sqrt[]) =

[-Vix(y2 - y0)? + Viy(x2 - x1)(y2 - yO1 / [(x2 - x1)? + (y2 - y)?
Finally, to find viyr, add Vinty + V1tty. Note that both terms have the same denominator.
Vity = Vinfy + Vitty =

{[vax(x2 - x1)(y2 - y1) + Vay(y2 - y1)?] + [-Vix(y2 - y1)? + Viy(X2 - x1)(y2 - ynl}

[ (x2 - x1)? + (y2 - y1)?]

Repeat the last three steps for va:
First, find vanty. This is done by multiplying vznf by the y-component of the unit normal vector:
Vanfy = Vanf((Y2 - Y1) / sqrt[]) = vin((y2 - y1) / sqrt[]) =

([vix(x2 - x1) + viy(y2 - ynl / sqrt[]) ((y2 - y1) / sqrt[]) =

[Vix(x2 - x1)(y2 - y1) + Viy(y2 - y)°1 / [(x2 - x1)? + (y2 - y1)°]
Now, find vay. This is done by multiplying vz by the y-component of the unit tangent vector:
Vatty = Vaur((y2 - y1) / sqrt[]) = va((y2 - y1) / sqrt[]) =

([-vax(y2 - y1) + vay(x2 - x1)] / sqrt[]) ((y2 - y1) / sqrt[]) =

[-vax(y2 - y1)? + Vay(X2 - Xi)(y2 - yDI / [(x2 - x1)? + (y2 - y1)°]
Finally, to find vaty, add vanty + Vatty. Note that both terms have the same denominator.
Vaty = Vanty + Vaity =

{lvix(x2 - x)(y2 - y1) + viy(y2 - y)?] + [-vax(y2 - y1)? + vay(x2 - x1)(y2 - y» 1}

/(X2 - x1)% + (y2 - y1)?]

Summary:

vitx = {[Vax(X2 - X1)? + vay(X2 - X1)(¥2 - yDI + [-Vix(X2 - x1)(y2 - y1) + Viy(x2 - X1)?]}
/(%2 - x1)? + (y2 - y1)?]

vity = {[Vax(X2 - X1)(y2 - y1) + Voy(y2 - y0)?] + [-Vix(y2 - y1)? + Viy(X2 - x1)(y2 - yD)I}
/(%2 - x1)? + (y2 - y1)?]

Vatx = {[Vix(X2 - X1)2 + viy(X2 - X1)(y2 - yDI + [-vax(X2 - X1)(y2 - y1) + Vay(x2 - X1)?]}
/(X2 - x1)? + (y2 - y1)?]

Vaty = {[Vix(X2 - x1)(y2 - y1) + Viy(y2 - y?] + [-vax(y2 - y1)? + vay(x2 - x1)(y2 - yD1}
/(%2 - x1)? + (y2 - y1)?]



