Csd445 — Homework #6 Solutions

Midterm’s leftover, Dynamic Programming and

Network Flow
Due April 18

1. Let A be a sorted array of n keys, and z is a key in the array.

(a)

(b)

Explain how to perform the operation find(z) in time O(logk), where k
is the index of the cell containing x (that is A[k] = ).

Obviously, if £ = ©(n) then a standard binary search would do, but think
what to do if k£ is much smaller than n. A first good step would be to
narrow the search to a portion of the array that contains z. Do not use
any other data structures.

Repeat the previous question, but now a find(z) operation should take
O(logmin{k,n — k})

Answer:

(a)

(b)

First, we need to find an index k' such that k' is most twice the value of k.
One can do this by checking A[l], A[2], A[4], A[8], etc, until a value larger
than x is found. More formally, we progressively increment an integer
j starting at 1 until A[27] is greater than or equal to x but A[277!] is
strictly less than x, and then setting k' = 27. Clearly, one can do this in
O(log k') = O(log2k) = O(logk) time. Then one can perform a binary
search between A[2771] and A[27], also in O(log k) time.

We can adapt the above trick to search from the end of the array back-
wards, testing A[l +n — 1], A[l +n — 2], A[l +n — 4], A[l +n — §],
etc. until a value smaller than x is found. This would let us find x in
time O(log(n — k)). To achieve the required bound, we can perform the
search from both ends, in parallel (that is, stepwise alternating between
the two searches). Whichever direction finds x first causes the search to
terminate, and so the minimum of O(log k) and O(log(n — k)) will be its
time complexity.



2. The algorithm discussed in class for finding the edit distance between two strings
only find the cost of the edit distance. Explain how to change the algorithm
that it would actually report the sequence of insert/delete/find operations cor-
responding to the edit distance.

Answer: To report the operation sequence itself, the most straight-forward
approach is to store an auxiliary table, call it op, which at each location opli, j|
records the last operation in the edit sequence corresponding to entry cli, jl.
Recall that cli, j] is the optimal (i.e. min-cost) edit distance between the two
substrings of X and Y ending at indices i and j, respectively. Consider the
following modification of the edit distance algorithm, which also constructs the
op table:

ed(X,Y)
for : = 0..m loop
c[i, 0] « i - DelCost
opli, 0] < Del
for j = 0..n loop
[0, ] < j - InsCost
opl0, j| < Ins

for : = 0..m loop
for j = 0..n loop
if (z[i] = y[j]) then
cli, j] —cli=1,5 1]
oplirg] — & /* skip ¥/
else
if (c[i — 1,7 — 1] + RepCost < cli, j]) then
cli,jl < cli— 1,7 — 1] + RepCost
opli, j] < Rep
if (c[i — 1, 7] + DelCost < c[i, j]) then
cli, j] < cli — 1, 4] + DelCost
opli, j| < Del
if (c[i,j — 1] + InsCost < cl[i, j]) then
cliyj] « c[i — 1, j] + InsCost
opli, j] < Ins

Note that adding the op table has not changed the asymptotic run-time or
space complexity. After running ed(X,Y"), we can reconstruct the edit sequence
in reverse order by “backtracking” through the op table from entry (m,n) to
(1,1). The backtracking procedure itself is rather trivial, but we’ll outline it for
completeness:



if opli, j] = ¢ then step to opli — 1,7 — i

if opli, j] = Rep then step to opli — 1,7 — 1]
if opli, j] = Del then step to cli — 1, j]

if opli, j] = Ins then step to opli,j — 1]

3. You are given two strings A and B, each with n characters, and you are also
given a fixed integer k. We want to compute ed(A, B), (the edit distance between
A and B) but only if ed(A, B) < k;

Show that only O(nk) cells in the array used in the dynamic programming
algorithm for computing ed(A, B) need to be checked. Explain why this can be
used to design an O(nk)-time algorithm in this case.

Answer: The edit distance algorithm, with unit costs, lets us fill in an n X n
table, and each cell corresponds to an operation, if we count ”"do-nothing” as a
zero-cost operation. The sequence of operations corresponds to a path p from
the (n,n) cell to the (1,1) cell of the table. However, if we know somehow
that the edit distance is only at most k, this limits where p can go in the
table. Intuitively, if ed(A, B) is small, then p is almost a diagonal from corner
to corner, with only a few bends in the path: it’s impossible for p to get far
from the main diagonal because it would cost too much. More formally, since p
corresponds to a sequence of at most k insertions (horizontal steps), deletions
(vertical steps), and replacements (diagonal steps), the other n — k — 1 steps
must be diagonal, do-nothing steps. Fach insertion must have a corresponding
deletion since |A| = | B|, so path p can only go at most k/2 squares away from
the main diagonal. All other squares in the table are irrelevant to us. The zone
of relevant squares in the table is a diagonal stripe with width k/2, and length
of course is n. Thus the size of this zone is bounded above by (k/2)n, which is

O(nk).

We could adapt the algorithm given in the class notes to meet our new re-
quirements, simply by skipping irrelevant squares. Square (i,7) is irrelevant if
|7 — 1| > k/2. Using depth-first search, then we could search for a path in the
table that stays within the relevant zone.

4. (bonus) You are given a convex polygon P with n vertices. Assume that its
vertices are {v; ... v, }. The segment connecting v; to v;, denote v;v; is called a
chord. You are also given a array Cost[1..n, 1..n] such that, Cost|i, j] is the cost
of the chord 7;v;. All costs are positive numbers. Suggest an algorithm that
runs in time O(n?), and finds a subset X of the chords, so that no two chords
in X cross each other, and the sum of their costs is as high as possible. Assume
that the chords 7,7,/ must be in X.

Note — two chords of X cannot cross each other, but they can share an end-
point.



Hint: The solution for this question is similar to the matrix-chain multiplication
algorithm discussed in class. Identify what are subproblems you would like to
solved, are how to use the idea that the global optimum consists of optimal
solutions to locale subproblems.

Answer: Coming Soon.

5. Consider the graph in the figure
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Graph with capacities (same in each direction) Initial flow for performing Ford—Fulkerson

Show the residual network of this graph, and explain how you compute the
residual capacities. Then perform 2 iterations of Ford-Fulkerson algorithm,
when the first augmenting path you find is along the vertices S, B, F, R, T.

Answer: The following four directed graphs show the residual networks (1) for
the intial flow, (2) after augmenting with path SBFRT, and (3) after augmenting
with path SBLT.

We compute the residual capacities (RC’s) using the definition: When there is
zero flow, each edge (X,Y') marked with capacity m can transmit m units of
flow in either direction, so the RC is m from X toY and m from Y to X. But
if there are k units of net flow in an edge, we deduct k from the forward edge
and add k to the backward edge. For example, there is one unit of net flow
from C to T, so we deduct 1 from the RC of (C,T), and add 1 to the RC of
(T, C). We exclude any edges that would have RC of zero. So the edge (C,T)
disappears, and the edge (T,C) has RC of 2.



Residual graph #2
due to path SBFRT

Residual graph #3
due to path SBLT

6. Play with the Ford-Fulkerson animation in the class webpage (under web re-
sources).

Answer: Free-bee. See the animation if you're unclear on the steps of finding
a max-flow through a graph.

7. 26.1-6 from CLRS

Answer: The flow sum satisfies skew symmetry since for all u,v € V it is
true that

(fi + f2)(u,0) = fi(u,v) + fa(u,v)
= —filv,u) — fo(v,u)
= —(filv,u) + f2(v,u))
= —(fi+ f2)(v,u))

definition of flow sum)
skew symmetry of fi and fs)

distributive law)

o~ o~ o~ o~

definition of flow sum).

The flow sum also satisfies flow conservation since for all u,v € V — {s,t} one
has

Z(ﬁ + fo)(u,v) = Z(fl(u, v) + fo(u,v)) (definition of flow sum)

veV veV
= Z fi(u,v) + Z fo(u,v) (distributive law)
veV veV
0+0 (flow conservation of f; and f5)
= 0.

However, flow sum does not satisfy capacity constraint since for all u,v € V
one also has



(fi+ fo)(u,v) = fi(u,v) + fo(u,v) (definition of flow sum)

< e(u,v) + c(u,v) (capacity constraint of f; and f5)
= 2c(u,v)
£ c(u,v) (unless c¢(u,v) = 0).

8. Let G(V, E) be a flow problem, and let f be a flow in G. Show that |E| <
|Ey| < 2|E].

Answer: Let f be any flow in the graph. For each edge (u,v) in the original
graph, if flow along this edge is equal to the capacity of this edge, then this
edge will disappear from the residual graph, but an edge equal in magnitude
but opposite in direction will appear. If the flow is less than the capacity, there
will be edges in both directions - from u to v and from v to u.

In either case, the number of edges in the residual graph will always be greater
than or equal to the number of edges in the original graph.

Moreover, for each edge (u,v) in the original graph, at most one extra edge -
(v,u) can appear in the residual graph. Further, if there is no edge between a
pair of vertices (u,v) in the original graph, then an edge never appears in the
residual graph between these vertices, since augmenting flow only modifies edges
along that flow. In other words, if (u,v) ¢ E and (v,u) ¢ E then (u,v) ¢ Ej.
Thus the number of edges in the residual graph cannot exceed twice the number
of edges in the original graph.

9. Let G(V, E) be a flow problem, and let f be a flow in G. Let 7 be a path from
s to t in G¢. Prove that there is some value w > 0 such that if for every edge
(u,v) € ™ we set

fluv) = flu,0)+w 3 flv,u) = flv,u) —w
and set f'(u,v) = f(u,v) if neither (u,v) nor (v,u) are in 7, then f’ is also a
flow, and |f'| = | f| + w.

Answer: Let w := min{cs(u,v) : (u,v) € 7}, where cf(x,y) is the residual
capacity from x to y.

Claim: When we augment the flow f by w as described, the result [’ is still a
flow.

Proof: Since m exists, w > 0.
(a) Capacity: Since w < c¢s(u,v) for each (u,v) € 7, we see

fl(u,v) = flu,v) +w < flu,v) + cp(u,v) = c(u,v).



10.

Since w > 0,
f/(U,U) = f(U,U) —w = C(U,'LL) —w< C(Uau)'

So the capacity constraint is satisfied for f'.

(b) Skew symmetry: For (u,v) € 7,
f'(u,v) :f(uav)+w: —f(v,u)~|—w: —(f’(v,u)+w)+w: —f,(U,U)-

And obviously f'(v,u) = —(—f'(v,u)) = — f'(u,v). Lastly, for (u,v) when
(u,v) ¢ m and (v,u) ¢,

f’(u,v) = f(u7 U) = _f(vv u) = _f,<va u)

So skew symmetry is satisfied for f'.

(¢) Flow conservation: Let u € V —{s,t}. If u ¢ =, then f'(u,v) = f(u,v), so
Yovey fu,v) =30 o flu,v) =0, since f is already a How.
But if uw € 7 then let x,y be the predecessor and successor (respectively)
of u along w. Then

Zuev f'(u,v) = Zveﬂ f(u,v) + ZveV—n f'(u,v)
= f/(u7 l’) + f,(ua y) + Z’Uevfﬂ' f(u’ U)
= f(uv'r) _w+f/(u7y)+w + Zverw f(u,v)
= ZveV({(ua U)

So flow conservation is satisfied for f’.

Hence [’ is a flow. To measure the flow value, we add up the flow out of vertex
s. Let y denote the successor of s along .

1] = ey f(s,0)
= e [(80) + Yev f1(s0)
= f'(s,9) + ZveV—wf(Sav)
= [y tw + Y, f(s0)
= |f|+ w.

»

Thus we have proved f' is a flow with value | f| + w.

26.1-9 from CLRS
Answer:

We can construct a graph G(V, E) to solve this problem. First we add the
professor’s home as vertex s and the school as vertex t in to the graph G.
According to the town’s map we also add vertices in to V for each corner in the



11.

map. We also add an edge in to F for every path connecting any two corners in
the map. We set the capacity of all the edges to one unit. So we have a integer
flow graph with flow at each edge being either 0 or 1. We solve professor’s
problem by finding maximum flow between s and t in GG. If the max flow is > 2,
then we can find at least two different paths from professor’s home to the same
school and his two children can go to the same school. Otherwise if max flow
equals to 0 or 1 then both his children can’t go to the same school.

26.3-3 from CLRS
Answer:

To find the upper bound on the length of any augmenting path in G’ we need
to analyze how many vertices can show up in the augmenting path. When we
do augmenting on the residual graph G'; all vertex in L and R could show up
in the augmenting path since edge in G’f could be from L to R or R to L . But
each vertex will be used only once in the augmenting path. There are at most
2-min{|L|, |R|} vertices from L and R which can show up in the path. Vertices
s and t will also be in the path. So totally 2 + 2 - min{|L, |R|} vertices could
be in path. Hence the number of edges will be bounded to 1+ 2-min{|L|,|R|}



