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Abstract.  We consider the problem of simultaneous embedding of planar graphs.
There are two variants of this problem, one in which the mapping between the
vertices of the two graphs is given and another in which the mapping is not given.
In particular, given a mapping, we show how to embed two paths onann n grid,
and two caterpillar graphson a3n 3n grid. We show that it is not always possible
to simultaneously embed three paths. If the mapping is not given, we show that any
number of outerplanar graphs can be embedded simultaneously on an O(n) O(n)
grid, and an outerplanar and general planar graph can be embedded simultaneously
on an O(n?) O(n?) grid.

1 Intro duction

The areasof graph drawing and information visualization have seensigni cant growth in
recen years[10,15]. Often the visualization problemsinvolvetaking information in the form
of graphsand displaying them in a manner that both is aesthetically pleasingand conveys
somemeaning. The aesthetic criteria alone are the topic of much debate and researt, but
somegenerally acceptedand tested standardsinclude preferencedor straight-line edgesor
thosewith only a few bends,a limited number of crossings,good separation of verticesand
edges,as well as a small overall area. Somegraphs change over the courseof time and in
such casesit is often important to presene the \mental map".

Considera systemthat visualizesthe ewolution of software, information canbe extracted
about the program stored within a CVS version cortrol system [8]. Inheritance graphs,
program call-graphs, and cortrol- o w graphs can be visualized as they ewlve in time; see
Fig. 1. Such tools allow programmersto understand the evolution of a legacyprogram: Why
is the program structured the way it is? Which programmers were responsible for which
parts of the program during which time periods? Which parts of the program appear
unstable over long periods of time and may needto be rewritten? For suc a visualization
tool, it is essetial to presenethe mental map for the graph under scrutiny. That is, slight
changesin the graph structure should not yield large changesin the actual drawing of the
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Fig. 1. The inheritance graph of a large Java program as it evolvesthrough time. Di erent colas
indicate di erent authors. For everytime-step that a node doesnot change,its color fadesto blue.

graph. Vertices should remain roughly near their previous locations and edgesshould be
routed in roughly the samemanner as before [10,15].

While graphsthat ewolvethrough time are not necessarilyplanar, solving the planar case
can provide intuition and ideasfor the more generalcase.Thus, the focus of the this paper
is on the problem of simultaneous embedding of planar graphs. This problem is related
to the thicknessof graphs; see[18] for a survey. The thicknessof a graph is the minimum
number of planar subgraphsinto which the edgesof the graph can be partitioned. Thickness
is an important conceptin VLSI design, sincea graph of thicknessk can be embeddedin
k layers, with any two edgesdrawn in the samelayer intersecting only at a common vertex
and verticesplacedin the samelocation in all layers. A related graph property is geometric
thickness de ned to be the minimum number of layers for which a drawing of G exists
having all edgesdrawn as straight-line segmets [11]. Finally, the book thicknessof a graph
G is the minimum number of layers for which a drawing of G exists, in which edgesare
drawn as straight-line segmeits and vertices are in convex position [2]. It has beenshown
that the book thicknessof planar graphsis no greater than four [21].

As initiated by Cenekand Lubiw [5], we look at the problem almost in reverse.Assume
we are giventhe layeredsubgraphsand now wish to simultaneously embedthe various layers
sothat the vertices coincide and no two edgesof the samelayer cross. Take, for example,
two graphsfrom the 1998Worldcup; seeFig. 2. One of the graphsis a tree illustrating the
gamesplayed. The other is a graph showing the major exporters and importers of players
on the club level. In displaying the information, one could certainly look at the two graphs
separately but then there would be little correspondencebetweenthe two layouts if they
were createdindependertly, sincethe viewer hasno \mental map" betweenthe two graphs.
Using a simultaneous embedding, the vertices can be placed in the exact samelocations
for both graphs, making the relationships more clear. This is di erent than simply merging
the two graphstogether and displaying the information as one large graph.

In simultaneous embeddings, we are concernedwith crossingsbut not between edges
belongingto di erent layers(and thus di erent graphs). Typical graph drawing algorithms
lose all information about the separation of the two graphs and so must also avoid such
non-essetial crossings.Tedniques for displaying simultaneous embeddings can be quite



Fig. 2. The verticesof this graph representthe round of 16 teams from Worldcup 1998 (plus Spain).
The 8 teamseliminated in the round of 16 are on the bottom; next are the 4 teams eliminated in the
quarter- nals, etc.Thick edgesin the left drawing indicate matches played. Thick edgesin the right
drawing indicate export of playerson the club level. The light (dark) shadedverticesindicate importers
(exporters) of players.

varied. One may chooseto draw all graphs simultaneously, employing di erent edgestyles,
colors, and thicknessfor eat edgeset. One may choosea more three-dimensionalapproac
in order to di erentiate betweenlayers. One may also chooseto show only one graph at a
time and allow the usersto choosewhich graph they wish to seeby changing the edgeset
(without moving the vertices). Finally, one may highlight one set of edgesover another,
giving the e ect of \b olding" certain subgraphs,asin Fig. 2.

The subject of simultaneous embeddings has many di erent variants, seweral of which
we addresshere. The two main classi cations we considerare embeddingswith and without
prede ned vertex mappings.

Denition 1. Givenk planar graphsG; = (V;E;) for1 i Kk, simultaneous (geometric)
emledding of G; with mappingis the problem of nding plane straight-line drawings D; of
Gi suc that for every u 2 V and any two drawings D; and Dj, u is mapped to the same
point on the planein all k drawings.

De nition 2. Givenk planar graphsG; = (Vi;Ej)for1 i Kk, simultaneous(geometric)
emliedding of G; without mapping is the problem of nding plane straight-line drawings
D; of Gj sud that given any two drawings D; and D; there exists a bijective mapping
f:Vi! Vj.sudthat u2V, andv 2 V, are mapped to the samepoint in the plane in
both drawings.

Note that in the nal drawing a crossingbetweentwo edgesa and b is allowed only if
there doesnot exist an edgeset E; sud that a;b2 E;.

In both versionsof the problem, we are interestedin embeddingsthat map the vertices
to a small cardinality set of candidate vertex locations. Throughout this paper, we make
the standard assumptionthat candidate vertex locations are at integer grid points, so our
objective is to bound the size of the integer grids required.



The following table summarizesour current results regarding the two versionsunder
various constraints on the type of graphs given; ertries in the table indicate the sizeof the
integer grid required.

[[Graphs [ With  Mapping [ Without  Mapping |
G1: Planar, G3: Outerplanar not always possible O(n“) O(n9)

G1; G2: Outerplanar not always possible O(n) O(n)

C1; Cy: Caterpillar 3n 3n O(n) O(n) (outerplanar)
C,: Caterpillar, Py: Path n 2n O(n) Q(n) (quterplanar)
P.;P5: Path n n nn N

Cy1,;Cy: Cycle 4n  4n nn N

P.;P,; P3: Path not always possible "nh n

2 Previous Work

Computing straight-line embeddings of planar graphs on the integer grid is a well-studied
graph drawing problem. The rst solutionsto this problem are given by de Fraysseix,Pach
and Pollack [9], using a canonical labeling of the vertices in an algorithm that embedsa
planar graph on n verticeson the (2n 4) (n 2) integer grid and, independertly, by
Schnyder [19] using the barycentric coordinates method. The algorithm of Chrobak and
Kant [7] embedsa 3-connectedplanar graphonan(n 2) (n 2)grid sothat ead faceis
cornvex. Miura, Nakano, and Nishizeki [17] further restrict the graphs under consideration
to 4-connectedplanar graphs with at least four vertices on the outer face and presert an
algorithm for straight-line embeddingsof such graphson an (dn=2e 1) (bn=2c) grid.

Another related problem is that of simultaneously embedding more than one planar
graph, not necessarilyon the samepoint set. This problem datesback to the circle-pading
problem of Koebe [16]. Tutte [20] shows that there exists a simultaneous straight-line rep-
resertation of a planar graph and its dual in which the only intersectionsare betweencor-
responding primal-dual edges.Brightwell and Scheinerman[4] shaw that every 3-connected
planar graph and its dual can be embedded simultaneously in the plane with straight-line
edgessothat the primal edgescrossthe dual edgesat right angles.Erten and Kobourov [13]
presert an algorithm for simultaneously embedding a 3-connectedplanar graph and its dual
onan O(n) O(n) grid.

Bern and Gilbert [1] addressa variation of the problem: given a straight-line planar
embedding of a planar graph, nd suitable locations for dual vertices sothat the edgesof
the dual graph are also straight-line segmens and crossonly their corresponding primal
edges.They presen a linear-time algorithm for the problem in the caseof convex 4-sided
facesand shaw that the problem is NP-hard for the caseof convex 5-sidedfaces.

3 Simultaneous Embedding With Mapping

We rst addressthe simplest version of the problem: embedding paths.

Theorem 1. Let P; and P, be 2 paths on the same vertex set, V, of size n. Then a
simultaneous geometric emhkedding of P; and P, with mapping can be found in linear time
andonann n grid.
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Fig. 3. An example of embedding two paths on an n  n grid. The two paths are respectively
V1;V2;V3;Va;Vs; Ve; V7 and Vz; Vs, V1;Va;Vs; Ve; V7. They are drawn using (a) increasingx-order and
(b) increasingy-order.

Proof: For eact vertex u 2 V, we embed u at the integer grid point (p1;p2), where

as an x-monotone polygonal chain, and P, is embedded as a y-monotone chain; thus,
neither path is self-intersecting. SeeFig. 3. b

This method can be extendedto handle two cycles,but doesnot extend to more than
two paths. We presen theseresults in turn.

Theorem 2. Let C; and C, be 2 cycleson the same vertex set of size n, each with the
edgesoriented clockwisearound an interior face. Then a simultaneous geometric emtedding
(with mapping) of C; and C, that respects the orientations can be found in linear time on
a 4n 4n grid, unlessthe two cyclesare the same cycle oppositely oriented. In the latter
case no such emtedding exists.

Proof:

Assumethat C; and C, are not the samecycle oppositely oriented. Then there must
exist a vertex v suc that the predecessonfv in Cq, sa a, is di erent from the successor
of v in C,, say b. Place v at the point (0;0), and use the simultaneous path drawing
algorithm from Theorem 1 to draw the path in C; from v to a asan x-monotone path, and
the backward path in C, from v badk to b asa y-monotone path. Then a will be drawn as
the point of maximum x coordinate, and b asthe point of maximum y coordinate.

Without destroying the simultaneous embedding, we can pull v diagonally to the grid
point ( n; n) and a horizontally out to the right until the line segmen av lies completely
below the other points. Let ¢ be the predecessoof v in C,. The line segmen cv has slope
at least 1=2. The y-coordinate distance betweenv and a is at most 2n. If the x-coordinate
distance betweenv and a is greater than 4n then the slope of the segmen av becomes
lessthan 1=2 and and it is below the other points. The sameidea appliesto b (this time
shifting b up vertically) alsoand we get a grid of total size4n 4n. t

S
Theorem 3. There exist three paths P = |, , 5 P; on the samevertex setV such that
at least one of the layers must havea crossing.



Fig. 4. A caterpillar graph C is drawn with solid edges.The vertices on the top row and the edges
betweenthem form the spine. The verticeson the bottom row form the legs of the caterpillar.

Proof: A path of n verticesis simply an ordered sequenceof n numbers. The three paths
we considerare: 71426935882435716%nd 758261439 For example,

the sequence714269358represerts the path (v7;V1;Va;V2; Ve; Vo; V3; Vs; Vg). We will write
ij for the edgeconnectingv; to vj. There are twelve edgesin the union of these paths

E = f14;16; 17, 24; 26, 28; 34; 35; 39; 57; 58; 69¢:

It is easyto seethat the graph G consisting of these edgesis a subdivision of K 3.3 and
therefore non-planar: collapsing 1 and 7, 2 and 8, 3 and 9 yields the classesf 1,2,33 and
f4,5,69.

It follows that there are two nonadjacen edgesof G that crossead other. It is easy
to ched that every pair of nonadjacent edgesfrom E appearsin at least one of the paths
given above. Therefore, at least one path will crossitself which completesthe proof. u

3.1 Caterpillars

A simple classof graphs similar to paths is the classof caterpillar graphs.Let us rst de ne
the speci ¢ notion of a caterpillar graph.

De nition 3. A caterpillar graph C = (V;E) is a tree such that the graph obtained by
deleting the leaves, which we call the legs of C, is a path, which we call the spine of C;
see Fig. 4.

We describe an algorithm to simultaneously embed two caterpillars on a 3n  3n grid.
As a rst stepin this direction we arguethat a path and a caterpillar can be embeddedin
a smaller area, as the following theorem shaws.

Theorem 4. Given a path P and a caterpillar graph C, we can simultaneously emked
them, with mapping, on an n  2n grid.

Proof: ~We usemuch the samemethod as embedding two paths, with one exception: we
allow someverticesto sharethe samex-coordinate. Let S and L, respectively, denote the
spine and the legsof C. For a vertex v let 0,(v) denotev's position in P. If visin S, then
let oc(v) beits position in S and placev initially at the location (20.(v); op(Vv)). Otherwise,
if v2L,leto(v)= o(p(v)) beits parent's position and initially placev at the location
(206(v) + 1;0p(V).

We now proceedto attach the edges.By preserving the y-ordering of the points, we
guarartee that the path hasno crossings.In our embedding, we may needto shift, but we



shall only perform right shifts. That is, we shall push points to the right of a vertex v by
one unit right, in essencenserting one extra grid location when necessaryNote that this
step still presenesthe y-ordering.

To attach the caterpillar edges,we march along the spine. Let L(u) denote the legs of
a vertex u in the spine S. If we do not considerany edgesof S then all the legs can be
drawn with straight-line edgesand no crossingsby the initial placemert. Now when we
attach an edgefrom u to v on the spine, whereu;v 2 S, it is not planar if and only if
there existsw 2 L (u) that is collinear with u and v. In this case,we simply shift v and all
succeedingpoints by oneunit to the right. We cortin ue the right shift until noneof the legs
is collinear with u and v. Now, the edgefrom u to v on the spineis no longer collinear with
other vertices. This right shift doesnot a ect the planarity of the legs since the relative
x-coordinates of the vertices are still preserned. The number of shifts we madeis bounded
by jL (u)j.

We continuein this manner until we have attached all edges.Let k be the total number
of legsof the caterpillar. Then the total number of shifts madeis k. Sincewe initially start
with 2 (n k) columnsin our grid, the total number of columns necessaryis 2n k.
Thus, in the worst casethe grid size neededis lessthan 2n  n. t

The algorithm for embedding two caterpillars is also similar but before we can prove
our main result for caterpillars, we needan intermediary theorem. In order to embed two
caterpillars, we allow shifts in two directions. Let C; = (V;E1) and C, = (V;E3) be two
caterpillars. Denote the vertices on the spine of C; (Cz) with S; (S;). Let L1(u) (L2(u))
denotethe legsofu 2 S; (Sy). Let Ty (T,) bea xed traversalorder of verticeson S; (S,).
Let u(X) and u(Y) denotethe x-coordinate and y-coordinate of the vertex u, respectively.
We will placethe vertices sudh that the following initial placement invariants hold:

1. Forany u;v2 V, u(X) 6 v(X) and u(Y) 6 v(Y).

2. If u2 S; appearsbeforev 2 S; in T; then u(X) < w(X) < v(X) wherew 2 Lq(u). If
u2 S, appearsbeforev2 S; in T, then u(Y) < w(Y) < v(Y) wherew 2 L,(u).

3. The setof verticesbelongingto L 1(u) that are above (below) u 2 S; are monotonically
increasing in the x-coordinate, and monotonically decreasing(increasing) in the y-
coordinate. Similarly for C,, the set of vertices belongingto L,(u) that are to the left
(right) of u 2 S, are monotonically increasingin the x-coordinate, and monotonically
increasing (decreasing)in the y-coordinate.

Theorem 5. The initial placement can be doneonann n grid.

Proof. We start by assigningx-coordinates of the verticesin S; by following the order in
T,. The rst vertex is assignedl. We assignv(X) = u(X) + jLi(u)j+ 1 wherev 2 S;
follows u 2 S; in T;. Similarly we assigny-coordinates of the verticesin Sy, i.e., the rst
vertex is assignedl and v(Y) = u(Y) + jL(u)j + 1 wherev 2 S, followsu 2 S, in T».
Next we assignthe x-coordinates of the verticesin L1(u) for each u 2 S;. We sort the
verticesin L1 (u) basedon their y-coordinate distance from u in descendingorder. For each
w2 Ly(u)[ fug, if w2 S,, weusew(Y) for comparisonwhile sorting otherwisew 2 L »(w°)
for somew®2 S, and we usew%Y) + 1. Following this sorted order we assignu(X) + 1,
u(X)+ 2,:::to ead vertex in L1(u). While sorting we usethe samey-coordinate for two
verticesr;r®2 L(u) only if r;r%2 Ly(v). In this casetheir x-coordinates get randomly



(b)

Fig. 5. a) Arrangementof u 2 S; and L1(u). The legs of u are shovn with empty circles. The x-
coordinate of eachvertexin L1(u) is determinedby its vertical distance from u. b) Arrangement of
v 2 S; and L2(v). The legs of v are shavn with empty circles. The y-coordinate of each vertex in
L2(v) is determinedby its horizontal distance from v.

assigned However, this is not a problem, sincethe y-coordinate calculation of the legsin C,
takesinto accourt the x-coordinates we just calculated, and both the coordinates will then
be compatible in terms of the initial placemen invariants above. We similarly calculate the
y-coordinates of the verticesin L,(v), but this time consideringthe exact x-coordinates we
just calculated for comparisonin sorting.

After the initial placemen we get the arrangemert in Fig. 5. It is easyto seethat with
the initial placemen invariants satis ed, for any u 2 S; (Sy), any legw 2 Ly(u) (L2(u)) is
visible from u and if we do not considerthe edgeson the spine, C; (C,) is drawn without
crossings.

Theorem 6. Let C; and C;, be 2 caterpillars on the same vertex set of size n. Then a
simultaneous geometric emhkedding of C; and C, with mapping can be found ona 3n  3n
grid.

Proof: In the initial placemern, a spine edgebetweenu;v 2 S; is not planar if and only
if a vertex w 2 Li(u) is collinear with u and v. We can avoid such collinearities while
ensuring that no legsare crossingby shifting somevertices up/righ t. The ideais to grow a
rectangle starting from the bottom-left corner of the grid, and to make sure that parts of
C: and C; that are inside the rectangle are always non-crossing.This is achieved through
additional shifting of the vertices up/righ t.

First we make the following obsenation regarding the shifting:

Observ ation: Givena point setarrangemert that satis es the initial placemen invari-
ants, shifting any vertex u 2 V and all the vertices that lie above (to the right of) u up
(right) by oneunit presenesthe invariants.

Sinceshifting a set of points up, starting at a certain y-coordinate, doesnot changethe
relativ e positions of the points, the invariants are still presened.



Fig. 6. Giventhe above mapping betweenthe vertices;the outerplana graphsO1 and O, can not be
embeddedsimultaneously

We start out with the rectangleR ; suc that the bottom-left cornerof R is the bottom-
left corner of the grid and the upper-right corner is the location of the closestvertex u,
whereu 2 S; or u 2 S,. Sinceno other vertices lie in Ry, the parts of C;, C, inside R;
are non-crossing.

Now assumethat after the k™ step of the algorithm, the parts of the caterpillars lying
inside Ry are planar. We nd the closestvertex v, to Ry, wherev 2 S; orv 2 S,. There
are two cases.

{ Casel:v is above Ry, i.e., X(v) is betweenthe x-coordinate of the left edgeand right
edgeof the rectangle. Enlarge Ry in the y-direction sothat v lies on the top edge of
the rectangle, and call the new rectangle Ri+1 . Let u (u% be the spine vertex before
(after) v in Ty. Let w (W9 be the spine vertex before (after) v in T,. If any one of u,
u® w, or wP lies inside Ry+1 we ched if v is visible from that vertex. If not, we shift v
one unit up and enlargeRg+1 accordingly.

{ Case2: v is not above Ry. If v is to the right of Ry we enlargeit in the x-direction so
that v lies on the right edgeof the rectangle, otherwise we enlargeit in both x and y
directions sothat v lies on the top-right corner. We call the new rectangle Ry+1 . As
in Case 1, we ched for the visibilit y of the neighboring vertices along the spines, but
in this casewe perform a right shift and enlargeRy+1 in the x-direction accordingly,
if we encourter any collinearities.

When we perform an up/righ t shift, we do not make any changesinside the rectangle,
sothe edgesdrawn inside the rectangle remain non-crossing.Each time we perform a shift
we eliminate a collinearity betweenthe newly added vertex v and the vertices lying inside
the rectangle. Hence, after a number of shifts all the collinearities involving v and suc
vertices inside the rectangle will be resolved, and all the edgesinside our new rectangle,
including the edgesinvolving the new vertex v are non-crossing.

>Fom the above obsenation shifting the verticesdoesnot violate the initial placemen
invariants and sothe legsof the caterpillars remain non-crossingthroughout the algorithm.

Since ead leg (in C; or C,) cortributes to at most one shifting, the size of the grid
requiredis (n + k;) (n + kz), where (ky + k2) < 2n, thus yielding the desiredresult. t

3.2 Outerplanar Graphs

Simultaneous embedding of outerplanar graphsis not always possible.



Theorem 7. There exist two outerplanar graphswhich, given a mapping between the ver-
tices of the graphs, cannot be simultaneously embedded.

Proof: The two outerplanar graphs O, O, are as shawvn in Figure 6. The union of Oy,
and O, cortains K 3.3 as a subgraph, which meansthat when embedded simultaneously
the edgesof the two graphs contain at least one intersection. Assume O; and O, can
be simultaneously embedded. Then the crossingin the union of the two graphs must be
betweenan edgeof O; and an edgeof O,. The edgesbelongingto O; only are 12 and 36.
The edgesbelongingto O, only are 23 and 16. However, we can not pick a crossing pair
out of these, since each such pairing consistsof incident edgeswhich can not cross.Thus
there must be another pair (either in Oy or in O, which intersects. u

4 Simultaneous Embedding Without Mapping

In this section we presert methods to embed di erent classesof planar graphs simultane-
ously when no mapping betweenthe verticesare provided. For the remainder of this section,
when we say simultaneous embeddingswe always meanwithout vertex mappings. This ad-
ditional freedomto choosethe vertex mapping doesmake a great di erence. For example,
any number of paths or cyclescan be simultaneously embedded. Indeed, in this setting of
simultaneous embedding without vertex mappings we do not have any non-embeddability
result; it is perhapsthe most interesting open question whether any two planar graphscan
be simultaneously embedded. We do have a positive answer if all but one of the planar
graphs are outerplanar.

with n vertices, can be simultaneously emiedded (without mapping) on an O(n?) O(n?)
grid.

Theorem 9. Any number of outerplanar graphscan be simultaneously emtedded (without
mapping) on an O(n) O(n) grid.

Key to the proof of both theoremsis the construction of grid subsetsin generalposition,
sinceit is known that any outerplanar graph can be embeddedon any point setin general
position (no three points collinear):

Theorem 10. [3,14] Given a set P of n points in the plane, no three of which are
collinear, an outerplanar graph H with n vertices can be straight-line emhedded on P.

These embeddings can even be found e cien tly. Gritzmann et al [14] provide an em-
bedding algorithm for such graphs that runs in O(n?) time, and Bose[3] further reduces
the running time to O(nlIg®n).

Theorem 9 then follows from the existence of sets of n points in general position in
an O(n) O(n) grid. But this is an old result by Erdeos [12]: choosethe minimum prime
number p greater than n (there is a prime betweenn and (1 + ")n for n > ng(")), then
the points (t;t> mod p) fort = 1;:::;pareasetof p n pointsin the p p-grid with no
three points collinear. So we can choosethe required points in a (L + ")n (1 + ")n-grid.

10



The smallestgrid sizein which one can choosen points in generalposition is known asthe
‘no-three-in-line'-problem; the only lower bound is %n %n, below that there are already
three points in the samerow or column.

In order to prove Theorem 8, we must embed an arbitrary planar graph, G, in addition
to the outerplanar graphs; unlike outerplanar graphs, we cannot embed G; on any point
setin generalposition. Thus, we begin by embedding G; in an O(n) O(n) grid using the
algorithm of [6]. The algorithm draws any 3-connectedplanar graph in an O(n)  O(n)
grid under the edgeresolution rule, and producesa drawing of that graph with the special
property that for ead vertex and ead edgenot incident with this vertex, the distance
betweenthe vertex and the edgein the embeddingis at leastonegrid unit. This embedding
may still contain many collinear vertices; we resolve this in the next step. We again choose
the smallest prime p  n, and blow up the whole drawing by a factor of 2p, mapping
a previous vertex at (i;j) to the new location (2pi; 2pj). In this blown-up drawing, the
distance betweena vertex and a non-incident edgeis at least 2p. Now let v;v, be an edge
in that drawing, w a vertex not incident to that edge,and let v$;v9;w® be arbitrary grid
points from the small p  p-grids certered at v;;Vv,; w. Then the distance of v;vJ; wP to
V1i;Vo; W is at most p%p, sothe distance of w°to the segmen vV9 is at least (2 pZ—E)p > 0.
Thus, any perturbation of the blown-up drawing, in which ead vertex v is replaced by
some point v° from the p  p-grid certered at v, will still have the same combinatorial
structure, and still be a valid plane drawing. We now choosea special such perturbation
to obtain a general-position set: If the vertex v was mapped by the algorithm of [6] on
the point (i;j), then we map it on the point (2pi + ( modp);2pj + ( >modp)). This
new embedding is still a correct embedding for the planar graph, since all vertices have
still su cien t distance from all non-incident edges.Further, it is a general-position point
set, suitable for the embedding of outerplanar graphs, since by a reduction modulo p the
points are mapped on the general-position point setf( ; ?modp) : = 1;:::;ng, and
collinearity is a property that is presened by the mod p-reduction of the coordinates. So
we have embeddedthe planar graph in an O(n?) O(n?) grid, on a point setin general
position, on which now all outerplanar graphs can also be embedded. This completesthe
proof of Theorem 8.

5 Open Problems

{ Can 2 lobster graphs* or 2 trees be simultaneously embeddedwith mapping? We have
answered a rmativ ely for the special caseof 2 caterpillars.

{ Givenageneralplanar graph G, and a path P with two or more vertices, can we always
simultaneously embed with mapping G and P ?

{ While, in general,it is not always possibleto simultaneously embed (with mapping)
two arbitrary planar graphs, can we test in polynomial time whether two particular
graphs can be embeddedfor a given mapping?

{ Can any two planar graphs be simultaneously embedded without mapping?

4 A lobster graph is a tree such that the graph obtained by deleting the leavesis a caterpillar.
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