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“'““";", Y Negative-weight cycles

Recall: If agraph G = (V, E) contains a negative-
weight cycle, then some shortest paths may not exist.
Example:
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Bellman-Ford algorithm: Finds all shortest-path
lengthsfromasourcesO Vtoal vOVor
determines that a negative-weight cycle exists.
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“* Bellman-Ford algorithm
ds -0
foreachvOV—{s} - initidization
dod[V] «
fori — 1to|V|-1do
for each edge (u, v) 0 E do
if d[v] > d[u] +w(u,v) theny relaxation
dv] < du] +w(u, V)
v - u } e
for each edge (u,v) O E
doif d[v] > d[u] + w(u, v)
then report that a negative-weight cycle exists
At theend, d[v] = &(s, v). Time=O(VE).

© 2001 by CharlesE. Leiserson Introduction to Algorithms

<+ Example of Bellman-Ford
Order of edges: (B,E), (D,B), (B,D), (A,B), (A,C), (D,C), (B,C), (E\D)
ABCDE
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<+ Example of Bellman-Ford
Order of edges: (B,E), (D,B), (B,D), (A,B), (A,C), (D,C), (B,C), (E\D)
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2N Example of Bellman-Ford
Order of edges. (B,E), (D,B), (B,D), (AB), (AC), (D,C), (B,C), (E,D)
A B CDE
O © o o o
0 -1 © o o
0 -1 4 o o
0 -1 2 o o
0 12 « 1
012 11
012 =21
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'": Example of Bellman-Ford

EN
S

Order of edges: (B,E), (D,B), (B,D), (AB), (A,C), (D,C), (B,C), (ED)
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Note: Values decrease
monotonically.
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=% Correctness o~ Correctness (continued)

v
Theorem. If G = (V, E) contains no negative- s @ @ /@
weight cycles, then after the Bellman-Ford p:
agorithm executes, d[v] = (s, v) foral vO V. ’

Proof. Letv 0V beany vertex, and consider a shortest Initially, d[v.] = 0 = &(s, V), and d[s] is unchanged b
path p from sto v with the minimum number of edges. subseq{:en{ roé axationé (bgr);ause of[t;le Iemmaf?om Igst
v lecture that d[v] = &(s, V)).

/@ « After 1 pass through E, we have d[v;] = &(s, v;).
: « After 2 passes through E, we have d[v,] = &(s, v,).
P: () (%) 2

« After k passes through E, we have d[v,] = &(s, v,).

Since pisashortest path, we have Since G contains no negative-weight cycles, pissimple.

(s, Vi) = &(s, Vi) + WY1, ) - Longest smple path has < |V| - 1 edges. []
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iy Detection of negative-weight ¥ DAG shortedt paths
w0 cycles
If the graph isadirected acyclic graph (DAG), wefirst
Corollary. If avalued[v] failsto converge after topologically sort the vertices.
|V| — 1 passes, there exists a negative-weight * Determinef: V — {1,2, ..., |V[} such that (u,v) O E
cyclein G reachable froms. [] = f(u) <f(v).

* O(V + E) time using depth-first search.

i oy
P50

Walk through the vertices u [0 V in this order, relaxing
the edgesin Adj[u], thereby obtaining the shortest paths
fromsin atotal of O(V + E) time.
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