
���������	�
�
����
����� � �����
��� �������
�����! ��"#�"���$�%'&	( �*) �+��,	$*-.&
/ )10�2

�
� �435 687:9 ;�< 9>=@?�ACBD9 EGF�<>H�IKJ�L
MONP 9 ;�< 9>=@?�ACBD9 EGQRH@A!F�< HSIKJ�L
MUT

VXW@YRZX[]\_^`Z�acbda�e�f�g�h
✫ i EjLk< 9>=@?�ACE]H@lSmKI
LonpEGAj?RLkI�L�Q�A]L
m�H@;�q�m]H	rjL
I
Aj9>H@QOT
✫ s m]H	rjL�I�AtAj?RL!L
M�=pL
EtH@;RqOH@< u�=pH@Q�E�A]?�n@AvI�npE1AvE1?RnpM�H�w�EH@QxAj?RLkqOH@< uS=pH@QREy9 Q�AKL�m]E]L
I�A]9 QR=zAj?RLoEjI
n@Q{< 9 QRL	T
✫ | ?�L
Q�L�}�L
mzA]?�L~EjI�n@Q�< 9 QRLx}S9>E19 A]E�H@QRLxH@;kAj?RLxq�m]H@�rjL
I�AKL
M�qOH@9 Q�A]E�NUIK?Rn@Q�=pLkA]?�Lk9 Q�A]L
Q�Ej9 A�upT

�C�v�X�y�����z���t�X���X�p���y�

V�\_^�hXad�

�o� gR[K��YU�
�����X��aSW	e���@a�W@^`�
^_gUZ8��\`�UgR�	^_e�f�b+�
✫   9 QRM~Aj?RL¡qOH@m]Aj9>H@Q~H@;yL
npIK?cqOH@< uS=pH@Q~}�9>Ej9 F�<>L¡;�mKHp¢Aj?RL< 9>=@?�A�E]H@lSmKI
L	T
✫ £ L
I�Hp¢�qOHpE]L8L�npI]?¤qOH@< uS=pH@Q¥9 Q�AKH¦E1l�FSqOH@< uS=pH@QRE�NL
npIK?xFOL�9 QR=�L�9 Aj?RL�mI
Hp¢zq�<>L�A]L�< u�< 9 AH@mI�Hp¢�q�<>L�A]L
< ulSQRMSL
mCMSn@m]JUT
✫ § L�QRMSL�m�L�npI]?xqOH@< u�=pH@Q{npEG;_H@< < < H#w�E�¨© ª ;«A]?�LdqOH@< u�=pH@Q¬9>E�9 QMSn@m]JUNoE]L�A{9 Q�AKL�Q�Ej9 A�u¬A]HA]?�Lonp¢®FS9>L�Q�AG< 9>=@?�A ���¡�8���	�
�
���C�
� T© ª ;¯Aj?RL�qOH@< u�=pH@Q°9>E< 9 A�NtAj?RL�QdlREjLznp¢¡F�9>L�Q�A
N�MS9 ;_�;_l�E]L	NUn@QRM{EjqOL
I�l�< n@mCm]L�±RL
I�A]9 H@Q�T
✫ § L�qOL
n@A�Aj?RL¯²SmKE1AvA�wGHkE1A]L
q�Et;`H@mvL
npIK?¡< 9 =@?�AvEjH@l�m]I
L	T

��t���D���³�z�t���X�
���p���¯�

V�\_^`hXa°´
µ sG¶ P	·@¸ N ·p¹pº ¨ »¼�½�¾R¿�À�Á�Â�Ã®Â�Ä�¾RÅ�Æ_ÇOÈ ÉoÄ�ÊXÀOÂ�ÄOÇOÆ�Ë�Ì s np=pL P

�o� gR[���YU�
��ÍG[KÎ®ÏXÐDap�{��\_�UgR�@^�e�f�b+�
✫ Ñ wGH®qRnpEjE]L
E© | T m�T A�< 9>=@?�A�EjH@l�m]I�L© | T m�T A�T¯}�9>L�w¬qOH@9 Q�A
✫
µ Hp¢zqSl�A]LÒM�L�q�Aj?¬9 Q�;_H@m]¢�n@A]9 H@Q¬wkT m
T A�T¦Aj?RLc< 9>=@?�AEjH@l�m]I�L	TÓ Ô Õ�Ö�×GØ�Ù�Ú!Û
Ü $`ÝXÞ ) H@m ß Ö�àpápâ@ã8ä�à ßjå

✫
µ Hp¢zqSl�A]LCAj?RL�}@n@< l�LkH@;�A]?�L;�m]np¢�L!F�l�æOL�m!n@A¯L
npIK?q�9 ç�L�<�èÒwkT m
T A
TyAj?RLk}�9>L�w!qOH@9 Q�A�npEG;_H@< <>H#w�E�¨
© ¶ l�qSqOHpE]LGAj?RLDqOH@9 Q�A�é¡9 Q®Aj?RLywGH@mj<>M¡I�H�H@m]MS9 Q�n@AKL9>E�MSm]n#w!Qxn@A!q�9 çSL�<XèXT© £ L�AKL�m]¢z9 Q�LC9 ;�é{9>EGl�Q�M�L�mCEj?�npM�H�wkT© ª ;�l�Q�M�L�mCEj?�npM�H#wkNRlREjLonp¢¡F�9>L�Q�AG< 9>=@?�A�Tê A]?�L�m]w!9>EjL�I
Hp¢zq�lSAKLëA]?�Lì< 9>=@?�Aj9 QR=í9 Q�;_H@mK¢zn@�A]9>H@Qxn@A�èXT

✫   H@m¢®lS< Aj9 q�<>L«< 9 =@?�AEjH@l�m]I�L
E�N�¢�n@9 Q�A]n@9 Q~n�E1?RnpMSH#w¢�npE1Jz;_H@m�L
npIK?{< 9>=@?�A�EjH@l�m]I�L	T

�C�v�X�y�����z���t�X���X�p���y�

V�\_^�hXaÒî

L
V

Shadow mask
z-buffer

light-source
coordinates

world
coodrinates

x

y

z

z

x

L

L

L

y

✫
µ Hp¢�q�l�A]L¡A]?�Lzq�9 çSL�< $�ï�ð�ñ ) 9 QdA]?�L�Ej?�npM�H�w'¢�npE1JI
H@mjmKL
E1qOH@QRM�9 QR=®AKH®qOH@9 Q�ADé�T

✫
µ Hp¢�q�l�A]LÒAj?RLdMS9>E1A]n@QRI
LëòÒH@;kéí;�m]Hp¢óAj?RL°< 9>=@?�AEjH@l�m]I
L	T

✫
µ Hp¢�qRn@m]Lkò�w!9 A]?cô �x�¬õDö� ïRð�ñ 2 T

✫ ª ;Xô �~÷ ò�N@éz9>EylSQRMSL
mGEj?�npM�H#wkø�H@Aj?RL�mjw!9>E]LDé�9>ED< 9 A�T

��t���D���³�z�t���X�
���p���¯�

V�\_^`hXa~ù
µ sG¶ P	·@¸ N ·p¹pº ¨ »¼�½�¾R¿�À�Á�Â�Ã®Â�Ä�¾RÅ�Æ_ÇOÈ ÉoÄ�ÊXÀOÂ�ÄOÇOÆ�Ë�Ì s np=pL ·



ú �Uû8üo����ýO�`��þ

V�\_^�hXa°ÿ

���������	��
������������������������
✫   H@mkL
npIK?cq�9 çSL�<tèXN�E1?RH�H@ACn�mKn�u �{;�m]Hp¢¤Aj?RL«}�9>L�wqOH@9 Q�A!A]H�Aj?RLkI�L�Q�A]L
m�H@;XèXT
✫ ª ;!�¡M�H�L
EyQRH@AD9 Q�A]L
m]EjL�I�A¯n@Q�uzH@FSrjL
I�A
N�I�H@< H@m¯èxw!9 A]?Aj?RLFRnpIKJS=@mKH@lSQRM{I
H@<>H@m�T
✫
ê A]?�L
mjw!9>EjL	N�I
Hp¢zq�lSAKL�Aj?RLx²�m]EjA�H@F�rjL
I
A � 9 Q�A]L�m]�EjL
I�AKL
M�F�u��zn@QRM{Aj?RLk²SmKE1A�9 Q�AKL�m]E]L
I�A]9 H@QxqOH@9 Q�A#"XT

✫
µ Hp¢�q�l�A]L~Aj?RL°I
H@<>H@mxn@A$"lRE19 QR=ìAj?RL°m]L
±�L
I
Aj9>H@Q¢zHSMSL
<_T

✫ £ mKn�wíèÒw!9 A]?xA]?�LoI
Hp¢zq�lSAKL
M�I
H@<>H@m�T
✫ % npIK?{q�9 ç�L�<�9>E!I
H@<>H@mKL
M{H@Q�< u{H@QRI
L	T
✫
µ Hp¢�q�l�Aj9 Q�=&"~9>E�L�ç�qOL
Q�Ej9 }�L('

ú �Uûük�
�Xý��`�Xþ

V�\_^`hXa*)
µ sG¶ P	·@¸ N ·p¹pº ¨ »¼�½�¾R¿�À�Á�Â�Ã®Â�Ä�¾RÅ�Æ_ÇOÈ ÉoÄ�ÊXÀOÂ�ÄOÇOÆ�Ë�Ì s np=pL,+

ú �Uû8üo����ýO�`��þ�-c�C�t���y���³�����������X�p���y�

V�\_^�hXa/.

ú �Uûük�
�Xý��`�Xþ�- ú �10G��ýO�@�_�y�

V�\_^`hXa*2
µ sG¶ P	·@¸ N ·p¹pº ¨ »¼�½�¾R¿�À�Á�Â�Ã®Â�Ä�¾RÅ�Æ_ÇOÈ ÉoÄ�ÊXÀOÂ�ÄOÇOÆ�Ë�Ì s np=pL ¸



r

t
3

ú �Uû8üo����ýO�`��þ�- ú �14��
�XýO�@�_�y�

V�\_^�hXa*5

✫ % ç�A]L
Q�MkAj?RL¯E1A]n@QRM�n@m]Mom]n#ukAjm]npI
9 QR=!AKHG?�n@QRM�<>LGE1?RnpMS�H#w�E�NRm]L�±RL
I�A]9 H@Q�NRn@QRM{mKL�;�mKnpI�Aj9>H@Q�T
✫ ¶ ?�HSH@A~E]L
I
H@QRMSn@m]u¬mKn�u�ExmKL
I�l�m]E19 }�L�< uíA]H�I
n@<>I�l�<>n@A]LEj?�npM�H�w�E�NRmKL�±RL
I�Aj9>H@Q�NRn@QRM�m]L
;�m]npI�A]9>H@QOT
  H@m�L�npI]?xqS9 çSL
<�è°H@Q{A]?�LoEjI
m]L
L�Q�NRM�HzAj?RLk;_H@< < H#w!9 Q�=S¨
✫ 6 ���7�8���:9;�	��9=< �?>A@CB § n#u L
¢�n@Q�n@A]9 QR= ;_m]Hp¢�Aj?RL}S9 L
w¯L�mGAKH®A]?�LoI
L�Q�A]L�m�H@;tèXT
✫ ª ;D�?>ìM�H�L�E1Q1E A?S9 ACn@Q�uxH@F�rjL�I�A�NUm]L�QRM�L�mè°w!9 A]?xAj?RLFRnpIKJS=@m]H@l�QRM{I
H@<>H@m�T
✫ ¶ lSq�qOHpEjLdAj?RLÒ²SmKE1Ax9 Q�AKL�m]E]L
I�A{qOH@9 Q�A~H@;F��n@Q�M8n@QH@FSrjL
I�AG9>EDé�T

T

VN

R

L

ú ��ýHGv�I��7J�� ú �Uûíük����ýO���Xþ

V�\_^`hXad��K
µ sG¶ P	·@¸ N ·p¹pº ¨ »¼�½�¾R¿�À�Á�Â�Ã®Â�Ä�¾RÅ�Æ_ÇOÈ ÉoÄ�ÊXÀOÂ�ÄOÇOÆ�Ë�Ì s np=pL,L

T
1

R 3

R
2

R 1

T2

L3

L
1

L2

N

N

Point Light Source

N

Viewpoint

✫ ¶ ?RH�H@A!A]?�Lk;_H@< <>H�w!9 QR= 
�����C�M�?����9 m]n#uSE¯;�mKHp¢.é�¨N1OQPMRHSUTWV�P�XZY � �U[�\ ¶ ?�HSH@AGn�m]n#u�n@<>H@Q�=^]é õ T_�`�ab`?c?dfe S�ghV(P�X;Y �?i [�\ ª ;8Aj?RL H@F�r]L
I�A.?RnpE m]L��±RL
I�A]n@QRI
L!q�m]H@qOL
mjA�u $ L	T =ST NS¢�9 m]m]H@m ) N�E1?RH�H@Ayn¡m]n#u9 QcMS9 m]L
I�A]9>H@Q j®T_�`�k V(P c?dfe S�glV(P�X;Y �?m [�\ ª ;®A]?�L+H@F�r]L
I�A~9 EÒA]m]n@QRE1�qRn@m]L�Q�A
NUEj?�HSH@A!n®mKn�u�9 QcMS9 m]L
I�A]9>H@Q�nkT
✫ ª ;o�?i ð �?m ?S9 Acn@QíH@F�rjL�I�A�NEj?�HSH@A{EjL
I
H@QRM�n@mju�m]n#uSE;�m]Hp¢¦A]?�L
m]LonpE!n@FOH�}�L@T
✫ p q�qS< u MS9>E1AKn@Q�I
L�n@A]A]L�Q�l�n@A]9 H@Q A]HcAj?RL�9 Q�A]L�QRE19 A�u+H@;EjL
I
H@QRM�n@mju�m]n#uSE�T

ú �Uû8üo����ýO�`��þ

V�\_^�hXad�U�

VOe#grqHqt^`ZX�+W	�	^_e�ap�@^_Y��
✫ s H�H@FSrjL
I�AG9>EG?S9 A
T
✫
Ý 9>=@?�A�EjH@l�m]I
Lk9>E!?�9 A�T

✫ § L�npI]?RL
M{n�I�l�Aj�*H@æ~M�L�q�Aj?�Tµ m]L
n@AKL
E!n¡mKn�u�A]m]L
L	øRL�}	n@< lRn@A]L9 QxFOH@AjAKHp¢z�`l�q�;_npE1?�9>H@QOT

R
1

L
1

L2

T1
L3

T2
R2 R3

Viewpoint

���������#�
�
���C�
���� � �X� �
��� �������
� � �! ��"!&	�C"���$*%'&#( ��) �ì��,#$�-.&#/ ) 0 2

�k� i � i �C�+� m �
�_�

ú �Uûük�
�Xý��`�Xþ

V�\_^`hXad�R´
µ sG¶ P	·@¸ N ·p¹pº ¨ »¼�½�¾R¿�À�Á�Â�Ã®Â�Ä�¾RÅ�Æ_ÇOÈ ÉoÄ�ÊXÀOÂ�ÄOÇOÆ�Ë�Ì s np=pL º



✫
Þ L
AjA]L
m!9 < < lR¢�9 QRn@Aj9>H@Qx¢�H�M�L�<`T

✫ s m]H@QRLkA]H�Q�lR¢zL
mj9>I
n@<O9 QRE1A]n@F�9 < 9 A�upT
✫ t L�mju{L
ç�qOL�QRE19 }�L	T
u�v W@^_a�ZtW(wyx��
�
ÏXaS�#�
✫ § n#uxH@F�r]L
I�A!9 Q�A]L
m]EjL�I�Aj9>H@Q�¨ i EjL¡H@FSrjL
I�A�?�9>L�m]n@mKIK?�u@NE1qRn@Aj9>n@<{M�L
I
Hp¢zqOHpE19 A]9 H@Q A]L
IK?�QS97z�l�L
E $ HSI�AëA]m]L
L�E�NÞ ¶�s E E ) T
✫ § L�±RL
I�A]9>H@Qx¢�n@q�E
✫ p M�n@q�Aj9 }�LkAjm]L�LM�L�q�Aj?
✫
Ý 9 =@?�A�FSl�æOL�m

ú �Uû8üo����ýO�`��þ

V�\_^�hXad��î

✫ { n@QRM�<>L
E!n@Q�A]9>n@< 9>npEj9 QR=ST
✫ £ 9 }�9>M�LkqS9 çSL
<�9 Q�A]HzE1l�F�qS9 çSL
< E�T
✫
µ ?�HSHpEjL~qS9 ç�L�<>Exn@A{mKn@Q�M�Hp¢ $ l�QRMSL�mÒEjHp¢�L~=@9 }�L�QM�9>E1A]mj9 F�lSA]9 H@Q ) T

✫ £ 9 }�9>M�LCL
npIK?�q�9 ç�L�<O9 Q�AKH¡n¡=@mj9>MOø | �~}f}~�	� Aj?RLCI
L
Q�A]L�mKEH@;XA]?�Lo=@m]9 M{m]n@QRMSHp¢z< u�w!9 A]?S9 Q~Aj?RLk=@m]9>M{I
L�< <`T

✫ ª Q�EjA]L
npM H@;dl�QS9 ;_H@mK¢:E]np¢�q�< 9 Q�=SNdlREjL wGL�9>=@?�A]L�MEjnp¢zqS< 9 QR=SN°L	T =ST NdM�9>E1A]mj9 F�lSA]9 H@Q H@;dEjlSF�q�9 ç�L�<°MSL
�qOL�Q�M�E�H@Q{< 9>=@?�A�9 Q�AKL�QRE19 A�u@T
✫ ¶ ?RH�H@A!MS9 æOL
m]L�Q�A!mKn�u�EGn@AGEj< 9 =@?�Aj< u�M�9 æOL�mKL�Q�A!Aj9>¢�L
E�T

� �7Ip�������bGt�@��� ú �Uûük����ýO���Xþ

V�\_^`hXad�Sù
µ sG¶ P	·@¸ N ·p¹pº ¨ »¼�½�¾R¿�À�Á�Â�Ã®Â�Ä�¾RÅ�Æ_ÇOÈ ÉoÄ�ÊXÀOÂ�ÄOÇOÆ�Ë�Ì s np=pLF�

✫ + £ ¢�H�M�L�<U9>E!I
H@Q�EjAjm]l�I�AKL
M{n�n�E]L�A!H@;�E]¢�n@< <OI
lSFOL
E�NI
n@< < L�M � â���Û
Ó ß T
✫ % npIK?{}�H#çSL�<1�z9>E�npE]E19>=@Q�L�M{n®}@n@< l�L � $ � ) T
✫

� $ � ) MSL�AKL�m]¢z9 QRL
E¯Aj?RLkI�H@< H@m!H@;�Aj?RLk}�H�ç�L�<`T
✫ t H@< l�¢�L�M�n@A]nk9>EDA�uSqS9>I
n@< < u�=pL
Q�L�mKn@A]L
M�9 Q�E1< 9>I
L
EDn@QRMqSl�A�A]Hp=pL
Aj?RL�m�T
✫ p q�qS< 9>I
n@Aj9>H@QRE© � L
MS9>I
n@<�9>¢�np=@9 Q�=© � H@<>L
I�l�<>n@m�¢�H�M�L�< 9 QR=© p A]¢�HpE1q�?�L
mj9>I¢�HSMSL�< 9 QR=© ¶ I�9>L�Q�Aj9 ²�Io}S9>E1lRn@< 97�
n@A]9>H@Q

∆x
∆z

∆y

y�

x

z
(x 0, y0, z0)

� �b��Gb� � ú ���v�v�X�
�`�Xþ

V�\_^�hXad�Rÿ

������� ��� � �	��� � ���
� �7� � � �§ L�qOL
n@A!A]?�Lk;_H@< <>H�w!9 QR=®;`H@mGL�npI]?xqS9 çSL
<�è°H@Q{A]?�Lkq�< n@QRL

✫ £ mKn�w8Aj?RLmKn�u��z9 Q{A]?�Lk}�9>L�w!9 QR=®;_m]Hp¢¦è
✫   9 QRMxn@< <�}�H�ç�L�<>E�� � ð �(� ð������Oð ���íA]?�n@A!9 Q�AKL�m]E]L
I�A��
✫ p EjEj9>=@Qxn®wGL�9>=@?�A�  � AKH®L
npIK?{}�H#çSL
<1� �
✫
µ Hp¢�q�l�A]L�A]?�LowGL�9>=@?�A�Ejl�¢

¡z$ è ) � �� � ���  
��� $ � �`)

� �b��G¢��� ú �Oû8üo����ýO�`�Xþ

V�\_^`hXad��)
µ sG¶ P	·@¸ N ·p¹pº ¨ »¼�½�¾R¿�À�Á�Â�Ã®Â�Ä�¾RÅ�Æ_ÇOÈ ÉoÄ�ÊXÀOÂ�ÄOÇOÆ�Ë�Ì s np=pL,£



✫ § L
=pn@mKM�Aj?RLoEjI
L
Q�LonpE!n¤+	�*MS9 ¢�L�QRE19>H@QRn@<�;�l�QRI�Aj9>H@Q
✫ % npIK?{qOH@9 Q�A $¦¥�ð	§�ð ô ) ¨8©�ª ?RnpE!n�}	n@< lRL � $¦¥�ð	§�ð ô )
✫ t n@< lRL
E�n@m]LkEjnp¢zq�<>L
M�n@A!}�H�ç�L�<O}�L�m]Aj9>I
L
E
✫
Ý 9 QRL
n@m]< u�9 Q�AKL�mjqOH@<>n@AKLA]?�Lk}@n@< l�L
EG9 QRE19>M�L«n®}�H#çSL�<

✫   H@m�n�=@9 }�L�Q~ò ¨8© N�MSL
²SQRL«$ ò ) �¬�$¦¥�ð	§�ð ô )¯®@� $�¥�ð§�ð ô ) � ò�°
✫
«$ ò ) 9>E!n�qOH@< u�?RL
M�mKn@<�EjlSm];_npI
L

✫ § L�QRM�L�m «$ ò )
✫ i E]L�;�l�<�;`H@m ÕpÛ
Ó < 9 J�LoH@F�rjL�I�A]E�T

f(x,y,z)=0

� �>���c�`��þ=±~�²D����ýO�>�´³QGy�týU�p���¯�AI

V�\_^�hXad�r.

«$ ò ) 9 Q�A]L
m]EjL�I�A]E n }�H#çSL�< 9 ;� $�¥�ð	§Rð ô ) µ ò¤;_H@m¥EjHp¢�L¥}�L
mj�Aj9>I
L
E!n@QRM ÷ ò�;`H@mGE]Hp¢�LH@AKL�?SmKE
fi + 1, j + 1, k + 1

fi + 1, j, k + 1

fi + 1, j, k

fi + 1, j + 1, k

fi, j + 1, k + 1

f
i, j + 1, k

fi, j, k

fi, j, k + 1

✫
µ H@<>H@m�n~}�L�m]A]L�ç+ô~FS<>npIKJë9 ; � $¦¥�ð	§�ð ô ) µ ò�n@QRMë9 ;� $¦¥�ð	§�ð ô ) ÷ ò

✫ ª Q�AKL�mjqOH@<>n@AKL « w!9 Aj?�9 Qcn¡}�H#çSL
<OF�u�Ajm]9>n@Q�=@<>L
E
✫ t 9 Ej9 AD}�H#çSL�<>E�9 Q�nkI�H@Q�Ej9 EjA]L�Q�Ay¢�n@QSQRL�m
NpL	T =ST N�m]H#wìF�umKH�wkNRAj?RL�Qxq�<>n@Q�LkF�u�q�<>n@Q�L	T
✫ % npE1u�A]H®q�n@mKn@< < L
< 97�
L@ø�;_npEjA]L�m!A]?�n@Q{mKn�u�A]m]npI�9 QR=ST
¶ · ¸ ¹ º » ¼

½ ¾ ¿ · ¶ ·7· · ¸ · ¹
¶ · ¸ ¹ º » ¼

½ ¾ ¿ · ¶ · · · ¸ · ¹

±�I��QI�Gv�4���ýU�ÁÀ¢Â��p�
�XýO�@�_�y�

V�\_^`hXad��2
µ sG¶ P	·@¸ N ·p¹pº ¨ »¼�½�¾R¿�À�Á�Â�Ã®Â�Ä�¾RÅ�Æ_ÇOÈ ÉoÄ�ÊXÀOÂ�ÄOÇOÆ�Ë�Ì s np=pL ¹


