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Parametric Curves
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* Function p of single parameter t
— p(t) = (tx(t)) (explicit) function
curve
— p(t) = (x(t), y(t)) plane curve
— p(t) = (x(t), y(t), z(t)) space curve

« Tangent
— p’ (t) pointsin tangent direction
p ()= ),y 1),z (1)
— p’ (t)/|lp’ ¢t)|| — tangent direction
— |Ip’ (t)]| — parametric vel ocity

Arc Length o PO
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« Arclength parameterization

s(t) = 3P ) p & )dt
0
= /x€¢ )+ yé ) +z€(t)dt FORIC)

. Paramcéter sdefined as parameter
t where length of curve from
p(0) top(t) equalss
p(s) ={p(t) : s(t) =} ,
s=

s= curve length

« Velocity |p'(s)|=1

Arc Length Example
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« Circular helix
p(t) =(r cost,rsint,ct)
— Parameter r controls radius of spiral

— Parameter ¢ controls how quickly p
windsaround thez axis

* Tangent
p’'(t)=(-r sint,r cost,c)
* Square
PO O =(?+c?)
* Integrate
s(t) =t (r2+c3)12

Curvature i
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¢ Extrinsic Curvature
— Arclength
k=[p" Gl =0
s= curve length
— Planecurve

k= @Oy -y ©OX O) X0 +y21)*

— Space curve
k=P’ @ p O/ P ®P

« Osculating circle

— Radiusof curvaturer (s) = 1/k (s)
— Curvature units: 1/m

Torsion
| [ [Eiili
t(s)=r(s)p’ (s)p’' (s)” P’ ()
=r(s)p’(s)p’ ©) P’ ()]
» Positivefor “ right handed” curves
« Negativefor “left handed” curves

Triple Scalar Product
labc|=axb’ c)
=|bcal=|cab|
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Frenet Frame i
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« Tangent: T(s)=p’ ()
— Already unit length since
parameterized by arc length
* Normal: N(s) = p** (s)/[lp"” (3)ll
— Normal points“inside” curve
— Alsop’(s)k(s)orr(s)p’'(s)
« Binormal: B(s) = T(s)" N(s)
* Frenet Frame: (T(s),N(s),B(s))

s= curve length

Frenet Formulas
éT¢s)u €0 k  OwT(s)u

u_é By U
qus)ﬂ_ &k 0 tENE)y

8B%s8 &0 -t OEB(9H

Bezier Curves PN

P2=%¥2

p(t) = S\:O..? Bl(t) p_\
Bi(t) = (%) ' (1-)*

Po=Xo:Yo
P(t) = (1-1)3po + 3(1-t)’tpy + 3(1-1)t%p, + tps

P3=X3Y3

coordinate
X(t) = (1-1)3% + 3(L-t)%tx, + 3(L-t)t2X, + t3%g system
Y(t) = (1-1)3yo + 3(1-t)%ty; + 3(L-)t2y, + toy; dependent!

B4*(t)

Bernstein Polynomials
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« Defined for any degree
B"(t) = (") t' (1-H)™ é
¢ nchoosei
() =nin=) =Y+ (1)
¢ Partition of unity
— Sum to onefor anytin[0,1]
S|:1..n Bln(t) =1
* Higher degreeslerps of lower degrees, ;5\ 1 i1 n2n1
Bi"(t) = (") t! ()™ —+ -
= (Y 1 (L™ + (1) B (L 123...n-i-1 123..n-i
= (1-1)B™(t) + tB;" (1) Hint: Multiply left
term by (n-i)/(n-i)

428 i+l...n-2n-1n
23— (123...n-)

Building Bernsteins

Bezier Properties %
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« Affineinvariance
— Barycentric combination
« Control points form convex hull
— Bernstein basisin [0,1]

« Endpoint interpolation Po bs
By"(0) = 1;B,"(1) =1
* Symmetry B(t) B(t)
Bi"(t) =B,"i(1-1)
« Derivatives B.(t)

B'i"0) =n(B"1(t) - B"™(1))

r [B7®) = @B +1B10)
BAY = (1)  Bg()
BA) = (1) B + t B
Bzz(t) = t Bll(t)
de Casteljau
Algorithm

» Cascading lerps
Por= (1) pot+tpy
P=(1t)p+tp;
P2s=(1t)py+t pg
Poz = (1-t) Poy + t P12
P23 = (1-t) Pia+ t Po3
Poizs = (1-t) Porz +t P13

* Subdivides curve at py;y3 coofrdi rllate
reel

~ PoPo1 Po12 Poizs
~ Po123 P123 P23 P3

* Repeated subdivision converges to
curve




Degree Elevation % w2
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« Used to add more control
over acurve
« Start with
Spi (Wt (@Y =Sq (Yt (L)
* Now figureout the g _
(tH1) S p, () (L™ Pate
=Sp; (%) (t' (1) + 1 (1-H)™)
« Compare coefficients
ql(nl+ l) = pl(nl) + pl-l(nl-l)
a; = (i/(n+1))p;.y + (n+1-i/(n+1))p;
* Repeated elevation convergesto curve

Blossoms
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» Definesapolar form f(...) for a
polynomial F(t)

*  Number of blossom parameters =
degree of polynomial (n)

e Symmetric
= ftyutats) = f(tatyts) = f(tataty)

* Multiaffine
- f(...Sat,...)=Saf(..,t,..)

« Evaluation by diagonalization
— F(t) =f(tt,....t) .
— Fa(t) =n!/(n-q)! f(tt,...t,1,... 1)

Bezier Blossoming

£(0,0,1)

£(0,1,1)

p(t) =f(t.t.t)

f0.0.0) f(1,1,1)

p(t) = f(t,t,0) = (1-t) f(t.£,0) + t (1,1, 1)
= (L-0)[(1-1) (t,0,0) + t £(£,0,1)] +t [(1-t) f(£,0,1) + t f(t,1,1)]
= (11)2£(1,0,0) + 2 (1-t) t £(1,0,1) + £2£(t,1,1)
= (1-1)3£(0,0,0) + 3 (1-t)2 f(0,0,1) + 3 (1-t) 2£(0,1,1) +t3(1,1,1)

Systolic Array

ftt)
a
f(Ot.1) f(tt,1)
), t -y t
£(0,01) f(0t,1) f(t.1.1)
AVAYA
£(0,0,0) £(0,0,1) £(0,1,1) f(1,1,1)




