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Reduce TM Emptiness E ={(M)| Misa TM andL M )= /]

To (£,) questions like CFG Equivalence

EQ ={<G G3 G GareCFGSULG LG )

Key idea is to think of computation sequences ina TM as a
language & relate it to CFL questions like equivalence
Defn: A valid computation (computation history) fora TM M
isastring W#W #w #wW' # over (GEQE{#)) where
. Each W, 1G "@ is a configuration of M

2 W = gW is the initial configuration

s wi1G 'qmelg* is an accepting configuration

W, W, foreachi=1.2, ...

The set of all valid computations is denoted Valcomp, .

Its complement is the set of all invalid computations:
Valcomp,

Valid Computations
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Notice that {W#W| WiG @&} s not CF

But {wW#wW'| WG @'} isCF

If w=avYgXb thenw,, =aYX®® or w,, =aqlyX8 e,
successive configs differ in at most 3 characters.

Defn: L, ={y# 2|y 3 LA Y¥ 2yt

Lemma: L, and L, are CFLs.

Pf: Construct a PDA recognizing L, . Scany while
pushing its successor config. X onto the stack. Except for the
3 changed characters, this is a straight copy. The finite
control can handle mapping a 3-char sequence to the new
sequence. When # is encountered, check off X against
remaining input  z%.  Accept if stack empty when input is
all read. The proof for Ly is similar. «
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Valid Computations (cont'd)

* Graphicfor L, ={ 1 |#[Ir—_ }
« Graphicfor L, ={ [—_#_—1] }

* Sequences of strings from L : L =(L, #)*

s ) # i ¢ Y2

« Sequences of strings from L, : L, =q,S #(L, #)*

o # O #_qr  #[hr— #__—1 J# [~ #_1]
QS
» Their intersection is valid! (but need fix right end):

e i ¢ # i # i J# [ ¥4
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Valid Computations (cont'd)

+ Correct for end of computation W, W, W,  W_, W

« Final config. Is either [~ for neven or
for nodd.

* In either case, must be of form anccepte

Ll = (Lfr #)*(E"" G qacceptG#)
LZ = qOS*#( er #)*(e +C& qaccept @#)
e Thm: The set of valid computations of a TM M is the

intersection of two CFLs. Grammars for these CFLs can
be constructed from the rules of M.

(" TMM)$ CFLsL, L,)Valcomp= IC L
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Invalid Computations

» Thm: The set of invalid computations of a TM M is a CFL.
Pf: A computation string X is invalid iff one of the following
holds; in other words

Valcomp, is the union of the following sets:

. String X s not of the general form W, W, W, where
each WIG * (@G * .

2. W, is not an initial configuration: W, 1 ¢ *

3. W, isnotan accepting configuration: W, IG * Q... &*

4

5

[EEN

W wW,, isfalse for some odd i
wW® W, isfalse for some eveni
Now 1,2,3 are regular sets. We will show that 4 (and 5) are CFLs,

We construct a PDA for the strings in 4 above. While reading an

Input string X the nondeterministic PDA selects eithera W,
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Invalid Computations (cont’d)

preceded by an even number of #s, or ann odd #. We
describe the first case. While reading W it stacks z
suchthat W, Z . On encountering #, it checks W,
against z ,accepting only if it finds a discrepancy between
zand Wfil before the stack is empty.

In summary, the PDA “guesses” a transition that is
incorrect. It then checks (deterministically) to see if the
input does not match what the transition requires. If it
guessed correctly, the PDA verifies a mismatch and
hence an invalid step in the computation string. And so
accepts the overall computation string.

The proof for strings in 5 above is similar in all respects. ¢
Thus Valcomp, is the union of 2 CFLs and 3 Regular
languages, and so is a CFL. ¢
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Undecidable CFG Questions

e Thm 5.13: Itis undecidable, given an arbitrary CFG G,
whether L(G) = S*
In other words, the language
ALL ={(G)| GisaCFGand G ¥S *
is undecidable.
Pf: Given an arbitrary TM M we can construct a CFG G

suchthat L(G)=Valcomp,. Ifthe latteris
“everything” then there are no valid computations and the

TM accepts /£ Now

Valcomp, = L Q=( EGE#)* U L Y=£&
If $algorithm to test whether L(G)=S* then we
could construct an algorithm to test whether L(M) =/ .
Thus E £ALL and ALL isundecidable
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Undecidable CFG Questions (cont’d)

« Thm: Itis undecidable, given arbitrary CFGs G, G,
whether L(G))C L(G,)=A&
In other words, the language
EINTERSECT ={< G 9| G Gare CFGs and L(GG (G35 A&
is undecidable.
Pf: Given an arbitrary TM M we can construct two CFGs
G, G, suchthat Valcomp, = I{ G C I{ G). Callthe
algorithm that constructs these 2 CFGs C.
Suppose there is a decider Ato test for the question
L(G) C L(G,)=A& We show how to construct a decider
for the question L(M) =/ . Note that
L(M)=A U M has no valid computatior

U LGX LGFA.
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Undecidable CFG Questions (cont.)

* Reduction: Use decider Ato build a decider E for

emptiness.
E- G, L(E-IC)CC LG)=£&
<M > T G A :: rej
(G.) LG)CLG) &

(M) LED (G,G)) LBy
LG)CLG)=£A0 UM=£& \ L(EF E

So Eis adeciderfor E and E £, EINTERSECT
Since the Emptiness Problem is undecidable, the
result follows. -«
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Undecidable CFG Questions (cont.)

+ Thm: Given arbitrary CFGs G,,G, and arbitrary regular
language R, the following questions are undecidable:
: L(G)=L(G,)
: L(G)=R
LG L(G)
© Ri LG)

Pf. (1) Fix G, togenerate S* and use previous result.
(2) Fix R=S*
(3) Fix L(G)=S*. Then L(G)I LGUS F LG)
US*= L(Gy). The latter problem is known to be
undecidable by (2).
(@ Fix R=S*. . $*1 LG)US = L G) The latter
problem is undecidable by (2). *
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