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Abstract—We have developed a new indexing strategy that helps overcome the curse of dimensionality for time series data. Our

proposed approach, called Skyline Index, adopts new Skyline Bounding Regions (SBR) to approximate and represent a group of time

series data according to their collective shape. Skyline bounding regions allow us to define a distance function that tightly lower bounds

the distance between a query and a group of time series data. In an extensive performance study, we investigate the impact of different

distance functions by various dimensionality reduction and indexing techniques on the performance of similarity search, including index

pages accessed, data objects fetched, and overall query processing time. In addition, we show that, for k-nearest neighbor queries, the

proposed Skyline index approach can be coupled with the state of the art dimensionality reduction techniques such as Adaptive

Piecewise Constant Approximation (APCA) and improve its performance by up to a factor of 3.

Index Terms—Data approximation, dimensionality reduction, similarity search, skyline bounding region, skyline index, time series data.
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1 INTRODUCTION

A time series data is a (potentially long) sequence of real
values, each of which represents a value measured at a

point in time. Due to the time-varying nature of the
universe, there are countless examples of time series data
from diverse sources and applications, such as stock prices,
currency exchange rates, electrocardiograms, and gene
expression measurements. With the growing popularity of
time series data, there is an increasing demand to support
fast retrieval of time series data based on similarity
measurements. For example, a fund manager of a stock
brokerage firm may be interested in finding all stocks
whose prices moved similarly to that of a particular stock or
following a certain pattern (e.g., head-and-shoulder). There-
fore, the problem of indexing and searching time series data
has been the focus of many research activities in the
database community for the past few years.

Similarity search, or query by content, for time series

data can be classified into whole sequence matching and

subsequence matching. In whole sequence matching, the time

series to be compared have the same length, whereas, in

subsequence matching, we look for a consecutive subse-

quence within the data that best matches the query

sequence. While different measures have been proposed

to estimate similarity between two time series [2], [9], [28],

the Euclidean distance and, in general, Lp norms have

received most of the attention. However, when the sizes of

two time series are different or when it is required to match

sequences that are locally out of phase, using Lp norms may

not produce the desired results. In such cases, Dynamic

Time Warping (DTW), a more robust distance measure, is

used instead [4], [16], [20], [22], [27], [37].

For similarity search, the user specifies the number of
entries to be included in the answer. The search algorithm
will retrieve from the database k entries that are the most
similar to the query time series q. This type of similarity
query is known as k-nearest neighbor (k-NN) search.
Alternatively, the user could specify a tolerance �, or degree
of similarity, for the entries in the answer. In this case, the
search algorithm will retrieve all entries in the database
within a distance � from q. This type of query is known as
�-range query. In any case, the solution to the search
includes all entries in the database that satisfy the following
condition:

Distðx; qÞ � r;

where DistðÞ is a domain-specific distance function used to
estimate the similarity between two time series, x is an entry
in the data set of time series, and r is the search radius. For a
range similarity query, r ¼ �. For a k-NN query, on the other
hand, the value of rdepends both on the value of k and on the
data set. In particular, r ¼ Distðxk; qÞ, where, from all the
entries in the data set, xk is the kth most similar entry to q.

The cost of answering a similarity search query would be
prohibitively high if the query time series had to be
compared with a large number of time series in the
database. It is therefore extremely important to index the
data time series in such a way that relevant time series can
be retrieved without looking up the entire database
exhaustively. Under traditional approaches, time series
data of length l can be mapped into points in an
l-dimensional vector space and a spatial access method
such as the R-tree [3], [11] can be used to index them.
However, it is not uncommon that time series data are
sampled during a relatively long period of time. Thus, a
direct application of the traditional approaches will require
mapping time series data into a very high dimensional
vector space and may suffer performance degradation due
to reduced pruning power of an index. This phenomenon is
known as the curse of dimensionality.

To address this problem, many promising techniques
have been proposed to reduce the dimensionality of a data
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set before using a multidimensional access method. Among
those proposed techniques are Discrete Fourier Transforma-
tion (DFT) [1], [30], [31], Discrete Wavelet Transformation
(DWT) [6], [29], [34], Singular Value Decomposition (SVD)
[23], Segmented Means (SM) [36] (also known as Piecewise
Aggregate Approximation (PAA) [18]), and Adaptive Piece-
wise Constant Approximation (APCA) [17]. As pointed out
in the APCA work [17], the requirement of the dimension-
ality reduction is the high fidelity of approximation in an
indexable representation.

In this paper, we focus on the problem of whole
sequence match and propose a simple and elegant para-
digm for indexing time series data. The proposed approach,
called Skyline Index, adopts new Skyline Bounding Regions
(SBR) to represent a group of time series data according to
their collective shape. The skyline bounding regions allow
us to define a distance function that tightly lower bounds
the distance between a query object and a group of time
series data. We summarize the benefits of building an index
based on the skyline bounding regions in the following list:

. Reducing index access. Tight lower bounding dis-
tances can be defined based on the SBR. This reduces
the number of index pages accessed during search.
Note that care should be taken during index
construction as the insertion of pathological entries
(e.g., a time series with a spike) can considerably
enlarge an SBR reducing the effectiveness of the
lower bounding distances. Of course, this is an
extreme case that can arise in any spatial access
method.

. Reducing data access. A reduction on the number of
data objects fetched can result from the combined
effect of the lower bounding distance to an SBR and
the lower bounding distance to each of the entries in
the SBR. We provide theoretical proof and empirical
evidence of this effect in Sections 3.5 and 4.4,
respectively.

. Orthogonal to data approximations. Different approx-
imations can be used to represent data entries and
skyline bounding regions. For instance, DFT, DWT,
PAA, or APCA approximations can be used to
represent data entries in a leaf node. In internal
nodes, skyline bounding regions can be approxi-
mated either by PAA or APCA.

The rest of this paper is organized as follows: After
giving a brief overview of the previous work and its
limitations in Section 2, the Skyline Index approach is
presented in Section 3. The results of experimental evalua-
tion are given in Section 4. In Section 5, we present some
discussions of the Skyline Index with respect to previous
work. Finally, Section 6 summarizes the contribution of this
paper and gives an outlook to future work.

2 PREVIOUS WORK

Similarity search on time series data has been extensively
studied in the past decade. The focus of research has been
on improving performance of similarity matching by
reducing the dimensionality of time series data. In this
section, we survey the most common techniques to reduce

the dimensionality of time series data. To make this paper
self-contained and because we make constant use of it, we
include a description of the algorithm used to process
k-nearest neighbor queries.

2.1 Dimensionality Reduction of Time Series Data

Agrawal et al. [1] proposed the use of Discrete Fourier
Transformations (DFT) to represent time series data as
vectors in a relatively low-dimensional frequency space.
These feature vectors are then indexed using a spatial access
method such as the R-tree. They suggested that most of real
signals need only a few DFT coefficients for close approxima-
tion. This work was later generalized to account for
subsequence match queries [10]. Rafiei and Mendelzon [31]
proposed an improvement to DFT-based indexing techni-
ques. They observed that the Fourier transform of every real-
valued time series is symmetric with respect to its middle.
Therefore, they only need to store in the index half of the
coefficients used in the distance computation. Chan and Fu
[6] suggested the use of the Haar wavelet transformation (a
type of DWT) to obtain high-quality representations of time
series data. Later, Popivanov and Miller [29] proved that not
only orthonormal transformations (such as DFT and Haar),
but also biorthonormal wavelets can be used for efficient
similarity search on time series data. On the other hand,
recent studies by Keogh and Kasetty [19] and Wu et al. [35]
have shown that the observed performance gains by using
DWT over DFT (or vice versa) seem to depend on the data sets
used in the experiments (a phenomenon known as data bias).
Therefore, it is unclear whether one kind of transformation is
better than the other.

Shatkay and Zdonik [33] suggested breaking a time
series data into meaningful subsequences and storing
approximate and compact representations of the subse-
quences as mathematical functions. Kahveci and Singh [15]
proposed MultiResolution (MR) index for answering vari-
able-length queries for time series data. Under this
approach, windows of different sizes (or resolutions) are
used to extract subsequences from each data sequence.
These subsequences are transformed by either DFT or
DWT. The index structure is an i� j grid, where i is the
number of data sequences and j is the number of different
window sizes used.

Another approach for reducing dimensionality of time
series data is to decrease the resolution of time series. Using
piecewise linear segmentations as the underlying represen-
tation, Keogh and Smyth [21] suggested a bottom-up
approach under which a pair of adjacent segments are
merged at each step. The merging process stops when the
amount of error introduced by the merging process exceeds
a threshold value. Yi and Faloutsos [36] and Keogh et al.
[18] independently suggested approximate representation
of time series data by dividing it into equal-length
segments. Under this approach, called Segmented Means
(SM) or Piecewise Aggregate Approximation (PAA), a time
series data is approximated by the mean values of the data
points within individual segments. More recently, Keogh
et al. [17] proposed a new approach, called Adaptive
Piecewise Constant Approximation (APCA), which uses
variable-length segments in an attempt to better approx-
imate time series data. Since we will be making constant
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reference to the APCA approximation for the rest of this
paper, a more detailed description of this technique follows.
For the notation used in this paper, the reader is referred to
Table 1.

2.1.1 Adaptive Piecewise Constant Approximation

(APCA)

When APCA is used, a time series is approximated by a
number of variable-length constant-valued segments, each
of which is represented by a pair of its mean value and end-
point in time. The APCA approximation, x0, of a time series
data, x, is a sequence of 2M values in the following format:

x0 ¼ f< v1; r1 >; . . . ; < vM; rM >g; r0 ¼ 0;

where M is the number of variable-length segments, vi is
the mean value of the data points in the ith segment, and ri

is the right end point of the ith segment. Note that this

representation is a generalization of the Segmented Means

approach with the restriction of equi-length segments

removed. The APCA approximation allows for segments

of different size to minimize the approximation error.

Figs. 1a and 1c show time series x and y being approxi-

mated by APCA using four segments. The min and max

values shown here are only used during index construction

(i.e., to define MBRs).
In order to use the APCA approximation in a multi-

dimensional index, two new distance functions are used to

lower bound the distance between a query and a data time

series and the distance between a query and a Minimum

Bounding Rectangle (MBR) of data time series. Let us

denote the two lower bounding distance functions by

dApcaðÞ and DApcaðÞ, respectively. The distance, dApcaðq; x0Þ,
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Fig. 1. Adaptive Piecewise Constant Approximation (APCA). (a) The APCA approximation for x. (b) Lower-bounding distance. (c) The APCA
approximation for y. (d) APCA regions for x and y.



from a query q to the APCA representation x0 of a data time
series x is computed by first segmenting q using the same
segment boundaries of x0. This process is illustrated in
Fig. 1b. Once q has been segmented, a lower bound to the
distance between x and q is computed by aggregating the
length-weighted differences of the mean values between the
segments in q and the segments in x0. TheDApcaðÞ function, on
theotherhand, iscomputedbasedonanewdefinitionofMBR.
Under the APCA approximation, an MBR R in the ð2MÞ-
dimensional space logically defines M rectangular regions in
a two-dimensional time-value space, R ¼ fR1; R2; ; RMg. For
an index node U , Ri is the minimum bounding rectangle (in
the time-value space) containing the ith segments of all the
time series data indexed under U . For an index node U ,
each Ri 2 R is defined as

Ri½1� ¼ minfx0:minijx0 2 Ug;
Ri½2� ¼ minfðx0:ri�1 þ 1Þjx0 2 Ug;
Ri½3� ¼ maxfx0:maxijx0 2 Ug;
Ri½4� ¼ maxfðx0:riÞjx0 2 Ug;

where Ri½1� and Ri½2� define the leftmost lower corner of Ri

and Ri½3� and Ri½4� define the rightmost upper corner of Ri.
In Fig. 1d, we illustrate these regions for the APCA
approximations of x and y using four segments. The lower
bounding distance DApcaðÞ is computed with respect to the
region formed by the union of this set of two-dimensional
rectangles.

2.1.2 Limitations of APCA

While the APCA representation is the most promising
technique for efficient similarity search of time series data,
there is a potential weakness in the method used to define
bounding regions during indexing. In particular, the
two-dimensional rectangles, R1; R2; . . . ; RM , defined by the
MBR of an index node can overlap. Overlapping rectangles
could have a negative effect on the search performance.
This effect can be explained in two different ways. Fig. 2a
shows a group of time series data and a set of two-
dimensional rectangles defined by an APCA MBR, R. For
this example, we have used eight segments in the APCA
representation, and the APCA MBR defines eight two-
dimensional rectangles. In Fig. 2b, we have eliminated the
time series data for better visualization of the two-
dimensional rectangles. In this figure, it becomes clear that
rectangle 5 is redundant because it is completely covered by

rectangles 3 and 6. Therefore, the same shape for R can be
defined using less space in the index node (i.e., a smaller
key). In this example, we could have reduced the key size
by 12.5 percent had we decided to ignore rectangle 5. For
this reason, after eliminating redundant rectangles, it would
be possible to reduce the index size and, in consequence,
improve search performance.

Alternatively, using the same amount of space in the
index node, a better MBR could be defined if we use a
representation free of overlaps, that is, an MBR that can
represent more accurately the collective shape of a group of
time series data. This case is illustrated in Fig. 2c, where we
have used the same number of rectangles as in Fig. 2a
except that care has been taken to avoid overlaps. It is clear
that the amount of dead space (i.e., the portion of the
rectangles not containing data) in Fig. 2c is less than the
dead space in Fig. 2a. Therefore, tighter lower bound
distances to a group of time series can be defined, resulting
in an improved performance for similarity search. Note that
we are referring to the overlap among the two-dimensional
rectangles, R1; R2; . . . ; RM , defined by a 2M-dimensional
APCA MBR R. Let us call this type of overlap internal
overlap, which is different from the overlap between MBRs
(i.e., external overlap) commonly observed in spatial access
methods.

We conducted a preliminary experiment to verify our
intuition on the existence of internal overlap in the MBRs
defined by the APCA approximation. To quantify the
amount of internal overlap present in APCA indexes, we
define the following indicator:

OðRÞ ¼
PM

i¼1 AreaðRiÞ
Areað[Mi¼1ðRiÞÞ

;

which is the ratio of the sum of the areas of all the two-
dimensional rectangles defined by an APCA MBR R to the
area of R. A large OðRÞ value indicates that the amount of
internal overlap is considerable and there is room for
improvement in the search performance by using an
internal overlap-free bounding region.

In this, and all our preliminary experiments, we used a
data set composed of 99,000 electroencephalograms (EEG)
of length 256. This data set was obtained from the UCI KDD
data archive [13]. We built three different indexes using the
APCA representation with 8, 16, and 32 segments, respec-
tively (i.e., M ¼ 8; 16; or 32). Because each segment requires
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two values, the dimensionality of the approximations was
16, 32, and 64, respectively. We computed OðRÞ for all leaf
nodes in each index and present the average of our
measurements in Table 2. This table shows that the sum
of the areas of all rectangles was up to 5 times the area of the
MBR, indicating a considerable amount of internal overlap.
We should note that we have purposely ignored the units of
the values in columns 2 and 3 of Table 2. The units for both
columns are defined in the time� value domain. However,
since we are only interested in the ratio between the two
values, their units are irrelevant for our study. These results
motivate our approach that groups time series data by new
skyline bounding regions (SBR) to provide tighter lower
bounding distances.

2.2 The k-Nearest Neighbor Search Algorithm

Similarity search and, in particular, k-nearest neighbor
(k-NN) search can be implemented using the APCA
approximation for time series data. Keogh et al. used a
variation of Seidel and Kriegel’s optimal multistep k-NN

search algorithm [32] and showed that the APCA approx-
imation can be combined with an index for answering
similarity search queries [17]. The APCA approximation can
be used despite the fact that its lower bound distance
function dApcaðÞ does not satisfy the triangular inequality.

We include Keogh’s k-NN search algorithm here (Algo-
rithm 1) since we need it to explain some of the concepts
presented in this paper. Algorithm 1 works on multi-
dimensional index structures such as the R-tree. The leaf
nodes contain approximate representations (feature vectors)
of time series data. These feature vectors are used to
calculate the lower bounding distance dfeatureðÞ between a
query and a data time series. Each entry in the internal
nodes is a minimum bounding region (MBR). An MBR can
be a bounding rectangle of the feature vectors of its subtree.
It can also be a region defined on the approximations of the
actual data contained by the MBR. This internal entry is
used to calculate the lower bounding distance DRegionðq; RÞ
between a query q and an MBR R. Note that dfeatureðÞ and
DRegionðÞ are only generic function names. They are defined
depending on the dimensionality reduction techniques
used for both data and bounding regions.

Thecorrectnessofthisk-NNsearchalgorithm(Algorithm1)
with respect to the lower bounding distances provided by the
index is summarized by the following lemma:

Lemma 1. The answer for a k-NN search query using Algorithm 1

is correct if and only if the following two conditions on dfeatureðÞ
andDRegionðÞ are satisfied:

1. dfeatureðq; x0Þ � Distðq; xÞ; 8 x in the database. This
condition is also known as the contractive property,

2. DRegionðq; RÞ � Distðq; xÞ; 8 x in the MBR R. This
condition is referred to as the group lower bound
property,

where q is a query time series, x0 is the data approximation of
time series x, and R is an index node’s MBR. Distðq; xÞ is the
distance function used to estimate the similarity between two
time series (usually by Euclidean distance). For the rest of this
paper, we assume Distðq; xÞ ¼ jjq � xjj2.

Algorithm 1: K Nearest Neighbor Search

Input: (q; k)

// q is the query object.

// k is the number of nearest neighbors searching for.

1. enqueue(prio_queue, root, 0);

2. while prio_queue is not empty do

3. entry e  dequeue(prio_queue);

4. switch the object pointed by e do

5. case a data object

6. result  result [ {e};

7. if jresultj ¼ k then return result;

8. case an entry in a leaf node

9. fetch the actual data object x pointed by e;

10. enqueue(prio_queue, x, jjq � xjj2Þ;
11. case an index leaf node

12. for each data approximation x0 in leaf node e do

13. enqueue(prio_queue, x0, dfeatureðq; x0Þ);
end

14. case an index internal node

15. for each child node R in e do

16. enqueue(prio_queue, R, DRegionðq; RÞ);
end

end

end

Lemma 1 gives us the guidelines for designing index
organizations and dimensionality reduction techniques.
The first property is usually supported by feature extraction
or dimensionality reduction techniques. The second prop-
erty should be supported by the indexing technique of
choice. Note that, in Lemma 1, there is no mention of the
triangular inequality about the feature distance dfeatureðÞ. As
long as the two conditions are satisfied, Algorithm 1 will
yield correct results.

For brevity, we omit the proof of Lemma 1. The
interested reader can find a detailed proof of this lemma
in the original APCA work [17].

3 SKYLINE INDEX ORGANIZATION

In this section, we describe the Skyline index. First, we
introduce the Skyline Bounding Region (SBR), which is the
core idea of the proposed approach. Then, we describe the
fundamental details regarding a lower bounding distance
function for SBRs and the adoption of SBRs for indexing
and searching time series data.

3.1 Skyline Bounding Regions

Under traditional methods for dimensionality reduction,
time series data are first mapped into points in a low-
dimensional feature space and the points (i.e., feature
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vectors) are then grouped into MBRs to be stored in a
hierarchical index structure. In this section, we present an
alternative way to organize time series data, which enables
the dimensionality reduction techniques to maintain high
fidelity of approximation, and thereby improving the
performance of similarity query processing.

A time series data exists in a two-dimensional time-value
space. If a minimum bounding rectangle (MBR) defined in
this space is used to bound a group of time series data, the
external overlap between MBRs will be large, and the
search performance will suffer from this. In order to
minimize the overlap between MBRs, it is desirable to
approximate a group of time series data with tighter
bounding regions. To achieve this goal, we propose using
skylines to bound a group of time series data. This bounding
region, called Skyline Bounding Region (SBR), is defined as
follows:

Definition 1 (Skyline Bounding Region (SBR)). For a
given group S of n time series data objects of length l,
S ¼ fs1; s2; :::; sng, the Skyline Bounding Region of S
specifies a two-dimensional region surrounded by top and
bottom skylines and two vertical lines connecting the two
skylines at the start and end times. The top (TSky) and
bottom (BSky) skylines of S are defined as follows:

TSky ¼ fts1; ts2; . . . ; tslg; BSky ¼ fbs1; bs2; . . . ; bslg;

where, for 1 � i � l,

tsi ¼ maxfs1½i�; . . . ; sn½i�g and bsi ¼ minfs1½i�; . . . ; sn½i�g;

and sj½i� is the ith value of the jth time series data in S.

Note that, unlike MBRs generated from the APCA
representation, Skyline Bounding Regions are composed
of only one region. Therefore SBRs are free of internal
overlap. As an example, Fig. 3b shows the skyline bounding
region for the three time series data in Fig. 3a. Evidently, the
straightforward adoption of the SBR definition is imprac-
tical because its representation can be too costly for long
time series data. Therefore, only approximate representa-
tions of TSky and BSky should be stored for each SBR in an
index structure. Care should be taken to ensure that the
region defined by the approximate SBR encloses that of the
original SBR. This will ensure the group lower bound property
(second condition of Lemma 1) is met by the skyline
distance function, which will be introduced next. Two good

candidates for approximating the skylines are to use either

equal-length or variable-length constant-valued segments,

in a similar way to Segmented Means [36] and Adaptive

Piecewise Constant Approximation [17]. Among these

candidates, it has been shown that the APCA representation

has the smallest approximation error [17]. Thus, we have

chosen to use APCA to approximate SBRs in the Skyline

index. An example of variable-length constant-valued

segments approximating a skyline bounding region is

shown in Fig. 3c. For the rest of this paper, we assume

the APCA representation is used to approximate Skyline

Bounding Regions.

3.1.1 Quality of the Bounding Regions

In this section, we compare the Skyline index with the

APCA index for the quality of indexing. We base our

comparisons on the differences between the bounding

regions defined by the indexes (index bounding regions)

and the bounding regions defined by raw data (data

bounding regions). If we think of a time series data as an

l-dimensional vector, the data bounding region for a group, G,

of l-dimensional vectors is the minimal l-dimensional

bounding hyperrectangle for G. We estimate the quality of

the index by the ratio of the area covered by the index

bounding region (in the time-value space) to the area covered

by the data bounding region as follows:

QðIRÞ ¼
AreaðIndexBoundingRegionÞ
AreaðDataBoundingRegionÞ ; ð1Þ

where IR is an index node for G, IndexBoundingRegion is

the bounding region, R, defined by the index for node IR,

and DataBoundingRegion is the bounding region defined

by G. For the Skyline index, this ratio is defined as

QskylineðIRÞ ¼
AreaðApproximateSBRÞ

AreaðDataBoundingRegionÞ :

For the APCA index, we use

QApcaðIRÞ ¼
Areað[Mi¼1ðRiÞÞ

AreaðDataBoundingRegionÞ ;

fR1; R2; . . . ; RMg ¼ R;

where R is the set of M two-dimensional rectangles defined

by the MBR for node IR in the APCA index.

674 IEEE TRANSACTIONS ON KNOWLEDGE AND DATA ENGINEERING, VOL. 16, NO. 6, JUNE 2004

Fig. 3. Skyline bounding region of time series data. (a) Three time series. (b) Skyline bounding region. (c) Approximate SBR.



In our preliminary experiments with the EEG data set,
we computed these ratios for both skyline and APCA
bounding regions. For each method, we built three indexes
using 8, 16, and 32 segments (i.e., 16, 32, and 64
dimensions), respectively. In this experiment, both the
APCA and the Skyline index are based on the R-tree. We
traversed each index and computed the quality of the
bounding region for each index node. Table 3 shows the
average results from our comparisons. We observed that the
area of a bounding region as defined by the APCA index is
70 percent larger than the bounding region defined by the
raw data. The Skyline index, on the other hand, defined
smaller bounding regions, only 33 percent larger than the
regions defined by the raw data. Remember that the
bounding region defined by raw data is minimum. There-
fore, we used the area of the data bounding region as a
yardstick in this experiment. These results suggest that the
use of skyline bounding regions will result in a more
efficient index. In Fig. 4, we show an example of data
bounding region (Fig. 4a), APCA index bounding region
(Fig. 4b), and Skyline index bounding region (Fig. 4c). From
this figure, it becomes clear that the skyline technique
provides a more accurate representation of a data bounding
region than the APCA.

3.2 Skyline Distance Function

In order to use the SBR representation in a multidimen-
sional index, we must have a distance function DRegionðÞ
that lower bounds the distance between a query object and
a group of time series data. Keogh [16] defined a distance
function LBKeoghðÞ to lower bound the Dynamic Time
Warping distance between a data time series and an
envelope containing all possible temporal shiftings of the
query time series given a constraint on the warping path. In
the Skyline index, we have a set of data time series
contained within an SBR (a kind of envelope). Therefore,
we can use LBKeoghðÞ to lower bound the distance from a

query object to an SBR. Formally, given a query q and an
SBR R (e.g., an index node) that contains a group of time
series data, the lower bounding distance function LBKeoghðÞ
is defined as follows:

LBKeoghðq; RÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xl

i¼1
ðdistðq½i�; TSky½i�; BSky½i�ÞÞ2

vuut ; ð2Þ

where q½i� is the ith value of the query q, l is the length of
each time series data, and

distðqi; ti; biÞ ¼
qi � ti if qi > ti
bi � qi if qi < bi
0 otherwise:

8<
:

The following lemma shows that LBKeoghðÞ satisfies the
group lower bound property.

Lemma 2. Given a query q and any time series data x contained

in an SBR R,

LBKeoghðq; RÞ � jjq � xjj2; 8x 2 R; ð3Þ

where jjq � xjj2 represents the Euclidean distance between q

and x.

Proof. For any x 2 R, a value x½i� at time i ð1 � i � lÞ is
bounded by TSky½i� and BSky½i�. Thus,

ðdistðq½i�; TSky½i�; BSky½i�ÞÞ2 � ðq½i� � x½i�Þ2:

From this, it is obvious that LBKeoghðq; RÞ satisfies the
group lower bound property. tu
Note that (2) and Lemma 2 have been described based on

full SBR representations (e.g., Fig. 3b) for simpler presenta-
tion. The LBKeoghðÞ distance function can also be defined for
approximate SBR representations (e.g., Fig. 3c) and Lemma 2
will still be satisfied.

3.3 Indexing Time Series

Following the GEMINI [8] paradigm, the approximate
representations of time series data can be indexed by a
spatial access method. We implemented the Skyline index
based on the R-tree structure [11]. In an R-tree based
Skyline index, each entry in an internal node consists of
the approximate representation of an SBR and a pointer
to a child node. An entry in a leaf node, on the other
hand, consists of the approximate representation of and a
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pointer to a time series data object. Note that the Skyline
index is not restricted to a particular approximation to
represent time series data objects. Since it is possible to
calculate the SBR of a leaf node based on raw time series
data, we can use any approximation method as long as
the corresponding dfeatureðÞ function satisfies the contrac-
tive property (condition 1 in Lemma 1). Alternatives for
approximating time series data are to use variable-length
constant-valued segments, equal-length constant-valued
segments, or even DFT or DWT transformations. We have
chosen to use variable-length constant-valued segments
(i.e., APCA) to represent time series data because of the
high fidelity of its approximation [17].

The insertion algorithm used by the Skyline index, which
is described below, is similar to the R-tree insertion
algorithm proposed by Guttman [11].

Step 1. Find a position for a new record. Starting from the root
node, traverse the tree to find the best leaf node for
inserting the new entry.

Step 2. Add the record to a leaf node. Split the node if it is full.

Step 3. Propagate changes upward. Ascend the tree from the
leaf node. Adjust SBRs and propagate node splits as
necessary.

Step 4. Grow the tree taller. If propagation caused the root to
split, create a new root whose children are the two
resulting nodes.

During Step 1, at each level of the tree, Skyline index
selects the node whose approximate SBR requires the least
area enlargement to accommodate the new entry. An
approximate SBR is enlarged if, for a given segment, a
value in the new entry is outside the limits defined by the
segment. In such a case, the value of the segment is updated
to completely contain the new entry. At Step 2, if a split is
needed, entries are redistributed by Guttman’s quadratic
algorithm [11] to minimize the area of the resulting SBRs.

In a hierarchical index structure, the SBR of a parent node
is determined from the SBRs of its child nodes such that the
parent SBR minimally encloses all the child SBRs. In Step 3,
some SBRs may need modifications to accommodate a new
entry. Here, we describe how to expand the SBR of an internal
node. Later, we describe how to obtain the SBR of a leaf node
during insertion. An SBR consists of a top and bottom skyline.
Since expanding the bottom skyline is symmetrical, we only
focus on describing how the top skyline is expanded. We start
by merging the top skylines of the approximate SBR of an

internal node and a new entry. Fig. 5a shows an example of
two skylines to be merged. Each skyline has four segments.
We scan the two skylines together from left to right along the
time dimension, generating a new intermediate top skyline
(Fig. 5b). If the resulting number of segments is larger than
required, we iteratively coalesce pairs of consecutive seg-
ments until we get the required number of segments. Two
consecutive segments, < vi; ri > and < viþ1; riþ1 > , are
coalesced into < v0i; riþ1 > , where v0i ¼ maxfvi; viþ1g. Note
that, in a top skyline segment < v; r > , v is the maximum
value and r is the right end of the segment. The pair of
consecutive segments that results in the minimum increase of
the approximation error is chosen in each coalescing
operation. Fig. 5c, shows the final result from merging the
skylines in Fig. 5a. After coalescing, only four segments are
left in the resulting skyline.

One concern about iteratively coalescing pairs is that the
quality of the approximate SBR for an index node (U) may
degrade after consecutive insertions. Consequently, the
resulting approximate SBR, which we refer to as the merge-
approximate SBR, may not tightly approximate the SBR
defined by the time series data indexed by U . We conducted
one more preliminary experiment using the EEG data set to
investigate this issue. We built three Skyline indexes using 8,
16, and 32 segments, respectively. Each index was incremen-
tally built by inserting 99,000 entries. For each index node U ,
we fetched all time series data indexed by the subtree rooted at
U . Thecollective shape of this setof time series datadefines the
SBR for U . We approximated this SBR (e.g., using APCA),
resulting in the direct-approximate SBR for U . Note that this
direct-approximate SBR was generated from the SBR defined
by raw time series data. Therefore, it is free of any quality
degradations due to the merging mechanism used to process
insertions. We compared the direct-approximate SBR of U to
its merge-approximate SBR (i.e., the approximate SBR for U
stored in the index). To measure the degradation of the index
SBR due to the merging process, for each index node, we
computed the quality of both its direct-approximate and merge-
approximate SBR using (1) given in Section 3.1.1. We present
the average results of our measurements in Table 4, labeled as
Qdirect and Qmerge, respectively. These results show that the
quality degradation of the approximate SBRs after consecu-
tive insertions is insignificant (i.e., less than 5 percent) with
respect to the direct-approximate SBR. This gave us an
indication that the proposed merging mechanism is a viable
technique to incrementally maintain approximate SBRs in the
Skyline index. We should note that we used the same
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suboptimal implementation of the APCA as in [17] to generate

the direct-approximateSBRs.Thishadanadverseeffectonthe

quality of the approximation, which was more evident for

approximations using a small number of segments. As is

shown inthe first rowof Table4,when onlyeight segmentsare

used, the merging error introduced by the index was smaller

than the error introduced by the suboptimal approximation.

3.3.1 Approximate SBRs in Leaf Nodes

We have mentioned before that the Skyline index is not

restricted to a specific data approximation to represent time

series. For example, we could approximate time series data

using variable-length constant-valued segments, equal-

length constant-valued segments, or even DFT or DWT

transformations. Regardless of the data approximation of

choice, we can trivially generate the SBR for a leaf node by

retrieving all the time series data indexed by the node. Once

we have obtained the SBR, we can approximate it and then

merge it into the index as described before (i.e., Step 3 of the

insertion algorithm).
An evident problem with this approach is a poor

performance due to the excessive IO required by each

insertion (inserting a new entry in leaf node U requires

fetching all time series data contained in U). Instead, we

adopt an alternative solution in which a new time series

data entry is considered to be an SBR. A data time series of

length l is an SBR with l segments in which its top and

bottom skylines are equal. Because of the high cost of

merging l segments, we opt for merging an approximation

of the time series using a smaller number of segments. The

approximation of this SBR can be easily obtained. For

example, we could use the APCA approximation in which

case the min and max values of each segment define the top

and bottom skyline of the new entry. After this, expanding a

leaf node SBR is done in the same way the SBR for an

internal node is expanded (described before).

3.4 Skyline k-Nearest Neighbor Search

The Skyline index can be used with Algorithm 1 to provide

k-Nearest Neighbor (k-NN) Search. We need to substitute

the generic functions dfeatureðÞ and DRegionðÞ. If we choose

APCA as the approximation for time series data, the

function dApcaðÞ replaces dfeatureðÞ. The dApcaðÞ distance

function lower bounds the Euclidean distance between a

query and a data time series. Therefore, Condition 1 of

Lemma 1 is satisfied. Also, DRegionðÞ will be replaced by

LBKeoghðÞ, which guarantees the group lower bound property

of Lemma 1. Thus, it is easy to see that Algorithm 1 using

Skyline index will produce correct answers.

3.5 Lower-Bound Distances and Search
Performance

In this section, we state the theoretical basis for the
argument that the use of skyline bounding regions
improves the k-NN search performance. In particular, we
investigate the combined effect of the lower bound distance
function and the index bounding regions on the number of
candidates retrieved during k-NN search. We also study
how these factors are related to the concept of r-optimality
defined by Seidl and Kriegel [32].

An r-optimal multistep k-NN algorithm must retrieve
every candidate object c whose feature distance from a
given query q is less than or equal to the Euclidean
distance to the kth nearest neighbor xk from q. That is,
dfeatureðq; cÞ � jjq � xkjj2, where dfeatureðÞ is a lower bound-
ing distance function adopted by the multistep k-NN
algorithm. Let us call the set of all these objects retrieved
by the r-optimal algorithm the minimal candidate set. This
set is minimal because it only includes objects satisfying
dfeatureðq; cÞ � jjq � xkjj2. It is generally assumed that the
distance to a region R lower bounds dfeatureðq; xÞ; 8x 2 R.
We formally define this property as the containment
property.

Definition 2 (Containment Property). For a given query q
and a bounding region R (e.g., an index node) containing a
group of time series data, DRegionðÞ and dfeatureðÞ satisfy the
containment property if the following condition holds.

DRegionðq; RÞ � dfeatureðq; xÞ; 8x 2 R; ð4Þ

whereDRegionðq; RÞ represents a lower bounding distance from
q to the bounding region R and dfeatureðq; xÞ is a lower bound
of the distance from q to x.

While the containment and the contractive (Lemma 1)
properties are necessary conditions for a k-NN search
algorithm to be r-optimal, the containment property is not a
necessary condition for the correctness of the k-NN search
algorithm. For instance, it has been shown that the APCA
representation produces correct k-NN search results despite
the fact that it does not satisfy the containment property [17].
The APCA representation does not satisfy the containment
property because the DApcaðÞ distance function is computed
based on a definition of MBR, which is independent of the
lower bounding distance function dApcaðÞ. Specifically, for a
bounding region R, while DApcaðq; RÞ � jjq � xjj2 and
dApcaðq; x0Þ � jjq � xjj2 8x 2 R, there may exist an x 2 R such
that dApcaðq; x0Þ < DApcaðq; RÞ. Here, x0 is the APCA data
representation of x. This is illustrated in Fig. 6, which shows
an example of an APCA MBR with one segment. In the figure,
the mean values of time series q and x are the same. That is,
dApcaðq; x0Þ ¼ 0. Since q is not enclosed by the MBR R,
DApcaðq; RÞ > 0. Therefore, it is the case that DApcaðq; RÞ >
dApcaðq; x0Þ. Clearly, this example illustrates that the contain-
ment property is not satisfied for the APCA representation.

For a similar reason, the containment property does not
hold for dApcaðÞ and LBKeoghðÞ under the proposed Skyline
index approach and, hence, Algorithm 1 is not r-optimal
either. However, it is still true that the search result will be
correct because Lemma 1 holds for dApcaðÞ and LBKeoghðÞ.
We now show that the number of objects retrieved by this
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algorithm could actually be less than the number of
elements in the minimal candidate set defined by dApcaðÞ
(the candidate set is minimal with respect to a lower
bounding distance function, changes to this function affect
the size of the candidate set). Let us start by defining a
virtual lower bounding distance to be used by the Skyline
index. Given a query q, a data time series x, and its APCA
approximation x0, we define a new lower bounding distance
function dvApcaðq; x0Þ as follows:

dvApcaðq; x0Þ ¼ maxfdApcaðq; x0Þ; LBKeoghðq; RÞg; ð5Þ

where R is the immediate bounding region (i.e., direct
parent) of x. Because dvApcaðq; x0Þ and LBKeoghðq; RÞ now
satisfy the containment property, Algorithm 1 becomes
r-optimal with dApcaðq; x0Þ replaced by dvApcaðq; x0Þ in Line 13.
In general, (5) can be defined as

dvfeatureðq; x0Þ ¼ maxfdfeatureðq; x0Þ; DRegionðq; RÞg: ð6Þ

Lemma 3 (Interchangeability). In a multistep k-NN search
algorithm (e.g., Algorithm 1), two lower bounding distance
functions dfeatureðq; x0Þ and dvfeatureðq; x0Þ as defined in (6) can
be used interchangeably without affecting the correctness of
results and the number of candidates to be retrieved.

Sketch of Proof. First, with either distance function, the
k-NN algorithm described in Algorithm 1 will terminate
when jjq � xkjj2 is smaller than the lower bound distance
at the front of the priority queue, where xk is the kth
nearest neighbor. We can then prove the lemma by
showing that the following assertions are satisfied at the
termination of the algorithm: 1) Any candidate retrieved
by the algorithm with dfeatureðÞ is also retrieved by the
algorithm with dvfeatureðÞ and 2) any candidate retrieved
by the algorithm with dvfeatureðÞ is also retrieved by the
algorithm with dfeatureðÞ. tu

Since the virtual function dvfeatureðq; x0Þ is always larger
than or equal to dfeatureðq; x0Þ, the minimal candidate set
defined by the virtual function can be smaller than that
defined by dfeatureðq; x0Þ. The implication of Lemma 3 is
exceedingly important. It provides the theoretical basis of
the argument that the use of skyline bounding regions (SBR)
can reduce the number of candidates to be retrieved for
k-NN search. By Lemma 3, as long as the group lower
bound property is satisfied, different techniques can be

used to group data into hierarchical index structures.
Instead of using the default grouping method provided
by the R-tree, one can choose the best grouping technique
with tighter bounds, while keeping the correctness of the
k-NN search algorithm. Thus, if one can represent time
series data with tighter bounding regions than those being
used, either by adopting a different approximation or an
entirely different index organization, the overall perfor-
mance of k-NN search can be improved by reducing the
number of index accesses and the number of candidates to
be retrieved. This is precisely the way we can improve k-NN
query processing by adopting the skyline bounding regions
in this paper.

4 EXPERIMENTS

In this section, we empirically demonstrate the improved
performance of the proposed Skyline Index approach over
state of the art techniques such as APCA. In addition, we
observe the impact of different distance functions by
different dimensionality reduction and indexing techniques
on the overall similarity search performance. We performed
our comparisons in the context of k-NN similarity search.
We studied combinations of the Haar wavelet transforma-
tion (DWT) with the M-tree [7] and R-tree. We performed
the same study for the APCA data approximation and
included the Hybrid-tree [5], in addition to the M-tree and
R-tree. During our empirical evaluation, we used three
different metrics to assess the performance of each of the
techniques included in this study. In particular we used
index search overhead, number of data objects fetched, and total
elapsed time.

4.1 Data Sets

We collected time series data from various sources of real-
world applications and synthetic data generator and placed
them into four separate data sets. Then, for each data set, we
created three different cases by chopping each time series
data into segments of length 1,024, 512, or 256. Each
resulting data set contains 100,000 time series objects of the
same length. We randomly extracted 1 percent of the entries
from each data set. This subset of 1,000 time series objects
became our query set. We did this to avoid exact matches
with queries in our experiments. In addition, this practice
allowed us to use a query object that is in the same domain
as the data set. Details of our testing data are given next.

Mixed S1. This data is generated from several data sources
such as Space Shuttle data, Arrhythmia, Random Walk,
and Exchange rate. They have different characteristics in
shape and structure noise [17]. A sliding window of Step 1
was used to chop each long time series data into segments.
The segmented time series data were normalized to have a
mean of zero and standard deviation of one. This data set
contains 100,000 segmented time series.

MixedS10.This data set is identical toMixedS1 except that a
sliding window of Step 10 was used to generate segments.

ECG. This data set is the electrocardiogram data from the
MIT-BIH database distribution [24]. This data set contains
100,000 segmented time series data generated by a sliding
window of step one.
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Synthetic. This data set contains a set of stock data
synthetically generated by a financial time series bench-
mark [14]. The synthetic data represent stock values at
opening and closing times as well as the highest and lowest
value of each day. We generated stock values for 100,000
companies for a period of 256, 512, and 1,024 days.

4.2 Performance Metrics

In our experiments, we evaluated the efficiency of different
techniques using three metrics. We measured index search
overhead and the number of data objects fetched as the two
main factors affecting overall performance of similarity
search. In addition, we measured elapsed time as the
performance metric directly perceived by the user.

Index search overhead. This is the number of index pages
accessed during k-NN search. Ideally, during search, only
a small fraction of the index pages are retrieved.
Unfortunately, due to the curse of dimensionality, the
effectiveness of an index degrades as the dimensionality
increases.

Data objects fetched. It has been suggested that we should
prevent performance bias due to disparities in the
quality of implementation of the methods being com-
pared [19]. Following this recommendation, we evalu-
ated the effectiveness of different k-NN search methods
by the number of data objects fetched from the database.
The number of data objects fetched during a k-NN query
represents a performance metric that is independent of
the quality of implementation.

Elapsed time. We used wall-clock time to measure the
elapsed time during the evaluation of k-NN queries. This
time includes both CPU and IO time. In addition, for
each query, we recorded the time spent on CPU
operations only. This allows us to estimate the time
spent in IO operations. Finally, to avoid any caching
effects on the index and data files, we flushed the main
memory between consecutive queries by loading irrele-
vant data into the system.

For each presented measurement, we ran 100 queries and
averaged the results from those 100 runs. Throughout the
experiments, we measured the performance of k-nearest
neighbor queries processed by different index techniques.

4.3 Evaluated Techniques

To show the performance advantages of our proposed
Skyline index, we compare it to some of the widely accepted
techniques for k-NN search for time series data. Recent
research work indicates that the choice of Discrete Fourier
Transform (DFT) over Discrete Wavelet Transform (DWT)
for similarity search seems to be data-dependent [19]. We
have considered this observation and conducted empirical
comparisons between these two techniques. We observed
that, in three of our data sets, DWT was between 8 and 70
percent faster than DFT for answering k-NN queries. For the
other data set, DFT was about 25 percent faster than DWT.
For the rest of our experiments, we used DWT as the
representative of these two dimensionality reduction
techniques. We also used APCA for reducing dimension-
ality of time series data. To organize these representations,
we built indexes based on the H-tree, R-tree, and M-tree.

Hybrid-tree. Since the Hybrid-tree [5] was used to empiri-
cally evaluate the APCA in its original work [17], we used

the same Hybrid-tree implementation to accurately
replicate the work. However, this implementation builds
indexes in memory and can only be used to simulate disk
IO by counting node accesses. Given our interest in
measuring the actual performance of similarity queries
including the time spent on disk IO, we used the hybrid
tree only for APCA and just counted IO operations. The
source code of the hybrid tree was obtained from http://
www-db.isc.uci.edu.

R-tree. The Skyline index was implemented using the R-tree
interface provided by the GiST [12] library. We extended
the R-tree GiST interface and provided two new objects;
Skyline Bounding Region and APCA point. Skyline bound-
ing regions are used for handling approximated SBRs in
internal nodes, whereas APCA points are used for
handling data approximation in leaf nodes. The actual
implementation of the Skyline index using a popular
index library such as GiST demonstrates the practical
feasibility of the idea of using skyline bounding regions
for indexing time series data. We also used GiST for
implementing the R-tree index in combination with the
APCA and DWT approximations. This gave us a
common implementation framework for fair perfor-
mance comparisons.

M-tree. We include the M-tree in this study to provide a
framework for comparing different index organizations
and to illustrate the effect that different bounding
regions have in the k-NN search performance. In the
M-tree, a bounding region S is defined by a hyper-sphere
centered at a routing object oc with a radius �. The radius
� is the maximum Euclidean distance of any object in S
from the routing object oc (i.e., jjs� ocjj2 � �; 8s 2 S).
Thus, for any time series data s 2 S and a query q,

jjq � sjj2 � jjq � ocjj2 � jjs� ocjj2
� jjq � ocjj2 � �

� dApcaðq; ocÞ � �

because dApcaðq; ocÞ lower bounds jjq � ocjj2. Therefore,
we can define a lower bounding distance for S as
follows:

DSphereðq; SÞ ¼ maxfdApcaðq; ocÞ � �; 0g: ð7Þ

Now, let us describe how different indexing mechanisms
were combined with the dimensionality reduction techni-
ques in our experiments. In the following, we summarize all
the techniques we evaluated. In the description, we use q
and x to represent query and data time series, respectively,
and R to represent a bounding region. We use x0 to denote
the data approximation of x.

Skyline. We implemented the Skyline index based on the R-
tree (implemented by the GiST C++ library [12]). The
LBKeoghðq; RÞ was used to lower bound

fjjq � xjj2 j 8x 2 Rg:

The APCA representation was used to approximate
individual time series data and, accordingly, dApcaðq; x0Þ
was used to lower bound jjq � xjj2. We approximated
time series data in APCA representations following the
steps suggested in [17].
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Hybrid-tree APCA. This is the same implementation as
described in [17]. The Hybrid-tree [5] was used to index
time series data in the APCA representation. The
dApcaðq; x0Þ and DApcaðq; RÞ were used to lower bound
jjq � xjj2 and fjjq � xjj2 j 8x 2 Rg, respectively.

R-tree APCA. Same as Hybrid-tree APCA except that the
GiST R-tree was used instead of the Hybrid-tree.

M-tree APCA. The distance function DSphereðÞ, defined by
(7), was used in M-tree. Note that dApcaðÞ does not satisfy
the triangular inequality [17]. Therefore, we cannot build
an M-tree based on such distance. To overcome this
problem, we measured the radius of a hyper-sphere
using the Euclidean distance defined by raw, instead of
approximated, time series data (but only data approx-
imations were inserted into the index). The dApcaðq; x0Þ
distance function was used to lower bound jjq � xjj2.

R-tree DWT. We implemented the Haar wavelet transfor-
mation [6] and indexed it using the GiST R-tree index.

M-tree DWT. The Haar wavelet transformation and its
feature distance function were used with the M-tree

index. To make it comparable to M-tree APCA, we
measured the radius of a hyper-sphere by Euclidean
distance, and used a distance function similar to
DSphereðq; RÞ to lower bound fjjq � xjj2 j 8x 2 Rg.
All indexes were built using pages of 8 KBytes. All

values in time series data were stored in 8-byte long
double format. Testing and benchmarking were per-
formed on Intel Pentium workstations running Linux kernel
version 2.4.7. Each workstation has 600 MHz clock rate,
128 MBytes of main memory, and 9 GBytes of disk storage
with SCSI interface.

4.4 Experimental Results

In our experiments, we extensively evaluated the perfor-
mance of the different k-NN search techniques described in
Section 4.3. We measured the performance of these
techniques using different data sets, different values of k,
and different lengths of the time series.

4.4.1 Index Search Overhead and Data Objects Fetched

Tables 5 and 6 show the IO performance results obtained
from our experiments. Each table shows the number of data
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objects fetched by each of the techniques evaluated in this
study for k-NN queries (columns 2 to 7). This measure is
free of implementation bias, allowing direct comparisons
across all the evaluated techniques. These tables also show
the index search overhead of each technique as the number of
index pages accessed during search (columns 8 to 13). In
Table 5, we show results for 1-NN queries on three data sets
with time series of length 1,024. Table 6 shows results for
the remaining data set for 10-NN queries and time series of
length 256, 512, and 1,024.

Several observations can be made based on the results
shown in Tables 5 and 6. First, as expected, there was a clear
trade off between data and index IO depending on the
dimensionality of the feature vector used to approximate
time series. The number of data objects fetched decreased as
we increased the dimensionality of the data approximation.
The reason is that, with a higher dimensionality, the fidelity
of approximation improves, thereby reducing the number of
false alarms. On the other hand, increasing the dimension-
ality of the approximation had a negative effect on the index
performance. As the dimensionality increased, the number
of index pages accessed during search also increased.

Second, we also observed that the choice of index
organizations had nontrivial impact on index search over-
head. Consider, for example, the Haar wavelet transforma-
tion, where the data IO was identical for R-tree and M-tree
indexes (due to the r-optimality of the k-NN algorithm, as
discussed in Section 3.5). The impact of the index
organization on the index search overhead is more evident
for the ECG and Mixed S1 data sets, where the R-tree

outperformed the M-tree by a wide margin. For the other
two data sets, the R-tree still outperformed the M-tree when
16-dimensional feature vectors were used.

Third, if we compare the R-tree APCA and the Skyline
indexes, we can observe the benefit of using skyline
bounding regions on the index performance. Note that this
is a valid comparison because both approaches are im-
plemented on top of the R-tree interface provided by the
GiST library. In both cases, the number of index pages
accessed during k-NN queries increased as the dimension-
ality of the feature vectors increased. However, for the R-tree
APCA, the number of index pages increased at a higher rate
than for the Skyline index. This is consistent with our earlier
observations on the quality of the bounding regions defined
by the APCA index. Regions defined by the APCA index
suffer from internal overlap. The Skyline index, on the other
hand, defines more efficient skyline bounding regions free of
internal overlap. Additionally, we observed performance
gains on the number of data objects fetched by the Skyline
index with respect to the R-tree APCA. This result was
consistent with the theoretical basis defined in Section 3.5.
These performance gains were more evident for the Mixed
S1 and Mixed S10 data sets. Overall, the Skyline index
yielded better IO performance in most of the experiments,
except for only one case (ECG data set), where the R-tree
DWT accessed a smaller number of index pages than the
Skyline index.

4.4.2 Elapsed Time

In this section, we present the overall query performance as
the elapsed time measured by wall-clock. We flushed the
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Fig. 7. Elapsed Time, in seconds, for 1-NN queries (for each method, three measurements from 16 (left), 32 (middle), and 64 (right) dimensional

spaces). (a) Mixed S1 Data (1-NN, data length = 1,024). (b) Mixed S10 Data (1-NN, data length = 1,024). (c) Synthetic Data (1-NN, data length =

1,024). (d) ECG Data (1-NN, data length = 1,024).



entire memory of the hardware system between consecutive
runs of our experiments to avoid system caching effects.
Furthermore, the portion of the CPU time was measured
separately to profile the performance behaviors more
accurately. We did not measure the elapsed time for Hybrid-
tree APCA because the Hybrid-tree implementation we
obtained from the authors of the APCA work [17] preloaded
an entire index into memory before starting query processing
and made it impossible to measure time spent on actual IO
operations.

Fig. 7 shows the performance results of five different
methods measured in elapsed time for 1-nearest neighbor
queries. It was not surprising that the IO portion of the
elapsed time closely followed the IO requirements shown in
Tables 5 and 6. In general, the elapsed time spent on IO was
the dominant factor of the overall execution time. In most of
the cases, the Skyline index yielded the best overall
performance. This was the result of the smallest IO
requirements of the Skyline index both in number of data
object fetched and in number of index pages accessed.

We also observed that the CPU time cost was heavily
affected by the choice of approximation methods. With the same
R-tree index, the APCA spent a significantly higher amount
of CPU time than the Haar transformation (DWT). This was
due to the different computational requirements to compute
lower bound distance between a query and a time series
data. Under the Haar transformation, query and data time
series are in the same representation and its distance can be
computed without further transformation. Under the APCA
representation, on the other hand, the APCA representation
of a query q has to be regenerated from its raw data every

time a lower bound distance dApcaðq; x0Þ needs to be
computed. In fact, the Skyline index also suffers from the
high computational cost since dApcaðÞ is used. Nonetheless,
the Skyline index still outperformed the other methods in
most of the cases due to its substantially reduced IO cost.

The same trend was observed from time series data of
length 256 and 512, as shown in Figs. 8a and 8b. Figs. 8c and
8d show the elapsed time for 5 and 10-nearest neighbor
queries, respectively. With an increased number of nearest
neighbors, the dominance of the IO time in the overall
performance grew even larger. This trend suggests that the
Skyline index is anticipated to outperform the other
methods with wider margins for larger k values.

5 DISCUSSION

Now that we have provided detailed descriptions of our
contributions in this paper, we proceed to make a brief
comparison with previous work. To the best of our knowl-
edge, we are the first to use Skyline Bounding Regions (SBR)
to organize and index time series data. An SBR is defined in
the same time-value space where time series data are defined.
Because of the large storage requirements of an SBR, the
Skyline index only stores approximations of the SBR in the
index nodes. Any approximation can be used to represent an
SBR as long as the approximated SBR for an index node
always bounds the time series data within the node. Previous
work using approximations in the time-value space [18], [36],
does not guarantee that the bounding region fully contains
raw time series data. This is because the bounding regions are
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Fig. 8. Elapsed Time, in seconds, for k-NN queries (for each method, three measurements from 16 (left), 32 (middle), and 64 (right) dimensional

spaces). (a) Mixed S1 Data (1-NN, data length = 256). (b) Mixed S1 Data (1-NN, data length = 512). (c) Mixed S1 Data (5-NN, data length = 1,024).

(d) Mixed S1 Data (10-NN, data length = 1,024).



generated only to enclose the approximation of time series
data, but not the data itself. To present concrete definitions,
we used the L2 norm as a similarity metric in this paper.
However, since our index structure does not transform the
time-value space, any Lp norm could be used.

We did not directly address the subsequence match
problem. This problem has been successfully studied and
good techniques have been proposed for its solution [10], [15],
[25], [26]. We believe that the Skyline index can be efficiently
combined with these techniques for solving subsequence
match queries.

6 CONCLUSION AND FUTURE WORK

In this paper, we introduce the Skyline Index, a simple and
elegant paradigm for indexing time series data. The Skyline
index uses the Skyline Bounding Region (SBR) to group time
series data. To lower bound the distance between a query time
series and an SBR, the LBKeoghðÞ function is used.

By analyzing the relationship between the feature distance
of a time series data and the lower bounding distance of its
bounding region from a query, we show that the containment

property is a necessary condition for the r-optimality of
multistep k-NN search algorithms. Without r-optimality, a
multistep k-NN search algorithm might retrieve a different
number of candidates depending on the choice of index
organization. We also show that the group lower bound property
is necessary to guarantee the correctness of k-NN search
algorithms, but it cannot ensure retrieving the same set of
candidates for different indexes, even if these indexes use the
same feature representation.

Experimental results show that the Skyline Index can be
coupled with the state-of-the-art dimensionality reduction
techniques and can improve the performance of similarity
search by up to a factor of 3.

We plan to further study other approximation techni-
ques and the effects of different splitting algorithms for the
Skyline Index construction. We also plan to apply the
Skyline Index approach to different dimensionality reduc-
tion techniques (e.g., DWT and DFT) to further examine the
applicability of this new indexing paradigm.
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