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Abstract— The localization problem is to determine an assign-
ment of coordinates to nodes in a wireless ad-hoc or sensor
network that is consistent with measured pairwise node distances.
Most previously proposed solutions to this problem assume that
the nodes can obtain pairwise distances to other nearby nodes
using some ranging technology. However, for a variety of reasons
that include obstructions and lack of reliable omnidirectional
ranging, this distance information is hard to obtain in practice.
Even when pairwise distances between nearby nodes are known,
there may not be enough information to solve the problem
uniquely.

This paper describes MAL , a mobile-assistedlocalization
method which employs a mobile user to assist in measuring
distances between node pairs until these distance constraints form
a “globally rigid” structure that guarantees a unique localization.
We derive the required constraints on the mobile’s movement
and the minimum number of measurements it must collect;
these constraints depend on the number of nodes visible to the
mobile in a given region. We show how to guide the mobile’s
movement to gather a sufficient number of distance samples
for node localization. We use simulations and measurements
from an indoor deployment using the Cricket location system
to investigate the performance of MAL, finding in real-world
experiments that MAL’s median pairwise distance error is less
than 1.5% of the true node distance.

I . INTRODUCTION

The localizationproblemin sensornetworks can be stated
as follows: Given a collection of N nodes, and distance
measurementsof each node to its neighbors, producea set
of coordinate assignmentspi for each node i , such that
the assigneddistance betweennodes i and j , kpj � pi k,
is equal to the measured distance, dij . Of course, in the
absenceof an external coordinatereference,this assignment
canbeuniqueonly up to anarbitraryrotation,translation,and
possiblere�ection, but its scaleis determinedby themeasured
ranges.For example,if threenodesare placedsuch that the
pairwisedistancesbetweenthemare3, 4, and5 units,a correct
coordinateassignmentwould be (0; 0), (3; 0), and(0; 4).

The localization problem has received a great deal of
recent attention in the literature (e.g., [1]–[7]). Knowledge
of location enablesnodes in a sensornetwork to annotate
senseddata with location information, making the sensed
information more useful to applications.Knowledgeof node
location can be usedto implementef�cient message-routing
protocols(suchasgeographicforwarding) in wirelessad-hoc
and sensornetworks. Localization is also useful in indoor
location infrastructuressuchasCricket [8], [9] andBat [10],

in which referencenodesat various “known” locationsin a
building provide location information to mobile devices and
sensornodes.Becausemanually con�guring eachreference
node with its position is cumbersomeand error-prone,such
systemsbene�t from a methodto automaticallylocalize the
referencenodes.

Previous approachesto solving the localization problem
generallyrely oneachnodebeingableto obtainits distancesto
thenodesnearit (e.g.,within radiorange).Giventhesepairwise
distances,a distributedor centralizedalgorithmthencomputes
a coordinateassignmentfor all nodesthat is consistentwith
the measuredpairwisenodedistances.

When one attemptsto implementa localizationalgorithm
in real-world systems,signi�cant problemsarise. The �rst
problem is that physical obstaclesthat obstructline-of-sight
connectivity betweenneighboringnodespreventpairwisenode
distancesfrom being obtained.This problem arises inside
many buildings, where it is often hard to obtain line-of-
sight connectivity betweenrooms and open spaces.More-
over, physically realizable ranging hardware is often not
omni-directional;for example,in anultrasound-basedlocation
infrastructuresuch as Cricket in which ceiling- and wall-
mountedbeaconsbroadcastspatial and ranging information
to mobile listeners, the ultrasonic transmitterspoint toward
the �oor , making it less likely that a given pair of beacons
will be able to measuretheir mutualdistance.

Another signi�cant problem that arisesin practiceis that
theremaybetoo few distanceconstraintsto obtainaconsistent
coordinateassignment.Obtaininga coordinateassignmentthat
is uniqueup to translation,rotation,andre�ection requiresthat
the graphformedby availabledistancesbe globally rigid in a
technicalsensede�ned in SectionIII. An arbitrarydeployment
of location-infrastructurenodes (either beaconsor passive
receivers)or sensorswill notgenerallyproduceaglobally rigid
structure.SectionII describesin more detail theseand other
barriersto achieving practicallocalization.

This papershows that mobility can help solve theseprob-
lems. In mobile-assistedlocalization, a roving human or
robotwandersthroughanarea,collectingdistanceinformation
betweenthe nodesand itself. We describea simple method
that,givendistanceinformationbetweenthemoving nodeand
the static nodes,formulatesan optimization problem whose
solution is the pairwise node distancesbetweenthe static
nodes.The challengeis to designmovementstrategies that



producea globally rigid structureof known distancesamong
thestaticnodes.Using theoreticalresultsfrom rigidity theory,
we show that it is possibleto constrainnode movement in
a way that achieves our goals. Section III gives one such
practicalmovementalgorithm.

Thepairwisenodedistancesresultingfrom our strategy can
thenbefed into a localizationalgorithm.We brie�y discussthe
Anchor-FreeLocalization(AFL) algorithm[6], which doesnot
requireany “anchor” nodesthat alreadyknow their positions.
AFL computesan initial coordinateassignmentto all the
nodes,using the radio connectivity information alone. This
initial assignmentresults in a node layout that resemblesa
scaledversionof the actualnode layout, roughly preserving
the topologicalorderingof nodes.AFL thenusesan iterative
optimizationprocedureto reducethe sumof squareddistance
errors betweenthe nodes' true distancesand the distances
inferred from their currentcoordinates.

We show using simulationsand real-world measurements
that mobile-assistedlocalization is a practical approachthat
can be usedin real-world systems.Although our solution is
end-to-end,we believethatour decompositioninto themobile-
assistedtopology building phaseand the localization phase
is valuable.In particular, a variety of solutionsto the latter
phasecan be implementedwithin our framework, adapting
the algorithmto conditionsat hand(e.g., nodedensity, range,
expectedrangingerrors,etc.).SectionV describesour experi-
mentalandsimulationresults,whichshow thatmobile-assisted
localizationis both practicalandaccurate.

I I . THE CASE FOR MOBILE-ASSISTED LOCALIZATION

A localizationalgorithmneedsa suf�cient numberof pair-
wise nodedistancesto be able to computenodecoordinates
correctly. However, thereareseveral reasonswhy it is hardto
meetthis requirementin practice,especiallyindoors.

1) Obstructionsoccludeline-of-sightconnectivity, making
it hard or impossible for nodes to obtain pairwise
distancesbetweeneachother.

2) Sparsenodedeploymentsmake it hardto obtaina rigid
structure,which is necessaryto obtaina uniquesolution.

3) Geometricdilution of precision(GDOP) causesa node
that is far from a groupof closelyspacednodesto incur
large errorsin its positionestimate.

The rest of this sectiondescribestheseproblemsin detail,
and explains why mobile-assistedlocalization helps solve
them.We also explain someadditionalbene�ts that mobility
brings in solving the localizationproblem.

A. Obstructions

Thelack of line-of-sightconnectivity maypreventthenodes
from obtaining direct node-to-nodedistances.Most of the
rangingtechnologiesusedfor accurateindoor rangingtoday,
including time-of-�ight of ultrasound, laser, and infrared,
requireline-of-sightbetweenthe transmitterand the receiver.
Even technologiesthat do not need line of sight, such as
ultrawideband(UWB) radio, have betteraccuracy when line-
of-sight connectivity is available. Basedon our experience

with deploying Cricket, a systemthatusesultrasoundranging,
we have foundthatit is almostimpossibleto deploy nodesin a
typical of�ce or hometo achieve suf�cient connectivity across
all nearbynodes.For example, it is hard to obtain ranging
betweennodesplacedinsideandoutsidea room in a standard
building.

Thelack of omnidirectionalrangingmay prevent reference
nodesin a locationsystemfrom obtainingpairwisedistances.
Becausethe primary goal of a location system is to help
mobiledevicesobtaindistanceandlocationinformation,a key
requirementis to provide maximumcoverageto users.As a
result,directionalrangingtransmitterson referencenodesare
usuallypointedtowardwheretheusersarelikely to be,rather
than toward other referencenodes.1 Building omnidirectional
ranging is usually more expensive (e.g., it requiresmultiple
transceivers) and entails hardware changes;furthermore, it
seemswasteful becauselocalization of the referencenodes
is done only during deployment and not continually as for
mobile localization.

In some cases,the referencenodesmay have no ability
to receive the signals necessaryto estimatedistances.For
example,the referencenodesmay emit radio and ultrasonic
signals,but not have an ultrasonicreceiver; alternatively, the
referencenodemay be a passive tag-like device that mobile
units query to obtain distanceinformation. In such cases,
mobile-assistedlocalization will be invaluable to the auto-
localizationprocedure.

B. SparseNodeDeployments

Although a dense node deployment of referencenodes
helpsachieve good coveragein a location system,economic
considerationsoften force sparsenode deployments. In a
sensornetwork, the deployment density may be dictatedby
cost or applicationrequirements,and may be sparse.Sparse
deployments reduce inter-node connectivity and could lead
to a structure that is not rigid. For example, a room with
four referencenodeswhere only four distancesare known
(forming a quadrilateralamong the nodes)leads to a non-
rigid structure.In suchcases,no auto-localizationalgorithm
can �nd the right positionsof the nodes,becausethere are
too few constraintsand an ambiguoussolution space.Yet,
thereis a unique(modulotranslation,rotation,andre�ection)
assignmentof positioncoordinatesto nodes.

Mobile-assistedlocalizationis well-suitedto collectenough
distancesamplessuchthattheresultingper-nodedistancesthat
areinferredform arigid structure.Becausethereferencenodes
aredeployed to cover an areawhereusersmove, the moving
useror robot cantake advantageof the many positionswhere
distancerangesto the sensornodesareobtained.

1For example,dueto theradiationpatternof theultrasonictransducersused,
our ultrasonic-basedrangingsystemhasa 12 m rangewhen the transmitter
andthereceiver arefacingeachotherbut only a< 2 m mutualrangewhenthey
areon thesamehorizontalplanefacingaway from theplane(e.g., downwards
from a ceiling).



C. GeometricDilution of Precision(GDOP)

In practice, the distancemeasurementsused to compute
nodecoordinatesalmostalwayshave someerror. Thesemea-
surementerrors get re�ected in the computednode coordi-
nates.The magnitudeof the �nal computederror dependson
both the magnitudeof the measurementerror and the true
geometryof the structureinducedby the nodesand edges.
The contribution due to geometry is called the geometric
dilution of precision(GDOP) [11]2, andis de�ned astheratio
betweenthe computedcoordinateerror and the measurement
error. That is, GDOP representsthe factor by which the
distancemeasurementerror gets multiplied when it is used
to computenode coordinates.When distancemeasurements
are usedfor computingnode coordinatesby solving for an
exactly constrainedsystemof equations,we get GDOP> 1.

It is well-known that using an over-constrainedsystemof
equationstendsto reduceGDOPerrors[12]. Addingadditional
constraintsin conventionalapproachesleadsto increasednode
density;in contrast,with mobile-assistedlocalization,a mobile
unit can move arounda region and usually obtain as many
additional constraintsas are necessary. Our approachuses
theseadditional constraintsonly locally to accuratelycom-
pute the internodedistance.Since obtaining a large number
of additional constraintsis not cumbersome,mobile-assisted
localization can greatly improve the accuracy of coordinate
positionestimationby reducingthe adverseeffectsof GDOP.

D. Other Bene�ts

Although the use of mobile device positionsas “virtual”
nodesto add more constraintsto a weakly connectedgraph
and running a localizationalgorithm on the combinedset of
nodesseemslike a simple extension, the �e xibility offered
by the mobile device acting as a virtual nodecreatesseveral
opportunitiesthat makes our approachquite different from
traditionalnodelocalization:

1) The dynamicnatureof the mobile-assistedschemeen-
ables us to evaluate the currently available distance
information “on the �y ,” and navigate the mobile to
obtainany additionaldistancesrequired.

2) The additional virtual nodescorrespondingto mobile
positionsdo not have the associatedcost of additional
physicalnodes.The only criteria that limit the number
of such positionsare the available computationaland
storageresources,both of which are usually ampleon
currenthand-helddevices.

3) The referenceand virtual (mobile) nodestypically oc-
cupy different regions in space.In a typical location
infrastructuredeployment, for example, the reference
nodeswill be located close to the ceiling of a room
andabove the spaceoccupiedby users.In contrast,the
virtual nodes,correspondingto mobile locations,will be
locatedcloseto theusers.This separationhelpsmobile-
assistedlocalizationperformwell, aswe will see.

2GDOP is a well-known problem that arises in all location systems,
including GPS.
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Fig. 1. Examplesof graphsthat are not rigid (¯exible as a bar-and-joint
framework), rigid but not globally rigid (multiple embeddings),andglobally
rigid (oneembeddingup to rotation,translation,and re¯ection).

I I I . THEORETICAL FRAMEWORK AND

MOVEMENT STRATEGIES

The standardlocalization problem is to reconstructthe
positionassignmentof nodes(global geometry)givena graph
with edgeslabeledby measureddistances(local geometry).In
mobile-assistedlocalization,only part of the graph(if at all)
is given and �x ed: the restwe have (limited) control over by
moving a mobile nodeaccordingto a particularstrategy.

This sectionde�nes MAL's movementstrategy for building
up sucha graph in a way that guaranteesa uniquesolution
(and even an easy-to-�nd solution) of the resulting standard
localizationproblem.More precisely, we show how a mobile
can explore a geographicarea and incrementally build a
localizablegraphby addingnew virtual nodes(corresponding
to the various positions of the mobile) and adding edges
betweenthesenodesand stationarynodes.At a high level,
the mobile startsby �nding a cluster of nearbynodes,and
then it exploresthe visible region for new nodesto which it
canmeasuredistance.The numberof measurementsrequired
by the mobile is linear in the number of stationarynodes,
and the total motion requiredby the mobile can be similarly
bounded.

We also show how to reducethe size of the localizable
graph, removing the virtual nodesarising from mobile po-
sitions, and leaving just the stationary nodes. Indeed, our
approachis to �nd virtual nodecon�gurationsthatallow usto
measureoneor moredistancesbetweentwo stationarynodes,
after which the virtual nodesand their incident edgescan
be discarded.Then our goal becomesto measuredistances
betweenstationarynodesso that the graphon the stationary
nodesbecomeslocalizable.We show that this approachis as
ef�cient as possible:no loss is causedby discardingvirtual-
node information once it is abstractedinto the graph of
stationarynodes.The bene�t is that this reductionin graph
size speedsup the �nal phaseof localizationusing,e.g., the
methodoutlined in SectionIV.

A. Connectionsto Rigidity

We startby describingconnectionsbetweenstandardlocal-
ization, in particulardeterminingwhethera probleminstance
hasenoughinformationto haveauniquesolution,andabranch
of mathematicscalledrigidity theory. Theseconnectionspro-
vide tools for understandingwhen we have enoughdistance
information to guaranteelocalizability.



Given just distanceinformation,at bestwe canlocalizethe
network up to rotation, translation,and re�ection. This local
coordinatesystemis enoughin many cases,or else can be
matchedagainsta global coordinatesystemif a few nodes
have globalcoordinatesobtainedthrough,e.g., GPS.However,
for somegraphs,the position assignmentis not uniqueeven
up to rotation,translation,andre�ection, asshown in Figure1.
If we treatthe graphasa bar-and-jointframework or linkage,
the graphshouldat leastbe rigid in the sensethat it cannot
be �e xedwhile preservingthedistances(asin a rectangle,for
example).Evenif thegraphis rigid, it maybesubjectto “local
�ips.” For example,if thereare just two trianglessharingan
edge,one trianglecan be re�ected throughthat edgewithout
any distanceschanging.We call such a graph locally rigid
but not globally rigid. For the localization problem to have
a unique solution, we needa globally rigid graph that has
exactly oneembeddingwith correctedgelengths.

Global rigidity was introduced by Hendrickson [13] as
an important variation on the well-studiedconceptof local
rigidity [14]–[16]. Hendricksonshowedthat, for a graphto be
generically3 globally rigid in d dimensions,it mustsatisfytwo
properties:(1) the removal of any d verticesmust leave the
graphconnected((d + 1)-connectivity), and (2) the removal
of any edgemust leave the graph generically locally rigid.
Both these propertiescan be checked in polynomial time.
Connelly[17] provedthat thesetwo propertiesareinsuf�cient
in 3D: they do not imply genericglobalrigidity of a 3D graph.
However, Hendricksonconjecturedthat thesetwo properties
exactly characterizegeneric global rigidity in 2D, and this
conjecturewas recentlyproved in unpublishedwork of Jack-
son andJord́an [18]. Thus,global rigidity is well-understood
in 2D, but not in 3D. Nonetheless,we show how to construct
graphstructuresthat are guaranteedto be globally rigid and
thereforelocalizablein both 2D and3D.

B. EngineeringRigidity

Although testingglobal rigidity canbe dif�cult in general,
we can build up 3D and 2D structuresthat are guaranteed
to have global rigidity. For the duration of this subsection,
we consider what distancesshould be measuredbetween
stationarynodesin orderto guaranteea rigid structureamong
just thosenodes.In the following subsections,we show how
to measuresuchdistancesusinga mobile,andultimatelyhow
to organizethe motion of the mobile to measureall required
distances.

To start a rigid structure,supposethat we can measure
all pairwisedistancesbetweensomefour nodesp1; p2; p3; p4

(which we assumelie at distinctpointsin space).Theresulting
structureis a tetrahedron,which is the simplestglobally rigid
graphin 3D. It is globally rigid no matterwherethepointspi

are located,but for further building, supposethat they do not
lie on a commonplane.

3Theªgenericºquali®erhereis a technicaldetail thatallows us to consider
the qualitiesof a combinatorialgraph,andnot the speci®cedgelengths,that
make a structurerigid. With probability 1, the problemis generic.
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Fig. 2. Connectinga node(po) to threealready-localizednodes(p1 ; p2 ; p3)
on a locally rigid graphresultsin a locally rigid graph.
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Fig. 3. Connectinga node(p0) to four non-coplanarpoints on a globally
rigid graphresultsin a globally rigid graph.

Now supposethat we have already localized three nodes
p1; p2; p3 that do not lie on a commonline, as in Figure 2,
and we want to localize a new nodep0 given the measured
distancesdi = kpi � p0k. Pointp0 thereforeliessimultaneously
on threedifferentspheres,centeredatpi andwith radiusdi , for
i = 1; 2; 3. Theintersectionof threesphereswith non-collinear
centersis alwaysat mosttwo points.Thuswe cancomputein
constanttime two possiblelocationsfor p0: thetruelocationof
p0 andthere�ection of that locationthroughtheplanepassing
throughp1; p2; p3. If we know extra informationaboutwhich
sideof theplanep0 lies (from externalinformation,e.g., input
by the user),this local rigidity would suf�ce, but generallyit
doesnot.

To attain global rigidity, we need the distancesfrom the
new point p0 to four already localized points p1; p2; p3; p4

that do not lie on a commonplane,as in Figure3. The extra
distanceconstraintfrom p4 de�nes an additional sphereof
radiusd4 = kp4 � p0k. Giventhatp4 lies off theplanepassing
throughp1; p2; p3, only oneof thetwo re�ection solutionswill
have the properdistance.Thuswe uniquely localizep0.



This approachfor building globally rigid graphscan be
summarizedas follows:

Theorem1: A graphis globally rigid if it is formedby start-
ing from a clique of four non-coplanarnodesand repeatedly
addinga nodeconnectedto at leastfour non-coplanarexisting
nodes.

The idea of this incrementalconstructionwas �rst used
in 2D by Coullard and Lubiw [19] to prove global rigidity
of certain 2D visibility structures.It has sincebeenusedin
several incrementallocalizationalgorithms[1], [20].

Our main novelty is the use of mobile assistanceto ef-
�ciently perform such a construction,as describedin the
following subsections.In the absenceof mobile assistance,
incrementallocalizationapproachesover the stationarynodes
alone often do not yield good resultsbecauseit is hard to
arrangefor the stationarynodesto be addedto a previously
rigid structurewhile preservingrigidity. Moreover, our ap-
proachcombatsproblemsdue to GDOP and non-rigid node
placement,asexplainedin SectionII.

C. MAL: DistanceMeasurement

Theorem1 guidesour mobile by determiningwhen it has
measured“enough” distances:oncethe graphis constructible
accordingto thetheorem,we areguaranteedto have a globally
rigid graph.If we have any suchstrategy for �nding a globally
rigid graph including both the original stationarynodesand
the virtual nodes representingmobile positions, then this
rigid structurede�nes a uniquecoordinateassignment,so in
particularwecanmeasuredistancesbetweenany pairof nodes.
Thusany strategy canbe viewedasa methodfor determining
distances(possibly through indirect measurement/deduction)
betweencertainpairs of stationarynodesin sucha way that
these distancesform a globally rigid graph. We take this
approach,and by the arguedequivalence,this approachdoes
not requireus to take any moremeasurementsthaninherently
necessary.

Therestof this subsectionconsidersthesubproblemof how
to derive the distancebetweentwo stationarynodesgiven
just distancesbetweenvarious positions for the mobile and
variousstationarynodes,noneof which have beenlocalized.
We consider several alternatives for solving this problem,
dependingon what assumptions(if any) can be madeof the
stationarynodesand mobile locations.The next subsection
(SectionIII-D) describeshow the mobile navigatesto �nd a
setof distancessatisfyingTheorem1.

1) Calculatingdistancebetweentwo nodes: We startwith
what super�cially seemslike the mostnaturalproblem:com-
putethedistancebetweentwo nodesn0 andn1 by measuring
their distancesto variouslocationsof a mobile nodem. This
problem starts with a single unknown, kn0 � n1k, and no
known information.Unfortunately, for every new location of
the mobile node,we introducethree new unknowns for the
coordinatesof that location, and add only two new known
quantities.Thus addingmore information actually makes the
problemlessdetermined.(It is necessary, thoughnotsuf�cient,
for a nä�ve count of the number of degrees of freedom

n10n

m1m0 m2

Fig. 4. Computingdistancebetweentwo nodesby measuringdistancesfrom
3 pointson a parallel line.

(unknowns minus knowns) to be at most 0.) Even if we
supposethat the mobile node m stays on a plane (say, a
�x ed heightfrom the �oor), the new knownsbalancethe new
unknowns,but we never actuallygain any information,so we
cannotlearn the original unknown.

Thuswe areforcedto turn to a differentproblem.We start
with somerestrictedformsof motionby themobile thatmake
distancecalculationpossible.In mostsituations,however, the
most practicalstrategy is to involve more than two nodesin
distancemeasurement,asdescribedbelow.

The �rst approachis to move the mobile along a line in a
planecontainingboth n0 andn1. A practicalexampleof this
settingis whenthestationarynodesareat a �x edheightfrom
the�oor , asis themobile (at a differentheight),in which case
themobileshouldmove alonga projectionof the line through
n0 andn1 (Figure4). If we now measuredistancesfrom three
mobile locations,we obtainanextra constraintthat thesethree
locationsarecollinear. This constraintis enoughto determine
the con�guration:

Proposition2: The geometry of � ve coplanar points
n0; n1; m0; m1; m2, wherem0; m1; m2 arecollinear, is deter-
minedby thedistanceskn i � m j k for i = 0; 1 andj = 0; 1; 2.

The solution geometry can be computed in polynomial
time usingstandardtechniquesin real constraintoptimization
for numericallysolving systemsof polynomialequations(the
theoryof thereals).Althoughtheminimumnumberof mobile
locationsrequiredfor a solutionis three,usinga largernumber
of pointswould reducethe error causedby GDOP. Note also
that it may not be practical to constrainmovement in this
fashion. A second,simpler approachwhen both stationary
nodesareat a �x ed height from the groundis to position the
mobile directly underoneof the nodes.Now we can usethe
Pythagoreantheoremto computethe distancebetweentwo
nodesas

p
d2
2

� d2
1
, where d1 is the distanceto the node

directly above and d2 is the distanceto the other nodefrom
themobile [21]. Unfortunately, positioningthemobiledirectly
undera nodeis error-prone;manualplacementcouldcausean
error of several centimeters.

2) Calculating distancesamong three nodes: Next we
consider a more tractable problem: compute the pairwise



distancesbetweenthreenodesn0, n1, and n2 by measuring
their distancesto various locations of a mobile node m.
Now the problem starts with three unknowns, kn0 � n1k,
kn1 � n2k, andkn2 � n0k. Without any assumptions,we again
run into the problemthat eachmobile position introducesas
many unknowns(the threecoordinatesof theposition)asnew
constraints(the threedistances).

Thus we imposeone restriction: that the mobile positions
all lie on a commonplane.This restrictionis easyto achieve
in practiceby moving the mobile receiver at a �x ed height
from the ground,assumingthat the groundis �at. Now if we
havek mobilelocations,we obtaink� 3 additionalcoplanarity
constraints.(The �rst threemobile locationsareautomatically
coplanar, as are all threepoints in space.)Therefore,k = 6
mobilelocationsarenecessaryto reducethenumberof degrees
of freedomto 0. Moreover, theseconstraintssuf�ce to uniquely
determinethe geometryprovidedwe know that the stationary
nodesareall above the planecontainingthe mobile:

Proposition3: The geometryof threenon-collinearpoints
n0; n1; n2 above the plane containing six coplanar points
m0; m1; m2; m3; m4; m5, no threeof which are collinear, is
determinedby the distanceskn i � m j k for i = 0; 1; 2 and
j = 0; 1; 2; 3; 4; 5.

As above, the solution geometry can be computed in
polynomial time using standardtechniquesin real constraint
optimization for numerically solving systemsof polynomial
equations(the theory of the reals). Although the minimum
numberof mobilelocationsrequiredfor asolutionis six, using
a larger numberof points would reducethe error causedby
GDOP.

3) Calculating distancesamong four (or more) nodes:
Finally we considera version of the problem that requires
no additional assumptions:compute the pairwise distances
betweenj � 4 nodesn1, n2, . . . , n j by measuringtheir
distancesto variouslocationsof a mobile nodem. Now each
new position of the mobile node adds j more constraints
and only 3 unknowns, for a total reduction in the number
of degrees of freedom by j � 3 � 1. Initially there are
3j � 5 unknowns:threecoordinatesperstationarynode,minus
3 degreesof translationalmotion and 2 degreesof rotational
motion. Thus we requireat leastd(3j � 5)=(j � 3)e mobile
positionsfor the numberof degreesof freedomto reduceto
at most0.

It is impracticalto assumethat j is too large,both because
it requiresa large nodedensityto have so many line-of-sight
paths(especiallyindoors) and becausesolving the resulting
systemof polynomial equationsgrows in dif�culty (though
for any �x ed j it is polynomial).Thereforewe focus on the
simplestform of this case,j = 4. Thend(3j � 5)=(j � 3)e = 7.
Again, we �nd that 7 mobile positions suf�ce to uniquely
determinethe geometry, as the degree-of-freedomanalysis
predicts:

Proposition4: The geometry of eleven points
n1; n2; n3; n4; m1; m2; m3; m4; m5; m6; m7, no four of
which arecoplanar, is determinedby thedistanceskn i � m j k
for i = 1; 2; 3; 4 and j = 1; 2; 3; 4; 5; 6; 7.

Thenon-coplanarityassumptionrequiresnomorethanthree
nodesto be a constantdistancefrom the �oor . This property
is easyto arrangeon the ceiling by varying-lengthmounts,
and is easyto arrangefor a mobile humanby the difference
in elevation while walking.

D. MAL: MovementStrategy

Combining the approachesof the previous subsectionfor
deriving distancesbetweenstationarynodeswith Theorem1
characterizingwhich distanceswill guaranteeglobal localiza-
tion, we obtaina naturalmovementstrategy for the mobile to
collect thesedistances:

1) Initialize:
a) Find four stationarynodes that can all be seen

from a commonmobile location. (In this descrip-
tion, visibility is de�ned in termsof whethertwo
node locationscan directly measurethe distance
betweeneachother.)

b) Move themobile to at leastsevennearbylocations
andmeasuredistances.

c) Computethe pairwisedistancesbetweenthe four
stationarynodesusingProposition4.

d) Localize the resulting tetrahedronaccording to
Theorem1.

Alternatively, if someinformation is known about the
stationarynode positions or the mobile positions,we
canusemultiple mobile locationsthat seejust someof
the four stationarynodes;we do not elaboratefor the
initialization step.

2) Loop:
a) Pick a stationarynodethat hasbeenlocalizedbut

hasnot yet beenexaminedby this loop.
b) Move themobilearoundthe(perimeterof) thevis-

ibility region of thatstationarynode(i.e., thesetof
mobile positionsthat canseethe stationarynode),
searchingfor positionsfrom which the mobile can
heara not-yet-localizedstationarynodeaswell as
zero, one, or two additional localized stationary
nodes(dependingon the assumptionsaboutnode
positions).

c) For eachsuchmobile position:
i) Computethedistancesamongthosetwo, three,

or four stationarynodesusingProposition2, 3,
or 4.

ii) If thenot-yet-localizedstationarynodenow has
four known distancesto localized stationary
nodes,localize it accordingto Theorem1.

This algorithmterminateseitherwheneverystationarynode
has beenlocalized (success)or when no more progresscan
be madeaccordingto Theorem1 (failure). It is easyto see
that the algorithm makes as much progressas possiblefrom
its starting point. Furthermore,we can show that success
is independentof the particular tetrahedronfrom which we
start.As a consequencewe obtainthe following “correctness”
guarantee:



Theorem5: The mobile movement strategy described
above is guaranteedto �nd a globally rigid graph on the
stationarynodesof the type describedin Theorem1 provided
that sucha graphcanbe constructedusingonemobile.

We can also bound the performanceof the algorithm by
observingthat we stopsearchingfor distancesto a stationary
nodeonceit hasfour known distances:

Theorem6: The numberof distancemeasurementsmade
by the mobile movementstrategy describedabove is linear in
the numberof stationarynodes.

Thetotalamountof motionrequiredby thestrategy depends
on the perimeterof nodevisibility regions(which is normally
small) as well as the amount of travel required between
measurementpoints. To minimize the latter travel, we can
makeStep2amorespeci�c to follow a depth-�rst searchin the
graphof nodevisibilities, restrictedby theconstraintsrequired
by Step2a.Becausea newly localizednodeis alwaysadjacent
to a previously localizednode,the graphof nodevisibilities
is connected,even with the additional constraintsplacedby
Step2a on adjacencies.Using a standardamortizationon the
total length of a depth-�rst search,we obtain the following
performancebound:

Theorem7: The total distancetraveled by the depth-�rst
mobile movement strategy describedabove is proportional
to the product of the number of stationarynodesand the
perimeterof a stationarynode's visibility region.

IV. AFL: ANCHOR-FREE LOCALIZATION

Once we have obtained enough inter-node distancesto
build a rigid graphof the nodes,we can run any of several
localization schemesto computenode coordinates.Someof
theselocalizationschemesassumetheavailability of a fraction
of anchornodeswith alreadyknown position information for
computingnode coordinates[22], [23], [2], [1], [24], while
other schemesdo not use anchor nodes[5], [3], [4], [25],
[26], [7].

However, most of the traditional localization algorithms
have been designedfor well-connecteddensenetworks of
nodesdeployed in environmentswith relatively small number
of obstacles.For thesealgorithms,indoor environmentsbe-
comeparticularly challenging;indoors,nodedensityis often
sparsewith only 3 to 4 nodesper room, and has poor con-
nectivity acrossrooms.As a solution,we have developedan
anchor-freelocalizationalgorithmcalledAFL thatis especially
well-suitedto low connectivity graphs[6]. In this section,we
give a brief overview of AFL, which we useto evaluatethe
performanceof MAL.

AFL runs in two phases,it �rst computesan initial coordi-
nateassignmentfor nodes,which resultsin an unfoldedand
scaled-upversionof the actualphysical layout of the graph.
In this phase,the 2D versionof AFL runsmultiple instances
of a leaderelection algorithm to elect 5 nodesas shown in
Figure5; here,the lines joining n1,n2 andn3,n4 areroughly
perpendicularto eachother, andn0 is closeto the intersection
of thesetwo lines.Next, AFL usestheshortestpathhopcount
from theseelectednodesto computethe initial coordinatesof
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Fig. 5. Nodeselectedduring the initialization phaseof AFL for a well-
connectedgraph.

eachnodei . For two nodesi; j , let hi;j anddi;j respectively
denotethe shortestpath hop count and the (true) Euclidean
distancebetweeni andj , andlet R denotethe “range” of the
nodesin the graph.The rangeR determinesif i and j are
neighborsor not, accordingto whetherdi;j � R or di;j > R
(this modelis only anapproximationof reality). If i andj are
neighbors,we denotethis relationshipby i $ j . The initial
coordinatesof nodei , computedby AFL, aregiven by:

x(i ) = Rh0;i
h3;i � h4;iq

(h3;i � h4;i )
2 + (h1;i � h2;i )

2

y(i ) = Rh0;i
h1;i � h2;iq

(h3;i � h4;i )
2 + (h1;i � h2;i )

2

AFL's initialization phaseusesonly node connectivity in-
formation,not distanceinformation.This featuremakesAFL
suitablefor indoor environmentssincepairwisenodeconnec-
tivity (e.g., RFconnectivity) is mucheasierto obtaincompared
to preciseinter-nodedistances.Although somepreviouswork
also computenode coordinatesusing connectivity informa-
tion [27], [4], [28], AFL's initialization phaseis unique in
attemptingto computea coordinateassignmentthat resultsin
a scaled-upunfoldedversionof the original graph.

After the initialization phase,AFL usesa non-linearopti-
mizationalgorithmto minimize the sum-squaredenergy E of
the graphde�ned by:

E =
X

i $ j

kdm (i; j ) � dc(i; j )k2 (1)

Here,dm (i; j ) denotesthe“measured”distancebetweenthe
nodesi andj obtainedby runningMAL; and,dc(i; j ) denotes
the “computed” distancebetweeni and j obtainedfrom the
current coordinateassignmentof the nodes. If dm (i; j ) is
equal to the true Euclideandistancebetweeni and j (di;j ),
then E = 0 implies that the current coordinateassignment
satis�es the inter-nodedistancesfor all i; j; i $ j . Because
the graph producedby MAL is rigid, E = 0 corresponds
to a coordinateassignmentthat is consistentwith the true
embeddedgraph.Whendm (i; j ) is only approximatelyequal
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Fig. 6. An indoor deployment of 24 nodesto evaluatethe performanceof
MAL.

to di;j , thecoordinateassignmentcorrespondingto the global
minimum of E results in graph that approximatesthe true
embeddedgraph.

V. PERFORMANCE EVALUATION

In this section we evaluate the performanceof MAL,
measuringthe error characteristicsof the pairwise distance
estimatesit producesandmeasuringthe“end-to-end”localiza-
tion performanceof MAL running in conjunctionwith AFL.
We evaluate performanceboth using a 24-nodereal-world
Cricket-basedtestbedand in simulation.

Cricket is anindoor locationsystemthatwe have developed
over the pastseveral years[8]. Cricket consistsof two types
of nodes:beaconsthatareattachedto thewalls andceiling of
a building, and listenersthat are attachedto various mobile
and �x ed devices that need to know their location. The
beaconsperiodically transmit location information us an RF
signal; at the start of the RF signals,they transmita narrow
ultrasonicsignal.The listenerslisten to beacontransmissions
and computethe distanceto nearbybeaconsusing the time-
difference-of-arrival of RF and ultrasonicsignals.Since the
ultrasoundsignals used in Cricket do not penetratewalls,
there should be a line-of-sight path betweena beaconand
a listenerto measuredistance.AlthoughCricket beaconshave
ultrasoundreceiving capability, when mountedon the same
plane,they cannotmeasuredistancebetweeneachother due
to the physicalpropertiesof the ultrasonicsensors.

A. Resultsfrom deployment

Our experimental testbedof 24 Cricket nodes deployed
indoors is shown in Figure 6. The deployment covers four
different rooms,threeof which are connectedby a common
corridor. The only line-of-sight connectivity from one room
to the corridor is through the 0.9 m wide door. The rooms
have no line of sight connectivity to eachother. All thenodes
exceptO andT wereon theceiling at thesameheight.Nodes
O andT wereon a beam30 cm below the ceiling.

θ

θ

d

Beacon

Listener

Fig. 7. Cricket rangingaccuracy estimationsetup.
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Fig. 8. The Cricket rangingerrorasa functionof the rotationof the beacon
andthe listenerat different beaconto listenerdistances.

To comparethe distancesproducedby MAL with the true
distancesbetweenthe nodes,we manuallymeasuredthe dis-
tancesbetweendifferentwalls andbeaconsusinga laserrange
�nder; although these distancesmay contain measurement
errors,we will refer to the coordinatesobtainedfrom these
distancesas true coordinates, to distinguish them from the
coordinatescomputedusingMAL.

First, we examinedthe distancemeasurementaccuracy of
the Cricket systemsincethat determinesthe overall localiza-
tion accuracy. We set up a beaconand a listener as shown
in Figure 7; this setup mimics a beaconmounted on the
ceiling, and a listener held parallel to the ground.Figure 8
shows the error betweenthe measureddistanceand the true
distancefor different valuesof d and � . Eachdatapoint on
the graphrepresentsthe meanabsoluteerror, calculatedover
100 samples;the vertical bars representthe minimum and
maximumabsoluteerror within the 100 samples.Becausethe
ultrasonicsensorsare not omnidirectional,we could not get
distancemeasurementsfor (d; � ) combinationsthat do not
havea correspondingdatapoint.We performedtheexperiment
in a controlledenvironment to prevent outlier distancemea-
surementsdue to re�ected ultrasonicsignals.As we observe
from this graph,Cricket has' 0:5% rangingaccuracy when
the beaconand the listener are 2 m apart and are facing
eachother;however, the rangingperformancedegradesaswe
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increasethe separationandwhenthey do not faceeachother.
However, for the range(� 40o; 40o), the error is under5 cm.

1) MAL performance:We collecteddistancesamplesusing
a receiver, mountedon a mobile cart, at 142 cm below the
ceiling. We could not collect distancesamplesfrom nodes
V,W, and X; so we did not attemptto localize thesenodes.
However, thesethreenodeswereusefulfor theRFconnectivity
basedinitialization phaseof AFL.

We collecteddistancesamplesby stoppingthe mobile at
1,592 points. We used the three nodesat a time approach
describedin sectionIII to computetheinternodedistances.We
ran thedistanceestimationalgorithmon 52 differenttriangles
formed by different node combinations.The edgesof these
trianglesrepresented59 uniqueedgesconnectingthe nodes.
Figure9 shows the graphobtainedby theseedgeswith nodes
at their measuredcoordinates.We seethat MAL enabledus
to computeenoughedgesto build a locally rigid graphfrom
a collectionof disconnectednodes.This graphis only locally
rigid sincesectionsof the graphcanfold alongedgessuchas
K-L, B-G while preservingedgelengths.However, aswe see
later, AFL managedto avoid such folds during localization

T

N
F

C , HM , V

X

D

O , K 
S

J , E

A , B , I 

G

U

L

R

Q
P

W

Fig. 11. Graphobtainedafter running the AFL initialization using the RF
connectivity information.

since AFL initialization phasegeneratesan approximately
fold-free initial coordinateassignment.

Ultrasonicpropagationeffects suchas bendingand re�ec-
tion off obstaclesintroduceserrors.Weusedthefollowing easy
solution to this problem.We had multiple distanceestimates
betweenagivenpairof nodes,sinceanedgeis typically shared
by several triangles. Since the magnitudeof measurement
error dependson the positionof the mobile, we wereable to
�lter out outliersusinga simplebinningandmajority election
algorithm[8]. After �ltering, wecomputedagivenedgelength
by averagingthe estimatesfrom different triangles.

Figure10 shows theCDF of the% edgelengtherror of the
distancesestimatesobtainedusing MAL, after �ltering and
averaging to remove outliers. We observe that the distance
estimationerror is smaller than 1:5% over 50% of the time,
and the 90th percentilehas' 5% error. This graphindicates
thatMAL canprovideaccuratepairwisenodeinformation.We
observe that thereis a wide rangeof percentageerror values,
which we attribute to thedifferencesin theareaandtheshape
of individual triangles,and the restrictionson the coverage
areaof the listenerdueto physicalobstaclessuchasfurniture.
In sectionV-B, we usesimulationsto studyhow thesefactors
affect inter-nodedistanceestimationaccuracy.

2) AFL performance:Although indoor RF propagationis
highly erratic, RF connectivity and signal strength can be
usedto obtain coarsegranularity location information.Since
AFL's initialization phaseusesonly connectivity information
andsinceRF permeatesmorethoroughlythanultrasound,RF
connectivity is usefulfor theinitializationphaseof AFL. In our
implementation,we use a simple strategy for measuringRF
connectivity. The nodesperiodically broadcastRF messages
at an averagerateof 1 messageper second.Eachnodekeeps
trackof thenumberof messagesit receivedfrom othernodes,
andit timesout thesemessagecountsusinganexpirationtimer
whosevalue is inverselyproportionalto the messagearrival
rate.This approach�lters out far-away nodes,and the nodes
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with a high messagearrival rateareconsideredneighbors.
Figure 11 shows the layout resulting from the initial co-

ordinate assignmentobtainedby running Phase1 of AFL.
Figure 12 shows the coordinatesobtainedby running Phase
2 on the previous topology and the true node coordinates
obtained by manual measurements.The error betweenthe
estimatedandtrue nodepositionsis small, comparableto the
errors from the MAL algorithm (Figure 10). Theseresults
demonstratethat MAL andAFL canwork well in practice.

B. SimulationResults

This sectionpresentsthe resultsof runningseveral simula-
tions of the MAL algorithm. Although MAL has theoretical
correctnessand performanceguarantees,it is important to
understandhow well it performs under errors, scale, and
various layout geometries.Due to lack of space,we do not
presentsimulationresultsof MAL runningin conjunctionwith
AFL (we showedtheseresultsfor thereal-world deployment).

1) Impact of GDOP on localization error: We start with
someexperimentsto evaluatetheimpactof GDOPon location
estimationusingthe following con�guration.We have n �x ed
referencenodes,uniformly spaced,on a circle with radiusr .
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We place a node m, 10 units away from the circle, on the
perpendicularpassingthrough the center of the circle. We
introducea uniformly distributed randomerror in the range
(� 0:1; 0:1) units on the distancesbetweenthe referencenode
andm. We computethepositionestimateof m thatminimizes
thesum-squared-errorfor differentvaluesof r . Figure13plots
the position estimateerror of m, computedby the distance
betweenthe estimatedand true positions,as a function of r
for n = 4; eachpoint on thegraphrepresents100simulations.
We observe that the error decreaseswith increasingr . Since
we have kept themeasurementerrordistribution constant,this
graphshows the impactof geometryon the positionestimate
accuracy. It alsoshows the importanceof referencepointsthat
cover a large areafor accuratepositionestimation.

Figure14 shows how position estimateerror changeswith
n for r = 10. The position estimateerror decreaseswith
increasingn as positive and negative errors tend to cancel
out with large n. This implies that we can improve position
estimationaccuracy using large numberof measurements.
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2) MAL performance:Next, we evaluatethe performance
of MAL aswevary theareacoveredby themobileunit andthe
numberof measurements.We selected3 nodes,representing
the �x ed nodes,with (x; y) coordinatesat randomlyselected
pointsonacircleof radius10units,with therestrictionthatthe
angle incident on the centerof the circle by any two points
is > 10o. The z coordinatesof the points were uniformly
distributed between2:5 and 5:0 units. We selectedn mobile
nodepositionsuniformly distributedwithin a concentriccircle
of radiusr , on z = 0. To achieve a uniform distribution, we
placeda boundingcircle of radiusr 0 at eachmobilepoint and
iteratedover differentvaluesof r 0.

We examineMAL performanceaswe vary themobilenode
coveragearea.Figure15 shows theaverageerrorin computing
internodedistancesamongthreenodesaswe vary r for both
n = 6 and n = 24; We introduceda (1%,-1%) uniformly
distributed error on mobile-to-�xed node distanceestimates.
Eachpoint represents20 simulations.We observe thata larger
mobilecoverageareareducesthedistanceestimateerror. This
result indicatesthat MAL performsbetter when the mobile
collectssampleswithin a large coveragearea.

Next, we examine the MAL performanceas we vary the
numberof mobile nodepositions.Figure16 plots the average
distancecomputationerror Vs n for both � 1% and � 10%
uniformly distributed mobile-to-�xed nodedistanceerror. As
expected,the averageerror decreaseswith increasingn. This
result demonstratesa signi�cant advantageof the MAL ap-
proach,wherewecanobtaina largenumberof mobiledistance
estimatesat little extra coston theinfrastructure(assumingwe
canneglect the costassociatedwith a mobilecollectingdata).

VI . RELATED WORK

ScottandHazasexaminedifferentapproachesto determine
�x ed node positions using distance estimates[29]. Their
experimentsincludebothdistancesobtainedat nodesmounted
on a mobile frame and raw distancesobtainedby placing
multiple nodes on the �oor or from a mobile carried by

users.They reportbetterresultsusingthemobile-framebased
approachcomparedto the raw distanceapproach(however,
the paperdoesnot report the sizeof the �x ed frameused).In
the raw distanceapproach,they usedsimulatedannealingto
optimize the positionsof all the nodesin parallel,which can
degradeperformancedue to the presenceof local minima in
the objective function. In contrast,we break the localization
problemto two manageablepieces.We userigidity theory to
determinetheminimumnumberof nodesandsamplesneeded
per onesmall group.Our useof groupswith small numberof
nodesreducesthe possibility of local minima andalsomakes
the localizationalgorithmscalable.

Pathiranaet al. use a mobile robot to localize RF bea-
cons[30]. They assumetheavailability of precisevelocity and
accelerationof mobilerobot.They obtaindistanceinformation
betweenthe robot and �x ed nodesusing RF signal strength.
The use of the mobile robot improves the accuracy of RF
signal strength based distance measurements,since signal
strengthvariationsdue to spatial fading of RF signalsmay
be reduced.Corke et al. use a �ying robot equippedwith
a GPS receiver to localize stationarynodes[31]. The robot
beamsdown its current GPS coordinatesusing RF; and the
stationarynodesusethis informationto computetheirposition.
Sichitiu and Ramaduraialso use a GPS equippedmobile
nodeto localize �x ed receiver nodes;they usethe RF signal
strength to measurethe distancebetweenthe mobile node
and �x ed nodes[32]. Theseapproachesfor nodelocalization
are similar since they all use a mobile node with known
location information to localize a collection of �x ed nodes;
however they usedifferentmechanismto determinethemobile
nodepositionanddifferentalgorithmsto compute�x ed node
positions.In contrastto theseapproaches,we do not assume
the availability of location information at the mobile node.
However, if accuratedistanceinformation betweendifferent
mobilepositionsis available—fromtheroboticodometricsys-
tem, for instance—wecanharnessthis additionalinformation
to improve the MAL performance.

Indoor locationsystemssuchasCricket, Bat, andRADAR
usedistanceor signalstrengthestimatesfrom �x ed reference
nodesto determinemobileuserpositions[8], [10], [33]. These
referencenodesneedsto be pre-calibratedwith their own
position; this is currently doneby manualmeasurements.In
a building-wide deployment,due to the lack of line of sight
amongnodes,suchmanualmeasurementswould require the
combinationof a map of the building and distancemeasure-
mentsto the walls of the building. However we areinterested
in anautomatedapproachwhich doesnot requirea mapof the
building since we may want use the indoor location system
itself to generatethe mapof the building.

Previous work on anchor-basedlocalizationalgorithmsuse
inter-node distanceestimatesand a fraction of nodeswith
known location information to compute the location infor-
mation of the rest of the nodes [22], [23], [1], [24], [2].
Anchor free algorithms,suchas the AFL algorithm,compute
a relative coordinate assignmentto nodes based only on
internodedistanceestimates;thesealgorithmsareparticularly



important for both indoor and ad-hocdeployment sincethey
donotdependonanexternallocationsystem[5], [4], [25], [3],
[26], [7], [28]. All of thesealgorithmscanusethe inter-node
distanceestimatefrom MAL asaninput for nodelocalization.

VI I . CONCLUSION

Most previously proposedapproachesto the localization
problemassumethat the nodescan obtain pairwisedistance
information using local ranging.Unfortunately, for a variety
of reasonsthat include obstructionsand lack of reliable
omnidirectionalranging(e.g.,usingultrasound),this distance
informationis hardto obtain in practice.Even whenpairwise
distancesbetweennearbynodesareknown, theremay not be
enoughinformation to uniquely solve the coordinateassign-
mentproblem.

This paperdescribedMAL, a mobile-assistedlocalization
method, in which a roving mobile user or robot wanders
throughthenetwork andcollectsdistanceestimatesto nodesat
variouslocations.We showedhow to constrainthis movement
suchthat the roving nodecangathersuf�cient distancesam-
ples to solve the localizationproblem.We gave an algorithm
that,givensuf�ciently many distancesamples,producesa con-
sistentcoordinateassignment.We evaluatedthe algorithm's
performanceusing simulationsand real-world experiments.
Our resultsshow that themedianpairwisenodedistanceerror
in a real-world deployment is lessthan 1.5% of the distance
betweenthe nodes;similar resultsare con�rmed by several
simulationsaswell.
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