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CS 445

Computational Geometry
Alon Efrat

Slides courtesy of Erik Demaine with 
small changes by Carola Wenk

Computational geometry

Algorithms for solving “geometric problems”
in 2D and higher.

Fundamental objects:
point line segment line

Basic structures:

polygonpoint set

Computational geometry

Algorithms for solving “geometric problems”
in 2D and higher.

Fundamental objects:
point line segment line

Basic structures:

convex hulltriangulation

Line-segment intersection
Given n line segments, 
•does any pair intersect? 
•Report all intersections pairs (not in this course) 

•Require a slght massaging of the algorithm,  

Obvious algorithm: O(n2) – checking all pairs.
Line-sweep – O(n log n) to decide if there is an intersection.

a

b

c

d
e

f

Applications 1: Checking 
VLSI design correctness 

Need to decide if two components intersect (bug 
in desion)

Applications 2: computing all
intesrction points 

Applications: Map overlaying: compute all 
points at which a road crosses a river.

c
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Assumptions-general position

• No vertical segment

• No two endpoints of  segments have the 
same y-coordinate.

• The line containing a segment does not 
contain the endpoint of another segment

• If the segments satisfies all assumptions, 
we say that they are in general positio

If the segments satisfies all assumptions, 
we say that they are in a general position. 

2-segment intersection

• Test whether segments (a,b) and (c,d) 
intersect.How do we do it?

• Method 1: Write down the equations of the lines 
through the segments:

•Express the line through thefirst 
segment as  y=mx+n 

•Express the line through the second  
segment as y=m’x+n’

•Find intersection point between  the 
lines. 

•Check if the intersection point lies on 
the segments.   O(1) time.

2-segment Intersection

• An alternative (and safer) approach is based 
in the notion of orientation of an ordered 
triplet of points in the plane

Primitive operations:
Crossproduct

Given two vectors v1 = (x1, y1) and v2 = (x2, y2),
is their counterclockwise angle q

• convex(< 180º),
• reflex (> 180º), or
• borderline (0 or 180º)?

v1

v2

q v2

v1

q
convex reflex

Crossproductv1 ´ v2 = x1 y2 – y1 x2
= |v1| |v2| sin q .

Thus, sign(v1 ´ v2) = sign(sin q) > 0 if q convex,
< 0 if q reflex,
= 0 if q borderline.

Primitive operations:
Orientation test

Given three points p1, p2, p3 are they
• in clockwise (cw) order,
• in counterclockwise (ccw) order, or
• collinear?

(p2 – p1) ´ (p3 – p1)
> 0 if ccw
< 0 if cw
= 0 if collinear p1

p3

p2

cw p1

p2

p3

ccw

p1

p2

p3

collinear

Primitive operations:
Sidedness test

Given three points p1, p2, p3 are they
• in clockwise (cw) order,
• in counterclockwise (ccw) order, or
• collinear?

Let L be the oriented line from p1 to p2.
Equivalently, is the point p3

• right of L,
• left of L, or
• on L?

p1

p3

p2

cw p1

p2

p3

ccw

p1

p2

p3

collinear

L
L
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Intersection and Orientation

• Two segments (p1 q1) and (p2,, q2) 
intersect if and only if the following 
two conditions are satisfied

• General case:
– p2 and q2 are on different sides of 

the line passing through p1 and q1,

• and
– p1 andq1 are on different sides of 

the line passing through p2 and q2

Intersection and Orientation

• Two segments (p1, q1) and (p2, q2) 
intersect iff
– (p1,q1,p2) and (p1,q1,q1) have 

different orientations 
• and

– (p2,q2,p1) and (p2,q2,q1) have 
different orientations

a

b

c

d
e

f

Planned events (left/right endpoints)

Sweep-line algorithm

a

b

c

d

Sweep a vertical line from left to right
The line “knows” which segment it intersect and 
at which order (conceptually replacing x-
coordinate with time).

Sweep-line algorithm

• Sweep a vertical line from left to right
(conceptually replacing x-coordinate with time).

• Maintain dynamic set Sof segments
that intersect the sweep line, ordered
(tentatively) by y-coordinate of intersection.

• Order changes when
• new segment is encountered (left endpoints),
• existing segment finishes (right endpoint)
•Event pointsare therefore segment endpoints.

a

b

c

d
e

f

a
a
b b

c
a a

b
c
d

b
d
c

b
e
d

b
d
c
e

S

Planned events (left/right endpoints)

The statusof the linesweep 

a
b

c

d

e

S={d,b,a,c,e}

The status Sis the list of segments that linesweep l
intersects (in the order from bottom to top). 

Definintion: an event happens when l start/stop 
intersecting a segment.

Note: the status is not changed between events, so l can 
jump from an event to the next event. 

l
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Algorithm - overview 

• Sweep with vertical line l from left to right
(I.e. scan the endpoints in increasing ordered of x-

coordinate)
• Each time that  l meets an endpoint –

1. Update the status  
2. Check segments intersection as described in the     

next slides.

Left endpoint event: 

Process event points in order by sorting segment
endpoints by x-coordinateand looping through:

• For a left endpoint of segment s:
• Add segment s to dynamic set S.
• Check for intersection between s
and its neighborsin S. a

b

c

d

e

Example: a is checked for 
intersection with c and 
intersection with b.

S={d,b,a,c,e}

Right endpoint event

Process event points in order by sorting segment
endpoints by x-coordinateand looping through:

• For a right endpoint of segment s:
• Delete segment s from dynamic set S.
• Check for intersection between neighbors s
and its neighborsin S.

a

b

c

d

eExample: c is checked for 
intersection with b.

S={d,b,a,c,e}

Proof: Let X be the leftmost intersection point.
At some point before we reach X,
c and b become consecutive in the order of S.
If they are not consecutive on the linesweep, it is because 
another segment, say aseparates between them. 

Theorem: If there is an intersection,
the algorithm finds it.

a

b

c

d

But then either a intersects b
or c at a point to the left of X, 
or a has a right endpoint to the 
left of X. 

a

X

Maintaining the status S

a

b

c

d

f
T l

a

b

d

f

We maintain the list of segment that 
intersect l in a sorted search tree T, 
sorted by the order they appear alongl. 
When we insert a segment, we compare 
y-coordinates of intersections of 
segments with l.
Note: The y-coordinate change as l 
moves, but the orderis changing only at 
events. 

c

g g

Operations on the tree

a

b

c

d

f
T l

a

b

d

f

Insert ( T,s) - Insert the 
segment s into the Tree T. 

Delete ( T,s)  

Above ( T,s)  - Find the segment 
just below s. 
Example Above ( T,b) = c. 

( successor oprtaion in T)
Below ( T,s)– Analogous operation  

(predecessor)

c

g g
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AnySegmentsIntersect ( S) -
pseudocode

01 T ¬ Æ
02 Sort endpnts of the segments in S from left to r ight.
03 for each endpnt p in the sorted list of end points do
04   if p is the left endpnt of a segment s then
05     Insert( T,s )
06  if (Above( T,s ) exists and intersects s) or

(Below( T,s ) exists and intersects s) then
07             return TRUE
08    Else /* p is the right endpnt of s */
09       if both Above( T,s ) and Below( T,s ) then 

if Above( T,s ) intersects Below(T,s) then
10             return TRUE
11       Delete( T,s )
12 return FALSE

Running time

•There are 2n endpoints –O(n log n) time for sorting
•Each left endpoint event involved

•Insertion into the tree O(log n)
•Finding successor/predecessor O(log n)
•Checking intersection with Above/Below –O(1)

•Each right endpoint event involved
•Deletion from the tree O(log n).
•Finding successor/predecessor O(log n).
•Checking intersection between Above/Below –O(1)

•Total –O( n log n)
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Closest Pair

• Given a set P of n points, findp,q Î P, such 
that the distanced(p, q) is minimum

• Algorithms for determining the closest pair:
– Brute Force O(n2)
– Divide and Conquer O(n log n)
– Sweep-Line O(n log n)

Brute Force

• Compute all the distances d(p,q) and select 
the minimum distance

• Running time O(n2)

Divide and Conquer

• Sort points on the x-coordinate and divide 
them in half

• Closest pair is either in one of the halves or 
has a member in each half
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Divide and Conquer (2)

• Phase 1: Sort the points by their x-coordinate

• p1 p2 ... pn/2 ... pn/2+1 ... pn

Divide and Conquer (3)

• Phase 2:Recursively compute closest pairs and 
minimum distances,
1. dl , dr in
2. Pl = {p1, p2, ... , pn/2 }
3. Pr = {pn/2+1, ... , pn }

• Find the closest pair and closest distance in 
central strip of width 2d, where
1. d = min(dl, dr )

• in other words...

Divide and Conquer (4)
• Find the closest ( , ) pair in a strip of 

width 2d, knowing that no ( , ) or ( , ) 
pair is closer than d

Justification: If the closest (  ,   ) pair has distance <d , they 
must lie in the strip.  

Idea: Sweep the strip with a window

2d

Sweep the strip using a 
window (width 2d, height d), 

Events: Each time a point 
enters/exits the window.

Each time a point enters, check 
its distance to all the opposite 
points in the window

More formally...
• For each pointp in the strip, check 

distances  d(p, q), to all points q
where 
– p and q are of different colours
– q is in the strip.
– p.y ³ q.y ³ p.y+d

• Claim: There are no more than 
four such points!

• Proof: Divide the blue side of the 
window into 4 congurent squares 
– each can contain at mostone 
blue points.

p
q

2d

d

Running Time

• Sorting by the y-coordinate at each conquering 
step yields the following recurrence

( ) 2 ( / 2) log

(1) 1

T n T n n n

T

= +

=

( ) 2 ( / 2) log

4 ( / 4) 2( / 2) log( / 2) log

4 ( / 4) (log 1) log
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2 ( / 2 ) (log (log 1) ... (log 1))

...

stop when / 2 1;  log
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((log 1) log ) / 2
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k
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Improved Algorithm

• The idea: Sort all the points by x and y 
coordinateonce

• Before recursive calls, partition the sorted 
lists into two sorted sublists for the left and 
right halves

• When combining, run through the y-sorted 
list once and select all points that are in a 2d
strip around l.

Running Time

• Phase 1: 
– Sort by x and y coordinate: 
– O(n log n)

• Phase 2: 
– Partition: O(n)
– Recur: 2T(n/2)
– Combine: O(n)

• T(n) = 2 T(n/2) + n = O(n log n)
• Total Time: O(n log n)
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S

P=CH(S)

A convex polygon containing 
S, but not the smallest one. P’
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P=CH(S)
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Edges of a Convex Hull 

p
q

Edge of CH(S):
For every edge both endpoints p, q Î P.  
All other points in P lie to the same side of 
the line passing through p and q

If Sis discrete (only n points), then CH(S)is a polygon P
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Why ? 

Many applications.  
One example out of many: Finding the furthest pair of 
points of S: S

��������
����
� ����

Claim 1: The furthest pair must be 
between vertices of CH(S). SS

So what ? There are many pairs of vertices ! 

SS

Claim 2:  We can rotate CH(S)so 
this pair is the leftmost and right 
most vertices. 

�������
�����
� ����

1. Alg: Compute P=CH(S)
2. Rotate P, and maintain the distance 

between the leftmost and rightmost 
vertices. 

• Only O(n)pairs. . 

SS

P=CH(S)

SS

P=CH(S)

SS
P=CH(S)

SS

P=CH(S)

SS

P
=

C
H

(S) SS

P
=

C
H

(S)

SS
P=

C
H

(S)

Computing CH(S):
Orientation test  (a old slide)

(p2 – p1) ´ (p3 – p1)
> 0 if ccw
< 0 if cw
= 0 if collinear

p1

p3

p2

cw p1

p2

p3

ccw

Crossproductv1 ´ v2 = x1 y2 – y1 x2
= |v1| |v2| sin q .

Thus, sign(v1 ´ v2) = sign(sin q) > 0 if q convex,
< 0 if q reflex,
= 0 if q borderline.

Driving from p1 to p2 to p3, are we turning left or right. 

An O(n log n) for computing CH(S)
Graham scan

To compute CH(S)we need to know two things
1. Which points of S are verticesof CH(S).
2. The order that they appear along the boundary 

of CH(S)

S
v1

v2v3

v4 v5 v6
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Step 1

• Find the point p0 of S, with smallest Y-coordinate. 
Note -p0  must be a vertex ofCH(S).

p0

Step 2

• Translate the interior point so p0 would be the 
origin. 

X

Y

p0

Step 4
• Sort the points of Saccording to the orientations of the 

segments connecting them to p0. Let S={p1…pn-1} be 
the sorted set. 

• Def: orientation: The  CCW angles between the 
segment and the positive X-axis. 

p1
p2

p3
p4

p5

X

Y

p0

p6

Some observations

• The vertices ofCH(S) 
appear in the same order 
they appear in (the sorted)S. 

• Basic idea for computing
CH(S): sortS, and then 
delete the points which are 
not vertices. 

• Note that to see that p5 is  not 
a vertex ofCH(S),it is 
enough to look at the triple
p4p5p6

p1
p2

p3
p4

p5

p0

p6

Basic idea - cont

• Define the angle of pointpi 
to be the inner angle between
the segmentpi-1pi andpipi+1.

• Idea: find a pointpi whose 
angle> 180 °,  (concave 
point)delete it, and repeat.

• One we are left only with 
vertices whose angle <180 °, 
each point  is a vertex of 
CH(S).

• Question:At which order 
should we access the points? 

p1

p2

p3
p4

p5

p0

p6

p1

p2

p3

p0

p3
p4

p5

p0

The Graham Scan Algorithm
Let  p0 be the point in Swith minimum y-coordinate

Let � p1 , p2 , …, pn-1 � be the remaining points in P
sorted in counterclockwise order by polar angle around p0 . 

Create an empty stack Stack. 
Push(p0 , Stack)
Push(p1 , Stack)
Push(p2 , Stack) 

for i  ¬ 3 ton - 1
do while (pi makes a nonleftturn from the line segment)

determined by Top(Stack) and Next-to-Top(Stack)
do Pop(Stack)

Push(pi, Stack)
returnS

Next-to-Top

Top

pi

p0
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Stack Initialization 
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p
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S
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Finish 

p

p
p

p

p
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pp

p
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4

p5

6

7
8
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11

p

p

p

S

0

1

4

p6

p9

p11

Efficiency

• Assume n is the number of points in S.
– Sorting takes time O(n log n) 
– A point can be pushed into the stuck and pop at 

most once – total O(n) 

Total time – O(n log n ) 


