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Theory of Computation

Lecture 02

History: The Dreams of Reason

C SC 573 Theory of Computation 2

El Sueño de las razón produce monstruos
Francisco José Goya y Lucientes
”The dreams of reason produce monsters” Los Caprichos, (1799)
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Algorithms and Logic

• 2000 BC - Abacus

Heaven ®

Earth ®

• in 1946 a contest was held between an IBM computer and
an abacist;  the latter won hands down
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Algorithms and Logic
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• 1900 BC - Mesopotamia
� base 60 notation
�

by Newton’s method
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• 1650 BC - Ahmes (Rhind) Papyrus
� ``accurate reckoning of entering into things, knowledge of existing things 

all, mysteries . . . secrets all”

� 69x19 by doubling:
� 69x2=138, 138x2=276,276x2=552,552x2=1104   19 =   16      +     2       +      1

x 69      1104  +    138     +     69   = 1311

� aha(``heap”) + (1/7) aha = 19   � aha = 16 + 1/2 + 1/8

(Yale table 7289)

| | | |
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Algorithms and Logic (cont.)
• 360 BC - Eudoxus: method of exhaustion
• 350 BC - Aristotle: laws of deductive logic  Modus Ponens:

• 300 BC - Euclid Elements - the axiomatic method
• 230 BC - Eratosthenes “sieve”

• 220 BC - Archimedes: quadrature of the parabola, p
• 250 - Diophantus Arithmetica: equations
• ~500 - Aryabhatta(b. 476)—invention of zero
• 628 - Brahmagupta Brahmasphuta Siddh� nta

� decimal notation & calculation algorithms

• 830 - Al-Khowarizmi De numero indorum
� “notation of algorismi” ® algorism ® algorithm
� Hisab al-jabr w’al-muqabala

“completion” “balancing”
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Khoresm is a region of modern Uzbekistan
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Algorithms and Logic : The Dream

• 1202 - Fibonacci (filius Bonaccio)  Liber Abaci
� spread of “algorism” over “abacism”

� “How many pairs of rabbits will be produced in a year, beginning 
with a single pair, if in every month each pair bears a new pair
which becomes productive from the second month on”

1,   1,   2,   3,   5,   8,   13,  …

• 1614 - Napier: logarithms
• 1666 - Gottfied Wilhelm Leibnitz - The Dream articulated

� characteristica universalis (symbolic language)
� calculus ratiocinator (calculus of reasoning)

• 1671 - Newton Fluxions, Newton’s approximation
• 1815-1870  - Arithmetization of Analysis

� Fourier, Cauchy, Riemann, Dedekind, Weierstrass, Cantor
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Algorithms and Logic : The Dream

• 1833-1842  - Babbage:  Difference Engine; Analytical Engine

• 1854 - Boole Laws of Thought : symbolic logic begins
• 1874 - Cantor Mengenlehre : sets as a foundation
• 1879 - Gottlob Frege Begriffsschrift “concept writing”

� Goal: the formalization of arithmetic

• 1884 - Frege Grundlagen der Arithmetik
• . . .
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Aside:  What is axiomatization (formalization)?

• Simple example of a formal system
� formal language

� axioms
� inference rules

• The Language (Syntax) of “ssssssss”
� alphabet:  { s  ( P  ) , }

� expressions: <exp> ® <exp>s | s
� sentences: P(<exp>, <exp>)

• Axiom(s):  P(s,s)  
• Rule(s) of Inference: 

� Theorem: sentences which are axioms, or obtainable from 
axioms or other theorems by finitely many applications of the rules 
of inference

Example: 
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Axiomatization (cont.)

• Decision Problem (for this formal system): Given a sentence 
P(E,F),decide if it is a theorem,i.e.

� The answer to a decision problem is an algorithm, 
one that is good for answering all instances

• A Meta-theorem:  The theorems of this formal system are exactly the 
sentences of the form

for all integers

• \ there is a decision algorithm for this formal system

• Semantics (Meaning): 
a mapping  I(  )
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Axiomatization (cont.)

• (Meta) Properties (for this formal system):
� Consistency:  if T is a theorem, then I(T) is true.

� “everything provable is true”

� Completeness:  if for any positive integers m, n it is true that
then                             is a theorem.

� “everything true is provable”

• A “serious” formal system:  The Predicate Calculus
� symbols: 

� sentences: 

� axioms (axiom schemata):  

nm =2

),( nm ssP
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Axiomatization (cont.)
� Inference Rules

� Decision Problem for membership in the set of theorems is 
undecidable for the “first order predicate calculus” -- it’s an 
algorithmically undecidable theory
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Algorithms and Logic : The Dream
• 1889 - Peano Arithmetices Principia

� axioms for “arithmetic”

• 1893 - Frege, Grundgesetze der Arithmetik
• 1899 - Hilbert Grundlagen der Geometrie
• 1900 - Hilbert’s Problems

� #2 consistency of arithmetic axioms
� #10 solvability of diophantine equations

� undecidable; Matiyasevich 1970
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Algorithms and Logic: Dream Monsters

• 1902 - Russell’s Paradox
� From Russell to Frege16 Jun 1902

Dear Colleague,

For a year and a half I have been acquainted with your Grundgesetze …
With regard to many particular questions, I find in your work discussions, 
distinctions, and definitions that one seeks in vain in the works of other 
logicians … There is just one point where I have encountered a difficulty. 
You state that a function … can act as the indeterminate element … this 
view now seems doubtful to me because of the following contradiction.

Let w be the predicate: to be a prediate that cannot be predicated of 
itself.  Can w be predicated of itself? From each answer its opposite 
follows.

� Set formation:  predicate P  � is a set})(|{ xPx
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Algorithms and Logic: Dream Monsters

� From Frege to Russell 22 Jun 1902

“Dear Colleague,
Many thanks for your interesting letter of 16 June … Your discovery 

of the contradiction caused me the greatest surprise and, I would 
almost say, consternation, since it has shaken the basis on which I 
intended to build arithmetic … It is all the more serious since … not 
only the foundations of my arithmetic, but also the sole possible 
foundations of arithmetic, seem to vanish . . . Your discovery is 
very remarkable and will perhaps result in a great advance in logic, 
unwelcome as it may seem at first glance.”

� Russell (1962): “As I think about acts of integrity and grace, I 
realise that there is nothing in my knowledge to compare with 
Frege’s dedication to truth.  His entire life’s work was on the verge 
of completion … and upon finding that his fundamental assumption 
was in error, he responded with intellectual pleasure, clearly 
submerging any feelings of personal disappointment.  It was 
almost superhuman …”
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Algorithms and Logic: Dream Monsters

• 1908 - Zermelo-Fraenkel axioms for set theory
• 1910-1913 - Russell and Whitehead Principia Mathematica

� theory of types

• � Until 1931 everyone believed “any well-posed mathematical 
question can be answered, possibly by a demonstration of its falsity”

• 1931 - Gödel’s Incompleteness Theorem
� On Formally Undecidable Propositions of Principia Mathematica and 

Related Systems I

“The development of mathematics … has led … to the formalization of … it, 
so that one can prove any theorem using nothing but a few mechanical 
rules. … all methods of proof today used in mathematics are … reduced to 
a few axioms and rules of inference.  One might therefore conjecture that 
these axioms and rules … are sufficient to decide any mathematical 
question that can be formally expressed in these systems.  It will be shown 
below that this is not the case … there are relatively simple problems in 
the theory of integers that cannot be decided on the basis of the axioms.”
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Aside:  The Incompleteness Theorem

• Liar Paradox

� way out: for mathematics, the properties of “truth” or “falsity” of 
sentences, being semantic properties, cannot be expressed within 
the language (requires a metalanguage).

• Gödel (1931)  - skirted “the truth”; used “provability”

• \ S true � S unprovable
S unprovable � S true

• Now assume consistency:  every provable sentence is true
• What follows?

This sentence is untrue

This sentence is unprovableS
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The Incompleteness Theorem (cont.)

• S is false S provable                  S true    #

• \ S is true
• S true         S unprovable

– No contradiction! Must be the case! 

� Consistency � S true & unprovable!

• If have consistency then lack completeness: not all true 
sentences are provable.

• Theorem (Gödel’s Incompleteness)
� If a logical system is sufficiently rich (to allow provability to be 

definable in the system) then there remain some propositions 
whose truth or falsity cannot be established within the system 
(undecidable propositions). 

� If the truth or falsity of every proposition in a logical system is 
decidable, then the system is not rich enough to express all of 
mathematics (not even number theory � N , +, ×, =  	 )                        

S

�
yconsistenc

�

S

�
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The Incompleteness Theorem (cont.)

• Parallel Result for Computation
Theorem:

� If a computational system is sufficiently rich (to allow a universal 
interpreter to be codable in the system) then there remain some 
problems for which there is no algorithm within the system. 
(unsolvable problems).
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History: Algorithms and Logic (return)

• 1936 -
� Church, l -calculus
� Post, combinatorial systems
� Kleene, general recursive functions

� Turing, Turing Machines

• 1939 - 1943 - Turing’s other machines: Robinsons, 
Bletchley Park

• 1939 - John Atanasoff & Clifford Berry, Atanasoff-Berry 
Computer (ABC), Iowa State

� linear equations, non-programmable, broken

• 1943 - Colossus, Newman & Flowers, Bletchley Park
• 1945 - J. Presper Eckert & John Mauchley, ENIAC, UPenn

C SC 573 Theory of Computation 20

History: Algorithms and Logic (cont)

• Results of the Great Dream of logic and computation
� (1) Discovery of a precise symbolic language within which all 

statements and proofs of mathematics can be made and in terms 
of which a computational, symbolic criterion of valid proof can be 
given

� (2) The demonstration that there is no universal algorithmic 
procedure for determining whether a statement of the symbolic 
language is true or false

� (3) Further than (2), the demonstration that many well-defined 
problems, previously thought to be resolvable by an algorithmic 
method, in fact have no decision algorithm. 

� (4) Acceptance of a common notion of algorithmic procedure, 
independent of the language or automaton used to express it.

� (5) Among those problems that have a decision algorithm, it is 
possible to characterize and rank them by their degree of 
complexity;  some are decidable but truly ``intractable’’.
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History: Paradoxes & the Road to Diagonalization

• Village Barber Paradox
� Village law:  only one barber & ``the barber shaves exactly and 

only those who do not shave themselves’’

� If  b shaves b, then b shaves someone who shaves himself - illegal

� If b does not shave b, then b fails to shave one who does not shave 
himself - illegal

� Way out?
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History: Paradoxes & the Road to Diagonalization

• Directories: construct a directory of just those directories 
that do not list themselves

.

.

.

.

�
Should
list � ! 
Since it
does not
list self #

Should
NOT
list ��
since �
lists 
self!  #
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�
Should
list � ! 
Since it
does not
list self #
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Should
NOT
list ��
since �
lists 
self!  #
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History: Paradoxes & the Road to Diagonalization

• Berry’s Paradox
� The number of natural numbers which can be defined by an 

English sentence of fewer than 1000 characters is finite.  There at 
at most                    of them.

� There must be a least integer that cannot be so defined.  Call it N.

� N is ``the least natural number which cannot be defined by an 
English sentence of fewer than 1000 characters .’’

� But ``the least natural number which cannot be defined by an 
English sentence of fewer than 1000 characters’’ is clearly a 
sentence of fewer than 1000 characters, and it defines N.  #!

1000)1026( +
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History: Paradoxes & the Road to Diagonalization

• Each paradox contains a self-referential definition
• A self-referential definition is one that defines a new entity 

in terms of totalities that presuppose that this entity exists.

• E.g., w = that set among all sets (incl. The set w being 
defined) whose elements are those sets which do not 
contain themselves as members

• Also called impredicative definitions
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History: Diagonalization

• Cantor’s Diagonalization Argument:: the real numbers in 
interval are not enumerable

� Use binary representation
.5 = .10000… ® .01111…
1/3    = .01010101… 1/e    = .010111100010110101011…

� Suppose an enumeration exists:

consider

� Let r = index of R in enumeration (†).  Then 

� But by definition of R :  # !! By contradiction, no
exists 
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History: Diagonalization & Computing

• Functions are not enumerable (Cantor)

• Suppose $ an enumeration
(‡)      

is an integer function
• Let p be the index of g in (‡).   Then

• Ask what happens for input p : #! !

ININf ®:

�,,,, 3210 ffff

1)()( += nfng n

1)()()( +== nfnfng np

1)()()( +== pfpfpg pp

�

�

�
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)3()2()1()0(

)3()2()1()0(

)3()2()1()0(

)3()2()1()0(

3333
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0000

ffff

ffff

ffff

ffff
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History:  ``Computable” Functions & Diagonalization

• Computable functions have  programs. 
• Programs can be enumerated: (†)

� every program is a finite string of symbols

• is computable
• Let be its program in enumeration (†)
• Then # !!

• Is there a way out of this dilemma? 

� Yes.  There is a (subtle) assumption made: that all programs are

total , i.e., halts & outputs a value

� Conclusion:  no contradiction.  We have learned that not all 

programs in an enumeration (†) halt for all inputs . . .

� But . . . examine proof and get a new result!

�,,,, 3210 PPPP

1)()( += nPng n

pP

1)()()( +== pPpPpg pp

)(nPni i""
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History:  Diagonalization & Undecidability

• Can prove undecidability of the 
� Halting Problem: Given decide whether or not

halts.

• Suppose could write a program (algorithm) H:

• Construct D:

• Now 
• So

� Contradiction  � no such H can exist
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Undecidable Questions

• HALTING Problem
• HILBERT’S 10th

� Given: a polynomial p(x,y)(at least 2 vbles) with integer coefficients

� Question: Does p(x,y)= 0 have a solution for integer x,y ?

• PROGRAM EQUIV
� Given: programs P,Q
� Question: Are P and Q equivalent?

• ENTSCHEIDUNGSPROBLEM
� Given: Sentence F in predicate logic

� Question: is F or ØF provable?

• CFG EQIV
� Given: CF grammars for a programming language

� Question: do they describe the same set of strings?
21 , GG
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Undecidable Questions

• Problem of Tag (Emil Post):  a game is

• no algorithm: 

),,( nPs
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“halts”

Halts?
),,( nPs

yes

no�
• never repeats (­ )
• repeats (halts ¯ )
• disappears (halts ¯ )


