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Abstract— The localization problemis to determine an assign-
ment of coordinates to nodes in a wireless ad-hoc or sensor
network that is consistent with measured pairwise node distances.
Most previously proposed solutions to this problem assume that
the nodes can obtain pairwise distances to other nearby nodes
using some ranging technology. However, for a variety of reasons
that include obstructions and lack of reliable omnidirectional
ranging, this distance information is hard to obtain in practice.
Even when pairwise distances between nearby nodes are known,
there may not be enough information to solve the problem
uniquely.

This paper describes MAL, a mobile-assistedlocalization
method which employs a mobile user to assist in measuring
distances between node pairs until these distance constraints form
a “globally rigid” structure that guarantees a unique localization.
We derive the required constraints on the mobile’s movement
and the minimum number of measurements it must collect;
these constraints depend on the number of nodes visible to the
mobile in a given region. We show how to guide the mobile’s
movement to gather a sufficient number of distance samples
for node localization. We use simulations and measurements
from an indoor deployment using the Cricket location system
to investigate the performance of MAL, finding in real-world
experiments that MAL’s median pairwise distance error is less
than 1.5% of the true node distance.

|. INTRODUCTION

The localization problemin sensometworks can be stated
as follows: Given a collection of N nodes, and distance
measuementsof ead nodeto its neighbos, producea set
of coorinate assignmentsp; for ead node i, sud that
the assigneddistance betweennodesi and j, kp;  pik,
is equal to the measued distance d; . Of course,in the
absenceof an external coordinatereference this assignment
canbe unigueonly up to anarbitraryrotation, translationand
possiblere ection, but its scaleis determinedy the measured
ranges.For example,if three nodesare placedsuchthat the
pairwisedistancedbetweerthemare3, 4, and5 units,a correct
coordinateassignmentvould be (0; 0), (3;0), and(0; 4).

The localization problem has receved a great deal of
recent attentionin the literature (e.g., [1]-[7]). Knowledge
of location enablesnodesin a sensornetwork to annotate
senseddata with location information, making the sensed
information more useful to applications.Knowledge of node

in which referencenodesat various “known” locationsin a
building provide location information to mobile devices and
sensornodes.Becausemanually con guring eachreference
node with its position is cumbersomeand errorprone,such
systemsbene t from a methodto automaticallylocalize the
referencenodes.

Previous approachego solving the localization problem
generallyrely on eachnodebeingableto obtainits distanceso
thenodesearit (e.g.,within radiorange) Giventhesepairwise
distancesa distributedor centralizedalgorithmthencomputes
a coordinateassignmenfor all nodesthat is consistentwith
the measuregairwise nodedistances.

When one attemptsto implementa localization algorithm
in real-world systems,signi cant problemsarise. The rst
problemis that physical obstaclesthat obstructline-of-sight
connectvity betweemeighboringnodespreventpairwisenode
distancesfrom being obtained. This problem arisesinside
mary buildings, where it is often hard to obtain line-of-
sight connectvity betweenrooms and open spaces.More-
over, physically realizable ranging hardware is often not
omni-directionalifor example,in anultrasound-baselbcation
infrastructure such as Cricket in which ceiling- and wall-
mountedbeaconsbroadcastspatial and ranging information
to mobile listeness, the ultrasonictransmitterspoint toward
the oor, making it lesslikely that a given pair of beacons
will be ableto measureheir mutual distance.

Another signi cant problem that arisesin practiceis that
theremaybetoo few distanceconstraintgo obtaina consistent
coordinateassignmentObtaininga coordinateassignmenthat
is uniqueup to translationyotation,andre ection requiresthat
the graphformed by available distancese globally rigid in a
technicalsensale ned in Sectionlll. An arbitrarydeployment
of location-infrastructurenodes (either beaconsor passie
recevers)or sensorsvill notgenerallyproduceagloballyrigid
structure.Sectionll describesn more detail theseand other
barriersto achievzing practicallocalization.

This papershavs that mobility can help solve theseprob-
lems. In mobile-assistedlocalization a roving human or
robotwanderghroughanarea,collectingdistanceinformation
betweenthe nodesand itself. We describea simple method

location can be usedto implementef cient message-routing that, givendistanceinformationbetweerthe moving nodeand

protocols(suchas geographidorwarding)in wirelessad-hoc
and sensornetworks. Localization is also useful in indoor
location infrastructuressuchas Cricket [8], [9] and Bat [10],

the static nodes,formulatesan optimization problem whose
solution is the pairwise node distancesbetweenthe static
nodes.The challengeis to design movementstrateies that



producea globally rigid structureof known distancesamong
the staticnodes.Using theoreticalresultsfrom rigidity theory
we show that it is possibleto constrainnode movementin
a way that achieves our goals. Sectionlll gives one such
practicalmovementalgorithm.

The pairwisenodedistancesesultingfrom our stratgy can
thenbefedinto alocalizationalgorithm.We brie y discusshe
Anchor-FreeLocalization(AFL) algorithm[6], which doesnot
requireary “anchor” nodesthat alreadyknow their positions.
AFL computesan initial coordinateassignmentto all the
nodes,using the radio connectvity information alone. This
initial assignmentesultsin a node layout that resemblesa
scaledversion of the actual node layout, roughly preserving
the topologicalorderingof nodes.AFL thenusesan iterative
optimizationprocedureto reducethe sumof squaredlistance
errors betweenthe nodes' true distancesand the distances
inferred from their currentcoordinates.

We shav using simulationsand real-world measurements
that mobile-assistedocalizationis a practical approachthat
can be usedin real-world systems.Although our solution is
end-to-endyve believe thatour decompositiorinto the mobile-
assistedtopology building phaseand the localization phase
is valuable.In particular a variety of solutionsto the latter
phasecan be implementedwithin our frameawork, adapting
the algorithmto conditionsat hand(e.g., nodedensity range,
expectedrangingerrors,etc.). SectionV describeur experi-
mentalandsimulationresults which shov thatmobile-assisted
localizationis both practicaland accurate.

Il. THE CASE FOR MOBILE-ASSISTED LOCALIZATION

A localizationalgorithm needsa sufcient numberof pair
wise node distancego be able to computenode coordinates
correctly However, thereare several reasonswhy it is hardto
meetthis requirementin practice,especiallyindoors.

1) Obstructionsoccludeline-of-sight connectvity, making
it hard or impossible for nodesto obtain pairwise
distancesdetweeneachother

2) Spasenodedeploymentsnake it hardto obtaina rigid
structure which is necessaryo obtaina uniquesolution.

3) Geometricdilution of precision(GDOP) causesa node
thatis far from a groupof closelyspacechodesto incur
large errorsin its position estimate.

The rest of this sectiondescribesheseproblemsin detail,
and explains why mobile-assistedocalization helps solve
them. We also explain someadditionalbene ts that mobility
bringsin solving the localizationproblem.

A. Obstructions

Thelack of line-of-sightconnectvity may preventthenodes
from obtaining direct node-to-nodedistances.Most of the
rangingtechnologiesusedfor accurateindoor rangingtoday
including time-of- ight of ultrasound, laser and infrared,
requireline-of-sight betweenthe transmitterand the recever.
Even technologiesthat do not need line of sight, such as
ultrawideband(UWB) radio, have betteraccurag whenline-
of-sight connectiity is available. Basedon our experience

with deploying Cricket, a systemthat usesultrasoundranging,
we have foundthatit is almostimpossibleto deploy nodesin a
typical of ce or hometo achieve sufcient connectvity across
all nearbynodes.For example, it is hard to obtain ranging
betweemodesplacedinside andoutsidea roomin a standard
building.

Thelack of omnidirectionalranging may prevent reference
nodesin a location systemfrom obtainingpairwisedistances.
Becausethe primary goal of a location systemis to help
mobile devicesobtaindistanceandlocationinformation,a key
requirementis to provide maximum coverageto users.As a
result, directionalrangingtransmitterson referencenodesare
usually pointedtoward wherethe usersarelikely to be, rather
than toward other referencenodes® Building omnidirectional
rangingis usually more expensve (e.g., it requiresmultiple
transcevers) and entails hardware changes;furthermore, it
seemswasteful becausedocalization of the referencenodes
is done only during deployment and not continually as for
mobile localization.

In some cases,the referencenodesmay have no ability
to receivethe signals necessaryto estimatedistances.For
example, the referencenodesmay emit radio and ultrasonic
signals,but not have an ultrasonicrecever; alternatvely, the
referencenode may be a passve tag-like device that mobile
units query to obtain distanceinformation. In such cases,
mobile-assistedocalization will be invaluable to the auto-
localizationprocedure.

B. Spase NodeDeployments

Although a dense node deployment of referencenodes
helps achievze good coveragein a location system,economic
considerationsoften force sparsenode deployments. In a
sensornetwork, the deployment density may be dictated by
cost or applicationrequirementsand may be sparse.Sparse
deployments reduce inter-node connectvity and could lead
to a structurethat is not rigid. For example, a room with
four referencenodeswhere only four distancesare known
(forming a quadrilateralamong the nodes)leadsto a non-
rigid structure.In such casesno auto-localizationalgorithm
can nd the right positionsof the nodes,becausethere are
too few constraintsand an ambiguoussolution space.Yet,
thereis a unique(modulotranslationrotation,andre ection)
assignmenbf position coordinatego nodes.

Mobile-assistedocalizationis well-suitedto collectenough
distancesamplesuchthattheresultingpernodedistanceshat
areinferredform arigid structure Becausahereferencenodes
are deployed to cover an areawhereusersmove, the moving
useror robot cantake advantageof the mary positionswhere
distancerangesto the sensomodesare obtained.

1For example,dueto theradiationpatternof theultrasonictransducersised,
our ultrasonic-basedanging systemhasa 12 m rangewhen the transmitter
andtherecever arefacingeachotherbut only a< 2 m mutualrangewhenthey
areon the samehorizontalplanefacingaway from the plane(e.g., dovnwards
from a ceiling).



C. GeometricDilution of Precision(GDOP)

In practice, the distancemeasurementsisedto compute
nodecoordinatesalmostalways have someerror. Thesemea-
surementerrors get re ected in the computednode coordi-
nates.The magnitudeof the nal computederror dependson
both the magnitudeof the measuremenerror and the true
geometryof the structureinducedby the nodesand edges.
The contribution due to geometryis called the geometric
dilution of precision(GDOP)[11]?, andis de ned astheratio
betweenthe computedcoordinateerror and the measurement
error. That is, GDOP representsthe factor by which the
distancemeasuremenerror gets multiplied when it is used
to computenode coordinates When distancemeasurements
are usedfor computingnode coordinatesby solving for an
exactly constrainedsystemof equationswe get GDOP> 1.

It is well-known that using an over-constrainedsystemof
equationgendsto reduceGDOPerrors[12]. Addingadditional
constraintsn corventionalapproachefeadsto increasecode
density;in contrastwith mobile-assistetbcalization,a mobile
unit can move arounda region and usually obtain as mary
additional constraintsas are necessaryOur approachuses
theseadditional constraintsonly locally to accuratelycom-
pute the internodedistance.Since obtaining a large number
of additional constraintsis not cumbersomemobile-assisted
localization can greatly improve the accurag of coordinate
position estimationby reducingthe adwerseeffectsof GDOP

D. Other Bene ts

Although the use of mobile device positionsas “virtual”
nodesto add more constraintsto a weakly connectedgraph
and running a localization algorithm on the combinedset of
nodesseemslike a simple extension,the e xibility offered
by the mobile device acting as a virtual node createsseveral
opportunitiesthat makes our approachquite different from
traditional nodelocalization:

1) The dynamicnatureof the mobile-assistedchemeen-

ables us to evaluate the currently available distance
information “on the y,” and navigate the mobile to

obtainary additionaldistancegequired.

The additional virtual nodescorrespondingto mobile

positionsdo not have the associatedcost of additional
physicalnodes.The only criteria that limit the number
of such positionsare the available computationaland
storageresourcespoth of which are usually ampleon

currenthand-helddevices.

The referenceand virtual (mobile) nodestypically oc-

cupy different regions in space.In a typical location
infrastructuredeployment, for example, the reference
nodeswill be located close to the ceiling of a room
and above the spaceoccupiedby users.In contrast.the
virtual nodes correspondingo mobilelocationswill be
locatedcloseto the users.This separatiorhelpsmobile-
assistedocalizationperformwell, aswe will see.

2)

3)

2GDOP is a well-knovn problem that arisesin all location systems,
including GPS.

N <P

locally rigid globally rigid
not globally rigid

not locally rigid

Fig. 1. Examplesof graphsthat are not rigid ("exible as a barand-joint
framavork), rigid but not globally rigid (multiple embeddings)and globally
rigid (one embeddingup to rotation, translation,and re ection).

Ill. THEORETICAL FRAMEWORK AND
MOVEMENT STRATEGIES

The standardlocalization problem is to reconstructthe
positionassignmenbf nodes(global geometry)givena graph
with edgedabeledby measuredlistanceglocal geometry).In
mobile-assistedocalization,only part of the graph(if at all)
is givenand x ed: the restwe have (limited) control over by
moving a mobile nodeaccordingto a particularstrateyy.

This sectionde nes MAL's movementstrateyy for building
up sucha graphin a way that guarantees unique solution
(and even an easy-to- nd solution) of the resulting standard
localizationproblem.More precisely we shav how a mobile
can explore a geographicarea and incrementally build a
localizablegraphby addingnew virtual nodes(corresponding
to the various positions of the mobile) and adding edges
betweenthesenodesand stationarynodes.At a high level,
the mobile startsby nding a cluster of nearbynodes,and
thenit exploresthe visible region for new nodesto which it
canmeasuradistance.The numberof measurementsequired
by the mobile is linear in the number of stationarynodes,
and the total motion requiredby the mobile can be similarly
bounded.

We also shov how to reducethe size of the localizable
graph, removing the virtual nodesarising from mobile po-
sitions, and leaving just the stationary nodes. Indeed, our
approachis to nd virtual nodecon gurationsthatallow usto
measureone or more distancedetweentwo stationarynodes,
after which the virtual nodesand their incident edgescan
be discarded.Then our goal becomesto measuredistances
betweenstationarynodesso that the graphon the stationary
nodesbecomedocalizable.We shav that this approachs as
efcient aspossible:no lossis causedby discardingvirtual-
node information once it is abstractedinto the graph of
stationarynodes.The bene t is that this reductionin graph
size speedaup the nal phaseof localizationusing, e.g., the
methodoutlinedin SectionlV.

A. Connectiongo Rigidity

We startby describingconnectiondbetweenstandardocal-
ization, in particulardeterminingwhethera probleminstance
hasenoughinformationto have a uniquesolution,andabranch
of mathematicsalledrigidity theory Theseconnectiongro-
vide tools for understandingvhen we have enoughdistance
informationto guarantedocalizability.



Given just distanceinformation, at bestwe canlocalizethe
network up to rotation, translation,and re ection. This local
coordinatesystemis enoughin mary cases,or else can be
matchedagainsta global coordinatesystemif a few nodes
have global coordinate®btainedthrough,e.g., GPS.However,
for somegraphs,the position assignments not unique even
up to rotation,translationandre ection, asshavn in Figurel.
If we treatthe graphasa barand-jointframework or linkage,
the graphshould at leastbe rigid in the sensethat it cannot
be e xedwhile preservingthe distancegasin arectanglefor
example).Evenif thegraphis rigid, it maybe subjectto “local
ips.” For example,if therearejust two trianglessharingan
edge,onetriangle can be re ected throughthat edgewithout
ary distanceschanging.We call such a graph locally rigid
but not globally rigid. For the localization problemto have
a unique solution, we needa globally rigid graph that has
exactly one embeddingwith correctedgelengths.

Global rigidity was introduced by Hendrickson[13] as
an important variation on the well-studied conceptof local
rigidity [14]-[16]. Hendricksonshonvedthat, for a graphto be
generically globally rigid in d dimensionsit mustsatisfytwo
properties:(1) the removal of ary d verticesmust leave the
graph connected(d + 1)-connectvity), and (2) the removal
of ary edge must leave the graph genericallylocally rigid.
Both these propertiescan be checled in polynomial time.
Connelly[17] provedthatthesetwo propertiesareinsufcient
in 3D: they do notimply genericglobalrigidity of a 3D graph.
However, Hendricksonconjecturedthat thesetwo properties
exactly characterizegeneric global rigidity in 2D, and this
conjecturewas recently proved in unpublishedwork of Jack-
sonand Jorcan [18]. Thus, global rigidity is well-understood
in 2D, but notin 3D. Nonethelesswe shav how to construct
graphstructuresthat are guaranteedo be globally rigid and
thereforelocalizablein both 2D and 3D.

B. EngineeringRigidity

Although testingglobal rigidity canbe dif cult in general,
we can build up 3D and 2D structuresthat are guaranteed
to have global rigidity. For the duration of this subsection,
we consider what distancesshould be measuredbetween
stationarynodesin orderto guarantee rigid structureamong
just thosenodes.In the following subsectionsywe shov how
to measuresuchdistancesisinga mobile, andultimately how
to organizethe motion of the mobile to measureall required
distances.

To start a rigid structure, supposethat we can measure
all pairwisedistancesetweensomefour nodespy; ps; pPs; P4
(whichwe assumdie atdistinctpointsin space)Theresulting
structureis a tetrahedronywhich is the simplestglobally rigid
graphin 3D. It is globally rigid no matterwherethe points p;
arelocated,but for further building, supposehat they do not
lie on a commonplane.

3The?generictjuali®erhereis atechnicaldetail thatallows usto consider
the qualitiesof a combinatorialgraph,and not the speci®cedgelengths,that
male a structurerigid. With probability 1, the problemis generic.

Fig. 2. Connectinga node(po) to threealready-localizechodes(p1; p2; p3)
on a locally rigid graphresultsin a locally rigid graph.

Fig. 3. Connectinga node (po) to four non-coplanapoints on a globally
rigid graphresultsin a globally rigid graph.

Now supposethat we have alreadylocalized three nodes
p1; p2; ps that do not lie on a commonline, asin Figure 2,
and we want to localize a new nodep, given the measured
distancesl; = kp; pok. Pointpy therefordies simultaneously
onthreedifferentspherescenteredat p; andwith radiusd;, for
i = 1, 2; 3. Theintersectiorof threespheresvith non-collinear
centerds alwaysat mosttwo points. Thuswe cancomputein
constantime two possiblelocationsfor py: thetruelocationof
po andthere ection of thatlocationthroughthe planepassing
throughpy; p2; p3. If we know extra information aboutwhich
sideof the planepy lies (from externalinformation,e.g., input
by the user),this local rigidity would sufce, but generallyit
doesnot.

To attain global rigidity, we needthe distancesfrom the
new point py to four already localized points py; pe; Ps; P4
thatdo not lie on a commonplane,asin Figure 3. The extra
distanceconstraintfrom p, de nes an additional sphereof
radiusd, = kps pok. Giventhatp, lies off the planepassing
throughps; p2; p3, only oneof thetwo re ection solutionswill
have the properdistance.Thuswe uniquelylocalize pg.



This approachfor building globally rigid graphscan be
summarizedas follows:

Theoem1: A graphis globallyrigid if it is formedby start-
ing from a clique of four non-coplanamodesand repeatedly
addinga nodeconnectedo at leastfour non-coplanaexisting
nodes.

The idea of this incrementalconstructionwas rst used
in 2D by Coullard and Lubiw [19] to prove global rigidity
of certain 2D visibility structures.It hassince beenusedin
several incrementallocalizationalgorithms[1], [20].

Our main novelty is the use of mobile assistanceto ef-
ciently perform such a construction,as describedin the

following subsectionsin the absenceof mobile assistance,

incrementalocalizationapproachesver the stationarynodes
alone often do not yield good resultsbecauseit is hard to
arrangefor the stationarynodesto be addedto a previously
rigid structurewhile preservingrigidity. Moreover, our ap-
proachcombatsproblemsdue to GDOP and non-rigid node
placementas explainedin Sectionll.

C. MAL: DistanceMeasuement

Theorem1 guidesour mobile by determiningwhenit has
measuredenough” distancesoncethe graphis constructible
accordingto thetheoremwe areguaranteedo have aglobally
rigid graph.If we have ary suchstrateyy for nding aglobally
rigid graphincluding both the original stationarynodesand
the virtual nodes representingmobile positions, then this
rigid structurede nes a unique coordinateassignmentso in
particularwe canmeasuralistancedetweerary pair of nodes.
Thusary stratgy canbe viewed asa methodfor determining

Fig. 4. Computingdistancebetweentwo nodesby measuringlistancegrom
3 pointson a parallelline.

(unknavns minus knowns) to be at most 0.) Even if we
supposethat the mobile node m stayson a plane (say a
x ed heightfrom the oor), the new knownsbalancethe nen
unknowns, but we never actually gain ary information,so we
cannotlearnthe original unknawn.

Thuswe areforcedto turn to a differentproblem.We start
with somerestrictedforms of motion by the mobile thatmake
distancecalculationpossible.In mostsituations,however, the
most practical strat@y is to involve more than two nodesin
distancemeasurements describedbelow.

The rst approachis to move the mobile alonga line in a
planecontainingbothny andn;. A practicalexampleof this
settingis whenthe stationarynodesareat a x ed heightfrom
the oor, asis themobile (at a differentheight),in which case

distances(possibly through indirect measurement/deduction)the mobile shouldmove alonga projectionof theline through

betweencertain pairs of stationarynodesin sucha way that
these distancesform a globally rigid graph. We take this
approachand by the arguedequialence this approachdoes
not requireusto take any more measurementhaninherently
necessary

Therestof this subsectiorconsidershe subproblenof how
to derive the distancebetweentwo stationary nodesgiven
just distancesbetweenvarious positionsfor the mobile and
various stationarynodes,none of which have beenlocalized.
We consider several alternatives for solving this problem,
dependingon what assumptiongif ary) can be madeof the
stationarynodesand mobile locations. The next subsection
(Sectionlll-D) describeshow the mobile navigatesto nd a
setof distancessatisfyingTheoreml.

1) Calculatingdistancebetweentwo nodes: We startwith
what super cially seemdik e the mostnaturalproblem:com-
putethe distancebetweentwo nodesny andn; by measuring
their distancego variouslocationsof a mobile nodem. This
problem startswith a single unknovn, kn,  n;k, and no
known information. Unfortunately for every new location of
the mobile node, we introducethree nev unknowns for the
coordinatesof that location, and add only two new known
guantities.Thus adding more information actually makes the
problemlessdetermined(lt is necessarythoughnot sufcient,
for a nave count of the number of degrees of freedom

ne andn; (Figure4). If we now measuralistancedrom three
mobile locations,we obtainan extra constrainthatthesethree
locationsare collinear This constraintis enoughto determine
the con guration:

Proposition2: The geometry of ve coplanar points
Ng; N1, Mg; My; Mo, Wwheremg; my; m, arecollinear is deter
minedby thedistancekn; mjkfori = 0;1andj = 0;1;2.

The solution geometry can be computedin polynomial
time using standardechniquesn real constraintoptimization
for numericallysolving systemsof polynomial equationgthe
theoryof the reals).Although the minimum numberof mobile
locationsrequiredfor a solutionis three,usinga largernumber
of pointswould reducethe error causedby GDOR Note also
that it may not be practical to constrainmovementin this
fashion. A second,simpler approachwhen both stationary
nodesareat a x ed heightfrom the groundis to positionthe
mobile directly underone of the nodes.Now we can usethe
Pythagor(ff:lrtheoremto computethe distancebetweentwo
nodesas d3 d?, whered; is the distanceto the node
directly abore and d; is the distanceto the other nodefrom
the mobile [21]. Unfortunately positioningthe mobile directly
undera nodeis error-prone;manualplacementould causean
error of several centimeters.

2) Calculating distancesamong three nodes: Next we
consider a more tractable problem: compute the pairwise




distanceshetweenthree nodesny, ny, and n, by measuring
their distancesto various locations of a mobile node m.

Now the problem starts with three unknowns, kny  nqk,

kni ngk, andkn, ngk. Withoutany assumptionsye again
run into the problemthat eachmobile position introducesas
mary unknawvns (the threecoordinatesf the position)asnewn

constraintg(the threedistances).

Thus we imposeone restriction: that the mobile positions
all lie on a commonplane.This restrictionis easyto achieve
in practiceby moving the mobile recever at a x ed height
from the ground,assuminghat the groundis at. Now if we
have k mobilelocations we obtaink 3 additionalcoplanarity
constraints(The rst threemobile locationsareautomatically
coplanar as are all three pointsin space.)Therefore,k = 6
mobilelocationsarenecessaryo reducethe numberof degrees
of freedomto 0. Moreover, theseconstraintsufce to uniquely
determinethe geometryprovided we know that the stationary
nodesare all above the planecontainingthe mobile:

Proposition3: The geometryof three non-collinearpoints
No;Ny; Ny above the plane containing six coplanar points
Mg; M1; Ma; M3; My; M5, No three of which are collinear is
determinedby the distanceskn; m;k for i = 0;1;2 and
j =0;1,2;3;4;5.

As above, the solution geometry can be computedin
polynomial time using standardtechniquesn real constraint
optimization for numerically solving systemsof polynomial
equations(the theory of the reals). Although the minimum
numberof mobilelocationsrequiredfor a solutionis six, using
a larger numberof points would reducethe error causedby
GDOR

3) Calculating distancesamong four (or more) nodes:
Finally we considera version of the problem that requires
no additional assumptions:compute the pairwise distances
betweenj 4 nodesny, ng, ..., n; by measuringtheir
distancedo variouslocationsof a mobile nodem. Now each
new position of the mobile node addsj more constraints
and only 3 unknawns, for a total reductionin the number
of degreesof freedomby j 3 1. Initially there are
3j 5unknownns:threecoordinateger stationarynode,minus
3 degreesof translationalmotion and 2 degreesof rotational
motion. Thus we requireat leastd(3j] 5)=(j 3)e mobile
positionsfor the numberof degreesof freedomto reduceto
at mostO0.

It is impracticalto assumehat] is too large, both because
it requiresa large nodedensityto have so mary line-of-sight
paths (especiallyindoors) and becausesolving the resulting
systemof polynomial equationsgrows in dif culty (though
for ary x edj it is polynomial). Thereforewe focus on the
simplestform of thiscasej = 4. Thend(3j 5)=(j 3)e= 7.
Again, we nd that 7 mobile positionssufce to uniquely
determinethe geometry as the degree-of-freedomanalysis
predicts:

Proposition4: The geometry of eleven points
N1;N2;N3;Na; My M2 M3 My;Ms;Me; M7, no  four  of
which arecoplanayis determinedoy the distancekn; m;k
fori=1;2;3;4andj = 1;2;3;4,5;6; 7.

Thenon-coplanarityassumptiorrequiresno morethanthree
nodesto be a constantdistancefrom the oor. This property
is easyto arrangeon the ceiling by varying-lengthmounts,
andis easyto arrangefor a mobile humanby the difference
in elevation while walking.

D. MAL: MovementStrategy

Combining the approache®f the previous subsectionfor
deriving distanceshetweenstationarynodeswith Theoreml1
characterizingvhich distanceswill guaranteaylobal localiza-
tion, we obtaina naturalmovementstratgy for the mobile to
collect thesedistances:

1) Initialize:

a) Find four stationarynodesthat can all be seen
from a commonmobile location. (In this descrip-
tion, visibility is de ned in termsof whethertwo
node locations can directly measurethe distance
betweeneachother)

Move the mobileto atleastseven nearbylocations
and measurdlistances.

Computethe pairwise distancesbetweenthe four
stationarynodesusing Proposition4.

Localize the resulting tetrahedronaccording to
Theoreml.

Alternatively, if someinformationis known aboutthe
stationarynode positions or the mobile positions, we
canusemultiple mobile locationsthat seejust someof
the four stationarynodes;we do not elaboratefor the
initialization step.
2) Loop:
a) Pick a stationarynodethat hasbeenlocalizedbut
hasnot yet beenexaminedby this loop.
Move the mobile aroundthe (perimeterof) the vis-
ibility region of thatstationarynode(i.e., the setof
mobile positionsthat can seethe stationarynode),
searchindgor positionsfrom which the mobile can
heara not-yet-localizedstationarynodeaswell as
zero, one, or two additional localized stationary
nodes(dependingon the assumptionsaboutnode
positions).
For eachsuchmobile position:
i) Computethe distancesamongthosetwo, three,
or four stationarynodesusingProposition2, 3,
or 4.
If thenot-yet-localizedstationarynodenow has
four known distancesto localized stationary
nodes,localizeit accordingto Theoreml.
This algorithmterminatesitherwhenevery stationarynode
hasbeenlocalized (success)r when no more progresscan
be madeaccordingto Theorem1 (failure). It is easyto see
that the algorithm makes as much progressas possiblefrom
its starting point. Furthermore,we can shav that success
is independenbf the particular tetrahedronfrom which we
start.As a consequence/e obtainthe following “correctness”
guarantee:

b)

<)
d)

b)

i)



Theoem5: The mobile movement stratgly described
above is guaranteedo nd a globally rigid graph on the
stationarynodesof the type describedn Theoreml provided
that sucha graphcan be constructedusing one mobile.

We can also bound the performanceof the algorithm by
observingthat we stop searchingfor distancedo a stationary
nodeonceit hasfour known distances:

Theoem6: The numberof distancemeasurementsnade
by the mobile movementstratey describedabove is linearin
the numberof stationarynodes.

Thetotalamountof motionrequiredby the strateyy depends
on the perimeterof nodevisibility regions(which is normally
small) as well as the amount of travel required between
measuremenpoints. To minimize the latter travel, we can
male Step2amorespeci c to follow adepth- rst searchin the
graphof nodevisibilities, restrictedby the constraintgequired
by Step2a.Because newly localizednodeis alwaysadjacent
to a previously localized node, the graph of node visibilities
is connectedgeven with the additional constraintsplacedby
Step2a on adjacenciesUsing a standardamortizationon the
total length of a depth- rst search,we obtain the following
performancebound:

Theoem7: The total distancetraveled by the depth- rst
mobile movement strateyy describedabove is proportional
to the product of the number of stationary nodesand the
perimeterof a stationarynodes visibility region.

IV. AFL: ANCHOR-FREE LOCALIZATION

Once we have obtained enough inter-node distancesto
build a rigid graphof the nodes,we canrun ary of several
localization schemego computenode coordinates Some of
thesdocalizationschemesssumehe availability of afraction
of anchornodeswith alreadyknown positioninformation for
computing node coordinateq22], [23], [2], [1], [24], while
other schemesdo not use anchornodes[5], [3], [4], [25],
[26], [7].

However, most of the traditional localization algorithms
have been designedfor well-connecteddense networks of
nodesdeployedin ervironmentswith relatively small number
of obstacles.For thesealgorithms,indoor ernvironmentsbe-
come particularly challenging;indoors,node densityis often
sparsewith only 3 to 4 nodesper room, and has poor con-
nectvity acrossrooms.As a solution, we have developedan
anchorfreelocalizationalgorithmcalledAFL thatis especially
well-suitedto low connectvity graphs[6]. In this section,we
give a brief overview of AFL, which we useto evaluatethe
performanceof MAL.

AFL runsin two phasesit rst computesaninitial coordi-
nate assignmenfor nodes,which resultsin an unfoldedand
scaled-upversionof the actual physicallayout of the graph.
In this phasethe 2D versionof AFL runs multiple instances
of a leaderelectionalgorithmto elect5 nodesas shown in
Figure5; here,the linesjoining n{,n, andns,n, areroughly
perpendiculato eachother andny is closeto theintersection
of thesetwo lines. Next, AFL usesthe shortesipathhop count
from theseelectednodesto computethe initial coordinateof

ni n3a

no

Fig. 5. Nodeselectedduring the initialization phaseof AFL for a well-
connectedyraph.

eachnodei. For two nodesi; j, let h;; andd;; respectiely
denotethe shortestpath hop count and the (true) Euclidean
distancebetween andj, andlet R denotethe “range” of the
nodesin the graph. The rangeR determinesif i andj are
neighborsor not, accordingto whetherd;; Rordj >R
(this modelis only an approximatiornof reality). If i andj are
neighbors,we denotethis relationshipby i $ j. The initial
coordinateof nodei, computedby AFL, are given by:

. Nai h.i
X(i) = Rhoig r_ 5
(h3;i h4;i) + (hl;i h2;i)

. N1 ho-:
y() = Rhoiq - -
(h3;i h4;i) + (hl;i h2;i)

AFL's initialization phaseusesonly node connectwity in-
formation, not distanceinformation. This featuremakes AFL
suitablefor indoor environmentssince pairwisenodeconnec-
tivity (e.g., RF connectvity) is mucheasierto obtaincompared
to preciseinternodedistancesAlthough someprevious work
also compute node coordinatesusing connectvity informa-
tion [27], [4], [28], AFL's initialization phaseis unique in
attemptingto computea coordinateassignmenthat resultsin
a scaled-upunfoldedversionof the original graph.

After the initialization phase, AFL usesa non-linearopti-
mizationalgorithmto minimize the sum-square@nepgy E of
the graphde ned by):(

E= kdm(i;j)
i$

Here,dn, (i; j ) denoteghe “measured'distancebetweerthe
nodes andj obtainedby runningMAL; and,d.(i; j ) denotes
the “computed” distancebetweeni andj obtainedfrom the
current coordinateassignmentof the nodes.If dm(i;j) is
equalto the true Euclideandistancebetweeni andj (d; ),
then E = 0 implies that the current coordinateassignment
satis es the internode distancesfor all i;j; i $ j. Because
the graph producedby MAL is rigid, E = 0 corresponds
to a coordinateassignmentthat is consistentwith the true
embeddedyraph.Whendy, (i; j ) is only approximatelyequal

de(i; j )K? @)
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Fig. 6. An indoor deployment of 24 nodesto evaluatethe performanceof
MAL.

to d;; , the coordinateassignmentorrespondindo the global
minimum of E resultsin graph that approximatesthe true
embeddedyraph.

V. PERFORMANCE EVALUATION

In this section we evaluate the performanceof MAL,
measuringthe error characteristicsof the pairwise distance
estimatest producesandmeasuringhe“end-to-end”localiza-
tion performanceof MAL runningin conjunctionwith AFL.
We evaluate performanceboth using a 24-node real-world
Cricket-basedestbedandin simulation.

Cricketis anindoorlocationsystemthatwe have developed
over the pastseveral years[8]. Cricket consistsof two types
of nodes:beaconghatare attachedo the walls andceiling of
a building, and listenersthat are attachedto various mobile
and x ed devices that need to know their location. The
beacongperiodically transmitlocation information us an RF
signal; at the start of the RF signals,they transmita narrov
ultrasonicsignal. The listenerslisten to beacontransmissions
and computethe distanceto nearbybeaconausing the time-
difference-of-arval of RF and ultrasonicsignals. Since the
ultrasoundsignals used in Cricket do not penetratewalls,
there should be a line-of-sight path betweena beaconand
a listenerto measuralistance Although Cricket beaconhave
ultrasoundreceving capability when mountedon the same
plane,they cannotmeasuredistancebetweeneachother due
to the physicalpropertiesof the ultrasonicsensors.

A. Resultsfrom deployment

Our experimental testbedof 24 Cricket nodes deployed
indoors is shavn in Figure 6. The deployment covers four
differentrooms, three of which are connectedoy a common
corridor. The only line-of-sight connectvity from one room
to the corridor is throughthe 0.9 m wide door. The rooms
have no line of sightconnectvity to eachother All the nodes
exceptO andT wereon the ceiling at the sameheight.Nodes
O and T wereon a beam30 cm below the ceiling.

Beacol

®

o
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Fig. 7. Cricket rangingaccurag estimationsetup.
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Fig. 8. The Cricket rangingerrorasa function of the rotationof the beacon
andthe listenerat different beaconto listenerdistances.

To comparethe distancegproducedby MAL with the true
distanceshetweenthe nodes,we manuallymeasuredhe dis-
tancesetweerdifferentwalls andbeaconsisinga laserrange

nder; although these distancesmay contain measurement
errors,we will refer to the coordinatesobtainedfrom these
distancesas true coorinates to distinguishthem from the

coordinatescomputedusing MAL.

First, we examinedthe distancemeasuremenaccurag of
the Cricket systemsincethat determineghe overall localiza-
tion accurag. We set up a beaconand a listener as shovn
in Figure 7; this setup mimics a beaconmounted on the
ceiling, and a listener held parallel to the ground. Figure 8
shaws the error betweenthe measuredistanceand the true
distancefor differentvaluesof d and . Eachdatapoint on
the graphrepresentshe meanabsoluteerror, calculatedover
100 samples;the vertical bars representthe minimum and
maximumabsoluteerror within the 100 samplesBecauseghe
ultrasonicsensorsare not omnidirectional,we could not get
distancemeasurements$or (d; ) combinationsthat do not
have a correspondinglatapoint. We performedhe experiment
in a controlled ervironmentto prevent outlier distancemea-
surementgdue to re ected ultrasonicsignals.As we obsene
from this graph,Cricket has' 0:5% rangingaccurag when
the beaconand the listener are 2 m apart and are facing
eachother; however, the rangingperformancedegradesaswe



Fig.9. Thenodeconnectiity graphobtainedby MAL. Althoughthis graphis
only locally rigid, the AFL initialization phasepreventsfoldings alongedges
suchas G-H during localization.

CDF

% error

Fig. 10. The CDF of internode distanceestimateerror after ®ltering and
averagingfor outlier rejection.

increasethe separatiorand whenthey do not faceeachothet
However, for therange( 40°; 40°), the erroris under5 cm.

1) MAL performance:We collecteddistancesampleaising
a recever, mountedon a mobile cart, at 142 cm below the
ceiling. We could not collect distancesamplesfrom nodes
V,W, and X; so we did not attemptto localize thesenodes.
However, thesethreenodeswereusefulfor the RF connectvity
basedinitialization phaseof AFL.

We collected distancesamplesby stoppingthe mobile at
1,592 points. We usedthe three nodesat a time approach
describedn sectionlll to computetheinternodedistancesWe
ran the distanceestimationalgorithmon 52 differenttriangles
formed by different node combinations.The edgesof these
trianglesrepresented9 unique edgesconnectingthe nodes.
Figure 9 shows the graphobtainedby theseedgeswith nodes
at their measureccoordinatesWe seethat MAL enabledus
to computeenoughedgesto build a locally rigid graphfrom
a collectionof disconnectedhodes.This graphis only locally
rigid sincesectionsof the graphcanfold alongedgessuchas
K-L, B-G while preservingedgelengths.However, aswe see
later, AFL managedto avoid such folds during localization

Fig. 11. Graphobtainedafter runningthe AFL initialization using the RF
connectiity information.

since AFL initialization phase generatesan approximately
fold-free initial coordinateassignment.

Ultrasonic propagationeffects such as bendingandre ec-
tion off obstaclesntroducesrrors.We usedthefollowing easy
solutionto this problem.We had multiple distanceestimates
betweera givenpair of nodessinceanedgeis typically shared
by several triangles. Since the magnitude of measurement
error dependsn the position of the mobile, we were ableto

Iter outoutliersusinga simplebinningandmajority election
algorithm[8]. After Itering, we computedagivenedgelength
by averagingthe estimatedrom differenttriangles.

Figure 10 shawvs the CDF of the % edgelengtherror of the
distancesestimatesobtainedusing MAL, after Itering and
averagingto remove outliers. We obsene that the distance
estimationerror is smallerthan 1:5% over 50% of the time,
andthe 90th percentilehas' 5% error. This graphindicates
thatMAL canprovide accurateairwisenodeinformation.We
obsenre thatthereis a wide rangeof percentagesrror values,
which we attribute to the differencesn the areaandthe shape
of individual triangles, and the restrictionson the coverage
areaof thelistenerdueto physicalobstaclesuchasfurniture.
In sectionV-B, we usesimulationsto study how thesefactors
affect inter-nodedistanceestimationaccurag.

2) AFL performance: Although indoor RF propagationis
highly erratic, RF connectvity and signal strength can be
usedto obtain coarsegranularitylocation information. Since
AFL's initialization phaseusesonly connectvity information
andsinceRF permeatesnorethoroughlythanultrasound RF
connectvity is usefulfor theinitialization phaseof AFL. In our
implementationwe use a simple stratgy for measuringRF
connectvity. The nodesperiodically broadcastRF messages
at an averagerate of 1 messageer second Eachnodekeeps
track of the numberof message# recevved from othernodes,
andit timesout thesemessageountsusinganexpirationtimer
whosevalue is inversely proportionalto the messagearrival
rate. This approachlters out faraway nodes,and the nodes
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Fig.13. Thepositionestimateerrorasafunctionof theradiusof thereference
nodecoveragearea.

with a high messagearrival rate are considerecheighbors.
Figure 11 shows the layout resulting from the initial co-
ordinate assignmentobtainedby running Phasel of AFL.
Figure 12 shaws the coordinatesobtainedby running Phase
2 on the previous topology and the true node coordinates
obtained by manual measurementsThe error betweenthe
estimatedand true node positionsis small, comparableo the
errors from the MAL algorithm (Figure 10). Theseresults
demonstratehat MAL and AFL canwork well in practice.

B. SimulationResults

This sectionpresentghe resultsof running several simula-
tions of the MAL algorithm. Although MAL hastheoretical
correctnessand performanceguaranteesijt is important to
understandhowv well it performs under errors, scale, and
various layout geometriesDue to lack of space,we do not
presensimulationresultsof MAL runningin conjunctionwith
AFL (we shovedtheseresultsfor thereal-world deployment).

1) Impact of GDOP on localization error: We start with
someexperimentgo evaluatetheimpactof GDOPon location
estimationusingthe following con guration. We haven x ed
referencenodes,uniformly spacedpn a circle with radiusr.
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Fig. 14. Thepositionestimateerrorasa functionof the numberof reference
nodes.
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Fig. 15. The averageedgelength error as a function of the radius of the

mobile coveragearea.

We place a nodem, 10 units away from the circle, on the
perpendicularpassingthrough the center of the circle. We
introducea uniformly distributed randomerror in the range
( 0:1;0:1) units on the distancedetweerthe referencenode
andm. We computethe positionestimateof m thatminimizes
thesum-squared-errdor differentvaluesof r. Figure13 plots
the position estimateerror of m, computedby the distance
betweenthe estimatedand true positions,as a function of r
for n = 4; eachpoint on the graphrepresentd 00 simulations.
We obsenre that the error decreasesvith increasingr. Since
we have keptthe measuremergrror distribution constantthis
graphshaws the impactof geometryon the position estimate
accurag. It alsoshavs theimportanceof referencepointsthat
cover a large areafor accurateposition estimation.

Figure 14 shovs how position estimateerror changeswith
n for r = 10. The position estimateerror decreaseswith
increasingn as positive and negative errors tend to cancel
out with large n. This implies that we canimprove position
estimationaccurag usinglarge numberof measurements.
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2) MAL performance: Next, we evaluatethe performance
of MAL aswe varytheareacoveredby the mobileunit andthe
numberof measurementalNVe selected3 nodes,representing
the x ed nodes,with (x;y) coordinatesat randomlyselected
pointsonacircle of radius10 units,with therestrictionthatthe
angleincident on the centerof the circle by ary two points
is > 10°. The z coordinatesof the points were uniformly
distributed between2:5 and 5:0 units. We selectedn mobile
nodepositionsuniformly distributedwithin a concentriccircle
of radiusr, on z = 0. To achievze a uniform distribution, we
placeda boundingcircle of radiusr ® at eachmobile point and
iteratedover differentvaluesof r°.

We examineMAL performanceswe vary the mobile node
coveragearea Figure1l5 shavstheaverageerrorin computing
internodedistancesamongthreenodesaswe vary r for both
n = 6 andn = 24; We introduceda (1%,-1%) uniformly
distributed error on mobile-to- xed node distanceestimates.
Eachpoint represent0 simulations We obsere thata larger
mobile coverageareareduceghe distanceestimateerror. This
result indicatesthat MAL performs better when the mobile
collectssampleswithin a large coveragearea.

Next, we examinethe MAL performanceas we vary the
numberof mobile nodepositions.Figure 16 plots the average
distancecomputationerror Vs n for both 1% and 10%
uniformly distributed mobile-to- xed node distanceerror. As
expected,the averageerror decreasesvith increasingn. This
result demonstrates signi cant adwantageof the MAL ap-
proachwherewe canobtainalargenumberof mobiledistance
estimatest little extra coston theinfrastructureglassumingve
canneglectthe costassociatedavith a mobile collectingdata).

V1. RELATED WORK

Scottand Hazasexaminedifferentapproaches$o determine
x ed node positions using distance estimates[29]. Their
experimentsncludeboth distanceobtainedat nodesmounted
on a mobile frame and raw distancesobtainedby placing
multiple nodeson the oor or from a mobile carried by

users.They reportbetterresultsusingthe mobile-framebased
approachcomparedto the raw distanceapproach(however,

the paperdoesnot reportthe size of the x edframeused).In

the raw distanceapproachthey usedsimulatedannealingto

optimize the positionsof all the nodesin parallel, which can
degradeperformancedue to the presenceof local minimain

the objective function. In contrast,we breakthe localization
problemto two manageablgieces.We userigidity theoryto

determinehe minimum numberof nodesand sampleseeded
per onesmall group.Our useof groupswith smallnumberof

nodesreduceghe possibility of local minima andalso makes
the localizationalgorithm scalable.

Pathiranaet al. use a mobile robot to localize RF bea-
cons[30]. They assumehe availability of precisevelocity and
acceleratiorof mobilerobot. They obtaindistanceinformation
betweenthe robot and x ed nodesusing RF signal strength.
The use of the mobile robot improves the accurag of RF
signal strength based distance measurementssince signal
strengthvariationsdue to spatial fading of RF signals may
be reduced.Corke et al. usea ying robot equippedwith
a GPSrecever to localize stationarynodes[31]. The robot
beamsdown its current GPS coordinatesusing RF; and the
stationarynodesusethis informationto computetheir position.
Sichitiu and Ramaduraialso use a GPS equipped mobile
nodeto localize x ed recever nodes;they usethe RF signal
strengthto measurethe distancebetweenthe mobile node
and x ed nodes[32]. Theseapproachesor nodelocalization
are similar since they all use a mobile node with known
location information to localize a collection of x ed nodes;
howeverthey usedifferentmechanisnio determinghe mobile
nodepositionand differentalgorithmsto compute x ed node
positions.In contrastto theseapproachesywe do not assume
the availability of location information at the mobile node.
However, if accuratedistanceinformation betweendifferent
mobile positionsis available—fromthe roboticodometricsys-
tem, for instance—wecanharnesshis additionalinformation
to improve the MAL performance.

Indoor location systemssuchas Cricket, Bat, and RADAR
usedistanceor signal strengthestimatefrom x ed reference
nodesto determinemobile userpositions[8], [10], [33]. These
referencenodes needsto be pre-calibratedwith their own
position; this is currently done by manualmeasurementdn
a building-wide deployment, due to the lack of line of sight
amongnodes,such manualmeasurements/ould requirethe
combinationof a map of the building and distancemeasure-
mentsto the walls of the building. However we areinterested
in anautomatedipproachwhich doesnot requirea mapof the
building since we may want use the indoor location system
itself to generatehe map of the building.

Previous work on anchorbasedocalizationalgorithmsuse
inter-node distanceestimatesand a fraction of nodeswith
known location information to computethe location infor-
mation of the rest of the nodes[22], [23], [1], [24], [2].
Anchor free algorithms,suchasthe AFL algorithm,compute
a relative coordinate assignmentto nodes basedonly on
internodedistanceestimatesthesealgorithmsare particularly



importantfor both indoor and ad-hocdeployment sincethey
do notdependon anexternallocationsystem5], [4], [25], [3],
[26], [7], [28]. All of thesealgorithmscanusethe inter-node
distanceestimatefrom MAL asaninputfor nodelocalization.

VIlI. CONCLUSION

Most previously proposedapproachego the localization
problem assumethat the nodescan obtain pairwise distance
information using local ranging. Unfortunately for a variety
of reasonsthat include obstructionsand lack of reliable
omnidirectionalranging(e.g., using ultrasound) this distance
informationis hardto obtainin practice.Evenwhen pairwise
distancedetweennearbynodesare known, theremay not be
enoughinformation to uniquely solve the coordinateassign-
mentproblem.

This paperdescribedMAL, a mobile-assistedocalization
method, in which a roving mobile user or robot wanders
throughthe network andcollectsdistancesstimateso nodesat
variouslocations.We shoved how to constrainthis movement
suchthat the roving node can gathersufcient distancesam-
plesto solve the localizationproblem.We gave an algorithm
that,givensufciently mary distancesamplesproducesa con-
sistent coordinateassignmentWe evaluatedthe algorithm's
performanceusing simulations and real-world experiments.
Our resultsshow thatthe medianpairwisenodedistanceerror
in a real-world deploymentis lessthan 1.5% of the distance
betweenthe nodes;similar resultsare con rmed by several
simulationsaswell.
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