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Abstract

In this papemwe presentilgorithmsfor anumberof problemsn geometrigoatternmatchingwhere
theinput consistf a collectionof orthogonalsegmentsin the plane. Suchcollectionsarisenaturally
from problemsn mappingbuildingsandrobotexploration.

We proposea new criterionfor segmentsimilarity calledthe coverage measue, andpresentef -
cientalgorithmsfor maximizingit betweensetsof axis-parallelsggmentsundertranslations.In the
generakasewe presenaprocedurgunningin timeO(n log n), andfor thecasewhenall sggments
arehorizontal we give aprocedurdhatrunsin time O(n log n). Heren is thenumberof segments.
In addition,we shav thatan" -approximatiorto the Hausdorf distancebetweertwo setsof horizontal
sgmentsunderverticaltranslationcanbe computedn time O(n maxpoly(logM; logn; 1="))).
Here,M denotegheratio of the diameterto the closestpair of pointsin the setsof segments(where
pairs of pointslie on different segments). Thesealgorithmsare signi cant improvementsover the
generahklgorithmof Agarwal etal. thatrequiredtime O(n log n).

1 Introduction

Traditionally, geometricpatternmatchingemploys asa measuref similarity the directedHausdorf dis-
tanceh(A; B) de nedash(A; B) = max, min , d(p;q) for two pointsetsA andB, whered(p; q)
is the Euclideandistancebetweerp andq. However, whenthe patternsgo be matchedareline segments
or cunes(insteadof points),this distancds lessthansatishctory It hasbeenobseredthatmeasuretike
theHausdorf measurehatarede ned on pointsetsareill-suited asmeasuresf curve similarity, because
they ignorethedirectionalityinherentin continuouscurves.

This paperaddresseproblemsin geometricpatternmatchingwherethe inputsaresetsof axis-parallel
line sggments. We studytwo differentmeasuresn this contect; oneis the standardHausdorf distance,
andthe otheris a novel measurecalled the coverage measue, which capturesthe similarity between
axis-alignedsegments.

Themotivationfor consideringnstance®f patternmatchingwheretheinputline segmentsareorthog-
onalcomesfrom the domainof mapping in which a robotis requiredto mapthe underlyingstructureof
a building by moving insidethe building, and“sensing”or “studying” its ervironment.In onesuchmap-
ping projectat the StanfordRoboticsLaboratorﬂ therobot is equippedwith a laserrange nder which
measureshe distancefrom the robot to its nearesneighborin a densesetof directionsin a horizontal
plane. We call the resultingdistancemapa picture. Figure[l shavs the robot usedat StanfordRobotics
Laboratoryfor this purpose.

A preliminaryversionof this paperappearedn [[12].
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Figurel: Left: A typical “picture” obtainedby the robot of a corridor (after ssgmentation).Right: The
corridoritself, andtherobotwith thelaserrange nder installedonit.

Duringthemappingprocesstherobotmustmeirgeinto asinglemaptheseriesf picturesthatit captures
from differentlocationsn thebuilding. Sincethedeadreckoningof therobotis notveryaccurateit cannot
rely solelyonits motionto decidehow thepicturesareplacedtogether Thus,we needamatchingprocess
thatcanalign (by usingoverlappingregions)the differentpicturestakenfrom differentpointsof the same
ervironment.In addition,we needto determinewhethertherobothasreturnedo a point alreadyvisited.
We malke thereasonablassumptiorthatwalls of buildingsarealmostalwayseitherorthogonabr parallel
to eachother andthatthesewalls are frequentlyby far the mostdominantobjectsin the pictures. This
is especiallysigni cant in the casethattherobotis insidea corridor, wherethereis insufcient detailfor
goodregistration.In somecasesnostof the picturesconsistmerelyof two walls with a smallnumberof
othersegments.SeeFigurelll for atypical pictureandtherealregion thatthelaserrange nder senses.

This applicationsuggestshe studyof matchingsetsof horizontalandvertical segments.Obsene that
we mayrestrictourselfto alignmentsindertranslation asit is easyto nd thecorrectrotationfor matching
setsof orthogonabegments.Formally, letA = fa :::a gandB = fb ;:::b gbetwo setsof axis-aligned
line segmentdn theplane eachconsistof pairwise-disjoinsegmentsandlet™ > 0 beagivenparameter
A pointp of ahorizontal(resp.vertical)segmentb 2 B is coveredif thereis apointof ahorizontal(resp.
vertical) sgmenta 2 A whosedistancefrom p is at most", wherethe distanceis measuredisingthe

norm. A point on a horizontal(resp.vertical) ssgmentcan be coveredonly by a point of another
horizontal(resp.vertical)segment.Let w(A; B) denotethe collectionof sub-sgmentsof B consistingof
coveredpoints. Let Cov (A; B) bethetotal lengthof the segmentsof w(A; B). The maximumcoverage
problemisto nd atranslatiort in thetranslatiorplanethatmaximizesCov (t) = Cov (A; t + B). Here
" is a parametespeci ed by the userbasedon the physicalmodel. To the bestof our knowledge,this
similarity measurés novel. Thecoveragemeasuras especiallyrelevantin the caseof long segmentse.g.
insidea corridor, whenwe might beinterestedn matchingportionsof long segmentsto portionsof other
segments.

Our Results  In Sectiond we presentan algorithmthat solvesthe Maximum Coverageproblembe-
tweensetsof axis-parallelsegmentsin time O(n log n) andthe Coverageproblembetweerhorizontal
seggmentsin time O(n logn). Note thatthe known algorithmsfor matchingarbitrary setsof line seg-
mentsare muchslower. For example,the bestknown algorithmfor nding atranslationthat minimizes
the Hausdorf Distancebetweentwo setsof n sggmentsin the planerunsin time O(n logn) [2]. We
alsoshaw (Sectiord) thatthe combinatorialcomplexity of the Hausdorf matchingbetweensegmentsis

(n ), evenif all sgmentsarehorizontal This strengthenshe boundsshovn by Rucklidge[2(C], and
demonstratethatouralgorithmsmuchlik ethealgorithmsof [[10, [11], areableto avoid having to examine
eachclassof combinatoriallydifferenttranslations.
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In Sectiond we considerthe relatedproblemof matchinghorizontalsegmentsundervertical trans-
lations with respectto the directedHausdorf distance. It hasbeenobsened thatif horizontaltransla-
tions of horizontalsegmentsare allowed, thenthis problemis 3SUM-hard[4], indicatingthat nding
a sub-quadrati@algorithmmay be hard. However, we presentan " -approximationalgorithmrunningin
timeO(n maxlog M; log n; 1="))g for some x edconstant, whichis sub-quadratiin mostcases.
Here,M denotegheratio of thediameterto the closestpair of pointsin the setsof segmentgwherepairs
of pointslie on differentsegments).

It is interestingto notethat the datastructurepresentedn Section [ canbe usedto slightly improve
theresultof HarPeledetal [13], in which the following problemis addressedGivgnasetof rectangles
fR :::R gandanothemectangleR, nd atranslationt for whicht + Rmaximizes aredR \ t + R).
Their algorithmrunsin O(n  log n) time. Using our datastructurein their algorithmthe runtimeis
slightly improvedto O(n  log n).

2 Algorithms for maximum coverage

LetA = fa :::a gandB = fb ;:::b gbetwo setsof axis-parallelline segmentsin the plane,andlet
" > 0 beagivenparameterWe assumehatno two segmentsof A intersectandno two segmentsof B
intersect.

2.1 Coverage with axis-parallel segments

Themainresultof this subsectioris thefollowing theorem:
Theorem 2.1. A translationt that maximizeCov (A; t + B) canbefoundin timeO(n log n).

For the proof of this theorem we needseveral lemmasandde nitions. For a geometricobjectR let
X(R), thex-spanof R, denotetheinterval of thex-axis betweertheleftmostandtherightmostpoint of R,
whereRis the orthogonabrojectionof R onthe x-axis.

LetA A (respB B) bethesetof horizontalsegmentsof A (resp.B) andletA A (resp.B
B) bethesetof verticalsggmentsof B. NotethatCov (A;t+ B) = Cov (A ;t+B )+ Cov (A ;t+B).
Lets beanon-\erticalsggment.We de ne thefunctions(x) : R! R asfollows: Forx 2 X(s), s(x) = O.
For x° 2 X(s), s(x9 is the value of the y-coordinateof the intersectionpoint of s andthe vertical line
x = x% To emphasizehats de nes a function, we referto s asa graph-sgmentor gsgmentfor short.
Informally speakingour interestin gsegmentsresultsfrom the fact that the maximumis obtainedalong
translationswhich lie on a horizontalline in the translationplane. Thesecanbe describecasa sumof a
setof gsgmentsandthustools for manipulatinggseggmentswill be usefulfor computingthe translation
achie/ing maximumcoverage.

Lemma2.1. LetP = f(x ;y );:::(X ;y )gbea pointset. We can constructin time O(m log m) a
datastructure for P sud thatfor a querygsements, thepoint(x ;y ) 2 P maximizinghesetfs(x ) +y
jx 2 X(s)andl i mgcanbefoundintimeO(log m).

Proof. If X(P) X(s),then(x ;y ) isclearlyavertex of the corvex hull of P, andoncethe convex hull
is computedwe can nd (x ;y ) in time O(logm), asit is a standardinear programmingqueryin a
convex polygon.To answerthequeryin thecasehatX(P) * X(s), we construciabalancedinarysearch
tree (P) onthesetfx :::x g Foreachnode 2 (P)letP denotethepointsinthesubtreeof ,and
let X denotethex-spanof P . We construcitC , thecorvex hull of P , for eachnode of (P). Oncea
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guerygs@ments is given,we nd asetof O(logm) nodes of (P) with the propertythatX X(s),
andXpaent  * X(s). We performthe desiredmaximizationqueryon every C . Thetime requiredis
clearlyasclaimed. O

LetS = fe (; x):::e (; x)gbeasetof gsgmentswhoselocationschangeasa function of a time
parameter in thefollowingway: e (; ) = a ( )b ( ), wherethelocationof thepointsa ( );b ( ) is
givenby

a()=(axawy+ ) and b()=(b:x;b:y+ ) ;

wherea :x;a y;b :x;b:y; ; aregivenconstants.Thinkingabout asatime parameterthe end-
points of the sggmentsmove vertically at constantvelocitiesas time elapses. Let maxsun(S; ) =
max,  e(; X).

Lemma2.2. In timeO(m logm), we canconstructa datastructue T (S), sud thatgivenatime and
aqueryvaluex 2 R, .se( ;x)canbecomputedn timeO(logm).

Proof. We constructa segmenttreeT (S) (see[l7] for details)on the x-projectionsof the segmentsof S
(notethattheir projectionsdo not changein time). With eachnode of T (S) we maintainthe interval
| onthe x-axisassociatedvith , andthe subsetS S storedwith . Let™ and™ betheleft and
right verticallines passinghroughtheendpointsx andx of | . We canexpressthey-coordinateof the
intersectiorpointofe (; )2 S with™ and (resp)bya +b anda +b (fori= 1;:::jS]),
whena ;b ;a b areappropriateeonstantsLetx beapointonl ,andlet = (x- x )=(x - x ).
Henceattime
e(; x)=(L- )a +b + a +b

De ning
A = a ; B= b ;A= a A= a ;

wherethesumis takenoverall i'sfor whiche 2 S . We have that
(2.1) s e;x)=((1- ) A +B + A +B

WestoreA ;B ;A ;A with eachnode . Onceapointx andatime aregiven,we nd theO(logm)
nodes of T(S) for whichx 2 | (thereis at mostonesuchnodeat eachlevel of T 9. For each,we
evaluatethe expression(Z.]), and sumthe results. Clearly this canbe donein time O(logm), andthe
constructiorof T (S) canbedonein time O(m logm). O

Lemma2.3. LetS bea setof m gsggmentsasabove We can constructthedatastruc,_t,ue D(S), sothat
givenaquerytime andaquerygsgment{x) ( xed intime),wecan nd maxe{x)+ , e(; x)jx 2
X(e9g Thetimefor constructingthe structure and answeringk queriesis O((m + k) log m), provided
thatthetimeparameter of eat queryis nosmallerthanthetimeof the previousquery

Proof. We rst explainhow to constructhedatastructurefor a x edtime . Beforeeachqueryis posed
to thedatastructurewe modify the datastructureaccordingto thetime  of thatquery

Usingasimpledivide-and-conqueechniqueve construcin time O(m logm) thegraphof thefunction
s(x) = s e( ;Xx). Itispiecaviselinear Let V(S) denotethe setof verticesof this graph. Note that
every suchvertex hasthe samex-coordinateas an endpointof one of the gsegmentsof S( ; ), thus
jV(S)j = O(m). We constructthe datastructure (V(S)) of LemmalZ1 for V(S). Sincethe corvex
hulls C usedby this datastructurewould changeasa functionof , we denotethemasC ( ). We also
constructhe datastructureT (S) of LemmaZ.d Let D(S) denotethe combinedstructure.
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Clearlyfor every querygsegmenteq ; ) the maximum maxe{ ;x)+ ,se( ;Xx)jx 2 X(e9Ygis
obtainedat the x-projectionof eitheravertex of V(S), or anendpointof e{x). We usethedatastructure
T(S) of LemmaZdto nd thevalueof e{ ;Xx)+ .5 e( ;Xx) attheendpointof ey ; x). In orderto
handletheformercasewe performaqueryin  (V(S)). Thusansweringaqueryis done(for x ed )in
timeO(log m).

Oncethe next queryis submitted(with alargertime ), we needto ef ciently modify (V(S))
to create (V(S)) at . Weincrease gradually while keepingtrack of the changeghe datastructure
goesthrough.Notethatas isincreasedrom to ,theverticesofthegraphofthefunctions(x) move
vertically at constanspeedsasthespeedf eachof themis thesumof m valueswhichchangdinearly.
We keeptrack of the changeghateachcorvex hull C (), storedat a nodeof thetreeof (V(S)), goes
through.

It wasshawn ([5]) thatthecorvex hull of suchasetof k pointsmoving vertically atconstanspeed€an
gothroughO(k) combinatoriaichangesThesechangexanbetrackedin atotal of O(k logk) time by a
simpledivide-and-conquealgorithm: Split the verticesinto two equal-cardinalitysubsetgo the left and
right of a vertical line, maintainrecursvely the corvex hull of eachsubsetsandshowv thatthe common
tangentgo thesehulls cango throughO(k) combinatoriakhangesvhichis trivial to tackle.

Sincethetotal sizesof corvex hullsin  (V(S)) isO(m logm), weneedO(m log m) timeto maintain

(V(S)) as decreaseffomthe rst tothelastquery O

Lemma 2.4. Let S be asin LemmalZ3 Thenwe can maintain maxsun(S; ) under gsgmentin-
sertionsor deletionsin amortizedtime O(IO ﬁolog m9 per opemtion. B‘I addition, we can maintain
max.sun(S; ) underatime-increasingtep( + ) (for > 0)inO( ﬁologm% timeperupdate
Here m %is the maximunof m andthetotal numberof opemtionsperformedon the set.

Proof. A deletionof agsegmente is resolhedby addingthe negationof e, sowe dirﬁct_ourattentionto the
insertionof gsggments.We partitionS into S andS . ThesetS containsatmost mCof thegsegments
of S. WedeneS = SpS . Eachtime agsegmentis insertedinto S, it is insertedinto S . Oncethe
cardinalityof S exceeds m© wesetS tobeS, andemptyS . We constructthe datastructureD (S )
of LemmaZ3for thegse@mentsof S . Increasing is obtainedasin LemmaZ3

Maintaining max sun(S; ) underinsertionsis obtainedasfollows: Assumethe insertionhappensat
fyme . Oncea gsegmentis insertedinto S , we explicitly,computethe graphof the function s(x) =

»s €( ;X) whichis piecavise linear of compleity O(" m9. With eachgsementf( ;x) of this
graph(notto be confusedwith the sgmentsof S) we performaqueryin D(S ). Themaximumobtained
is max.sun(S:; ). This operations doablein time O(' m°log m?9. O

We next turn our attentionto concludethe proof of TheoreniZ 1

Proof. (of TheoremZ) The algorithmconsistsof sweepingthe translationplanefrom bottomto top,
using a horizontalsweepline “(y). Herey equalsthe time parameter usedby the datastructures.
We maintaina setS of gsgments,initially empty andwe maintainits maximummaxsun{S;y) using
the datastructureD(S(y)) of LemmalZ3 As shown later, the maximumvalue obtainedis equalto
max Cov (A;t + B).

LetD beasquareof edge-lengtt2”, andconsiderthe Minkowski sum

D A =fd+ ajd2 D andaisapointof aseggmentof A g

NotethatD A canbeexpressedastheunionof n rectanglesall of height2", sothe boundarieof
eachtwo intersectin at mosttwo points,andby [[17] the compleity of theirunionis O(n). We imposea
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horizontaldecompositioonD A toobtainasetof O(n) rectanglelR = f ; :::gandavertical
decompositioonD A to obtainasetof O(n) rectangleR = f ; :::g Therearetwo typesof
eventsthat we handlein the line sweepprocessgcalled horizontal sgmenteventsand vertical sggment
event Uponencounteringgencounteringanevent,sayfor “(y ), we modify the datastructuregdescribed
below) andcomputemax » Cov (A; t + B). Theeventsarecomputedn the preprocessingtage and
storedin theline-sweepmueue.Theeventsaredescribedasfollows:

Horizontal segmentevents. For everyb 2 B andrectangle 2 R we createa setof events,as
follows: Assume

= ((c;d);(c+  ;d);(c;d+ );(c+ ;d+ )

andthesggmentb = ((a; b);(a+ ; b)) 2 B. Assumethat . Thecaseghat > istreated
analogously
The rst eventat which the pair (b ; ) is involved happensvheny = d + - b (i.e. when

(x;y) + b isalignedwith theupperedgeof ). Uponthisevent,weinsertthefollowing gseggments
into S. Thesegs@mentsarenot changingwith y.

1.r =(c- a- ;0)(c- a; ). Thex-spanof thisgsegmentcorresponds$o all translationon
“(y) forwhich(x;y) + b intersects , buttheleft endpointof b is outside

2.r =(c- a; )(c+ - a- ; ). Thex-spanof thisgsggmentcorrespondso all transla-
tionson "(y) for which(x;y) + b isfully containedn

3.r = (c+ =-a- ; )(c+ - a; ). Thex-spanof this gsgmentcorrespondso all
translationson “(y) for which (x;y) + b intersects , but theright endpointof b is outside

Thesecondventatwhichthepair(b ; ) isinvolvedhappensvheny = d- b (i.e.when(x;y)+b
is alignedwith the lower edgeof .) Uponthis event,we deleter ;r ;r from S. Note thatfor
everyy 2 [d + - b;d - b]thefunctionr (x) + r (x) + r (X) equalsthelengthof the portion
of (x;y) + b inside

Vertical segmentevents. Foreveryb 2 B andrectangle 2 R we createasetof events,asfollows:
Assumethat

= ((c;d);(c+ ;d);(c;d+  );(c+ ;d+ ));

andb = ((a;b);(a; b+ )).Againassumehat0 < (theothercases treatedanalogously).
Notethatthepair (b ; ) isinvolvedin severalevents.

Oncey = d+ - b (i.e.,thelowerendpointof (x;y) + b isalignedwith theupperedgeof
) weinsertthegsgments (y) = (c- a;y°%- y)(c+ - a;y° vy)intoS(y), wherey®
is thecurrentvalueof y.

Oncey =d+ - - b (i.e.theupperpointof (x;y) + b isalignedwith theupperedgeof
) we deletes (y) from S(y) andinserts (y9 = (c- a; )(c+ - a; ). Thisis astatic
horizontalgsegment.
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Oncey = d- b- (i.e.thelowerpointof (x;y) + b is alignedwith theloweredgeof )
we deletes (y) from S(y), andinsertthegsegment

s(y)=(c- a +d-b+y)(c+ -a +d-b+y)

Oncey = d- b- (i.e.theupperpointof (x;y) + b is alignedwith theloweredgeof )
we deletes (y) from S(y).

Notethats (y);s (y) ands (y) representgachin its y-span,the functionwhich is the length of
theportionof b inside

Obsene thatfor ary giveny, the function P »s €(Y; X) representshe total lengthof the portion of the
segmentsof (X; y) + B whicharecontainednsideD A, i.e. Cov (A; (X;y) + B). Sincethemaximum
value of thesefunctionsmustbe obtainedat one of the eventslisted above, andat eachsucheventwe
checkthis maximum,the correctnessf thealgorithmfollows.

Time analysis: Overall, we add and deletefour (moving) gs@mentsfor eachpair (b ; ) (forb 2
B; 2R)orapair(b; )(forb 2 B; 2 R),thusathetotalnumberof eventsis O(n ). We
computemax.sun(S;y) for eachof theseevents,in time O(IO n log n), hencethe overall runningtime
of the algorithmis O(n log n). It is not hardto shaw thatthis boundalsoboundsthe time neededo
constructhe datastructuresThis concludeghe proof of TheoreniZ 1 O

2.2 Maximum coverage for horizontal segments

We presentafasteralgorithmfor thecasethatall sgmentsn A andB arehorizontal. Thisis aline-sweep
algorithmin uenced by the Chev-Kedemalgorithm [[10], andChew etal. [11] algorithmfor computing
theHausdorf distancaundertranslatiorbetweerpoint-setsn theplane,undertheL  norm. Thistime,we

sweepthe planefrom left to right, usinga verticalsweepine. LetD A andR =f ; :::gbeasin
theproofof Theoren®.1 For everyhorizontalsggmentb 2 Band 2 R let  denotetherectangldn
thetranslatiorplaneconsistingof all translationsn whichb intersects (i.e. = ftj(t+b)\ 6 ;9.

Let E denotethesetof theverticaledgesof all rectangles

Let T beasegmenttreeconstructedn the projectionsof the segmentsof E on they-axis. During the
algorithmwe sweepthe translationplaneusinga vertical sweepline *. Once’ meetsanedgee 2 E, we
inserte into T. No edgeis deleted.

Let beanodeof T. Letl bethey-spancorrespondindo , andletS E denotethe edgesof
E correspondindo , i.e.the edgesof E whosey-spancontainsl  but not | . Let T denotethe
subtreerootedat . Forx 2 R,letS (x) S denotethesegmentof S whosex-coordinatds  x, and
let

L (x)=f(b; )javerticaledgeof isstoredin S «(x), forsome °2 T g:

We de ne the maximalcoverage associatedvith a node atx , denotedoy Cov (x ) asthe maximal
total lengthof segments
foAv((x;y)+b)i(b; )2L (x)g

wherethe maximumis takenover all translationgx ;y);y 2 | . For example,

Cov 1 (x) = rr12axC0\/(A;(x;y)+ B) :
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Let (x) denotethe pathin T from to the leaf that containsthe translationthat maximizesthe
coverageassociatedvith  atx. Thusfor example, 1 (X) is the pathfrom root (T) to theleaf °
suchthaty 2 | o, whereCov (A; (x;y ) + B) = max fCov (A; (x;y) + B)g

We maintainthefollowing elds with eachnode of T. All of thesegexcludingMaxMul aresetto
zeroatthebeginningof thealgorithm.MaxMul s setto 1.

Pos : thenumberof edgesof E currentlyin S (x) resultingfrom theright (resp.left) endpointof a
segmentb 2 B meetingaleft (resp.right) verticaledgeof somerectangle . We call suchanevent
a Positiveevent

Neg : thenumberof edgesof E currentlyin S (x) resultingfrom theleft (resp.right) endpointof a
segmentb 2 B meetingaleft (resp.right) verticaledgeof somerectangle . We call suchanevent
aNeativeevent ObsenethatPos - Neg is

jf(b; )2 L (X)j containgherightendpointof b , but nottheleft endpointgj
- jf(b; )2L (x)j containgheleft endpointof b , but nottheright endpointgj
x_last — thelastx atwhichweinsertedanedgeinto the subtreeof

Max _Tot_at _event . We will shav in LemmalZ.8 thatthis parametestoresCov (x_last ). We
describebelow how this variableis updated.

MaxMul  — a multiplicative factor specifyingthe rate of increaseof the maximumcoverage,
asthe horizontaldistanceincreases.The maximumis taken over all translationg x; y) for which
y 21 . Thatis,if x andx aretwo closepointsin R, thenthedifferencan thecoverageCov (x )-
Cov (x)=(x - x) MaxMul .Thus

MaxMul = o, (Pos o- Neg o)

Handling an event.
During the algorithmwe encounteitwo typesof events. An edgeevent happensvhentheline sweep

hits a vertical edgeof E. A dominance event happensat time x andnode if MaxMul 6
MaxMul and
MaxMul (x- x_last ) + Max _Tot_at _event =
MaxMul (x- x_last ) + Max _Tot_at _event

This eventoccursat xif thetranslation(x; y) thatmaximizesfCov(A; (x;y) + B)jy 2 | gisin |
for x slightly smallerthanx® andoccursat| for x slightly larger, or vice versa.

Thex-coordinateof this eventis computedandinsertednto thequeueof theline sweeppncethevalues
of the elds of left ( ) orright ( ), orthe elds of ary of their descendantaremodi ed. We explain
next how we handleeachsuchevent.

We will shav in LemmalZ3 that the following claim is an invariantof the algorithm: For every x 2
R; 2 T,Cov (x) = Max _Tot_at _event + (x- x_.ast ) MaxMul . In orderto maintainthis
invariant,we usethefollowing procedurewhichwe call for everynode onceanew edgeof E isinserted
into S (x).



FunctionUpdateNode ( )
Max _Tot_at _event = Max _Tot_at_event + (x- x_last ) Max _Tot_at_event
x_last = x

Let > Obeanin nitely smallconstant

If Max _Tot at _event + MaxMul (x+ - xlast ) >
Max _Tot_at _event + MaxMul (x+ - x_last )
Then
MaxMul = Pos - Neg + MaxMul
Else
MaxMul = Pos - Neg + MaxMul

If isnottherootof T
ThenUpdateNode (parent()).

Handling edgeeventsat node . Letx bethecurrentx-valueof theline sweep.Once™ hitsanew edge
s2 E,we rst nd all nodes forwhichs2 S asin astandardsegmenttree. Next, for eachsuchnode
, WeincreaseeitherPos or Neg by one,accordingo thetypeof s, andperformUpdateNode( ).

Handling dominanceeventsat node . Onceadominatesventoccursatanode ,wecallUpdateNode ( ).
Lemma 2.5. Theinvariant

Cov (x) = Max _Tot_at event + (x- x.last ) MaxMul forevery x2 R; 2T
holdsat any stage of thealgorithm.

Proof. Theproofis by adoubleinductionontheheightof anode andthesequencef eventsin which
wasupdated Assumerst that isaleaf. Assumehatx isaneventatwhichthe elds of areupdated,
andthatno eventhappenedetweenx andx > X . X is notnecessarilyanevent. Also assumehatin
x theinvariantholds.

Lety beapointin| (since is aleaf, thechoiceof y is notrelevant). Let(b ) 2 L (x).
Thenj((x ;y )+ b)\  j- jl(x;y)+b)\ jisequal(resp.) x - x,Xx - x or0, accordingto
whether containsonly the right endpointof (x ;y ) + b, only the left endpointof b , or neitheror
both endpoints.In the rst case,(b ; ) contributesl to Pos . In thesecondcase,(b ; ) contributes
1toPos and2to Neg , andin thelastcase,(b ; ) contributesthe sameamountto Pos andNeg .
Summingover all pairs(b; ) 2 L (x ), we obtainthatCov (x ) - Max _Tot_at _event(x ) equals
(Pos - Neg )(x - x), fromwhichtheclaim follows.

Next assumehat is aninternalnode. Considerthe pairs(b ; ) 2 L (x ) for which the vertical
edgesof  arestoredin S . The contrikution of thesepairsto @,ov (x ) is countedasin the caseof a
leafnode . Moreover, onecanshav thatMaxMul atx equals (Pos o- Neg o) wherethesumis
takenover all nodes °onthepathleaving from to theleaf containingthe translationghat maximizes
Cov (x ). Thisis becausef the dominancesventsmechanisnthat guaranteeshat MaxMul ~ would
take into accounthe contritution from thechild °of  from which Cov o is larget. O

Theorem 2.2. Let A and B be two setsof n horizontal sgmentsin total. Thenwe can nd in time
O(n log n) atranslationt atwhich Cov (A; t + B) is maximum.
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Proof. Thenumberof edgeeventsis clearlyO(n ). Eachedgeeventoccurringatanode 2 T cancause
O(logn) dominanceevents,oneateachof theancestonodesof , thusthereareO(n logn) dominance
events.Eacheventis handledn O(logn) time. Thustheboundof the runningtime follows.

To nd the optimaltranslationwe monitor the maximalvalueof Max _Tot_at event 1 . Clearly
the maximalcoveragemustbe obtainedat an edgeevent,and LemmalZ.g guaranteeshat the maximum
coveragemustequalMax _Tot at event 1 atthisevent. O

3 A lower bound

Rucklidge[20] shavedthatfor givena parametet' > 0, andtwo familiesA andB of segmentsin the
plane,the combinatorialcomplexity of the regionsin the translationplane(TP) of all translationg for
whichh(A;t+ B) "isintheworstcase (n ),whereh(A; B) isthedirectedHausdorf distancerom
A to B. Thisboundis tight, sincethenumberof intersectiorpointscreatedoy n rectanglesn theplaneis
O(n ). We next showv thatthe (n )—boundholdsalsoin the casethatthe segmentsarehorizontal. That
is, we shav a constructionof setsA andB of n horizontalsegmentseach,suchthat the combinatorial
compleity of theregionsR of all translationg for whichh(A;t+ B) "is (n ). Thisis relevantfor
the previoussectionsinceR is exactly theregion of all translationg for which Cov (A; t + B) is equalto
thetotal lengthof the segmentsof A.

Assumefor theconstructiorthat" = 1=2 The rst componentn theconstructionseeFigurel) is the
setA ° consistingof 2n points,which are

f(i; 1=2+ i=n ) and (i; - 1=2+i=n - ); fori =;1:::ng

where is asmallenoughparameterLetq denotethe Minkowski sumof a pointq anda unit square.
Thusthepair(i; 1=2- i=n) and (i; - 1=2- i=n- ) formstwo verycloseverticallyalignedsquares,
wherethe gapbetweernthemis of unit width andheight , andlocatedat verticaldistance=n below the
y-axis. We addthe segmentA % which is the long horizontalsggmentbetweenthe points (- n; 0) and
(0;0) andthe segmentA ©between(n; 0) and(2n; 0). LetA = AC[ A% A0®

AY -axis

1Af consistof n pairsof points

A 2is asggmentof lengthn A 2%js asggmentof lengthn

e A

B3 consistof asetof n sggment
of length2n . Theverticaldistance )
betweerconsecutie sggmentsis 1=n “ .

B, isasetof n points, o
whosedistanceds 1=n from eachother |

|4
000

A, consistof n points(notshwn),whi¢h
arethecenterf n unitsquares.

Figure2: Thelowerboundconstruction.ThesetA is notshovn explicitly — only A is shown.



11

The setB consistsof n horizontalsggmentsof length 2n, whosevertical distanceis — . The left
endpointof all of themis on the y-axis,andthe middle oneis on the x-axis. By shifting themvertically,
eachseggmentin turn is not completelycoveredat sometime, whenit passedetweenthe gapsbetween
oneof the pairsof A . In all othercasesall the segmentsare completelycovered. Theregionin TP
correspondingo all translationg for whichh(A ;t+ B) 1consistof (n ) horizontalstrips,each

of lengthn.
ThesetA consistsof then points(-( 1+ 1=n)i; - 5) (fori = 1:::n). ThusA (The Minkowski
sumof A andaunit squarexreateqn unit squareslongtheliney = - 5, with agapof 1=n between

them.ThesetB consistof n pointsalongthehorizontalline (- 1=2n;- 5) (fori = 1:::n). Obsenethat
B ts completelyinto eachof the square®f A . However, by slidingB horizontally alongy = - 5or
arywhereatdistance 1=2fromtheliney = - 5, eachof thepointsof B “falls” atsomestageinto each
of thegapsbetweereachof thesquare®f A , TheregionS = ftjh(A ;t+ B ) 1lgconsistof (n)
verticalstrips,eachof height2. LettingA = A [ A andB = B [ B ,theregionS= ftjh(A;t+B) 19
is merelytheintersectiorof S andS , whichis clearlyof compleity (n ), thusproving our claim.

4 Matching Horizontal Segments Under Vertical Translation

In this sectionwe describea sub-quadrati@algorithmfor the Hausdorf matchingbetweersetsA andB
of horizontalsggmentswhentranslationsarerestrictedto the verticaldirection.
Let = min h(A;t + B) wheret variesover all vertical translations,and h( ; ) is the directed
Hausdorf distance. Let M denotethe ratio of the diameterto the closestpair of segmentsin A [ B.
Further let [M ] denotethe setof integersfl:::Mg

Theorem4.1. LetA andB betwosetsof horizontalsggmentsandlet™ < 1 beagivenparameter Thenwe
can nd averticaltranslationt for whichh(A; t+B) (1+") intimeO(n maxpoly(logM; logn; 1="))).

We rst relateour problemto a problemin stringmatching:

De nition 4.1. (Interval matching): Giventwo sequences = (t[1]:::t[n]) andp = (p[1]:::p[m]),
sudh thatp[i] 2 [M]andt[i] is a unionof disjointintervalsfa :::b g[ fa :::b g::: with endpointan
[M], ng, all translationg sudthatp[j] 2 t[i + j] for all i. Thesizeof theinputto this problemis de ned
ass = jtlilj+ m.

We alsode ne thesparseinterval matchingproblem,in which bothpl[i] andt[i] areallowedto beequal
aspeciakemptysetsymbol; , whichmatchesary othersymbolor set. Thesizes in thiscasds de nedas
jt[i]i plusthe numberof non-emptypatternsymbols.Using standardliscretizatiortechnique$i8, 16,
we canshow thatthe problemof (1 + ")-approximatingthe minimum Hausdorf distancebetweentwo
setsof n horizontalintenalswith coordinatesrom [M ] underverticalmotion canbe reducedo solving
aninstanceof sparsanterval matchingwith sizes = O(n).
Having thusreducedhe problemof matchingsegmentsto aninstanceof sparsanterval matching,we
shaw that:

The (non-sparseinterval matchingproblemcanbesolvedin time O(s  polylogs).
Thesameholdsevenif the patternis allowedto consistf unionsof intervals.

The sparseinterval matchingproblemof sizes canbe reducedto O(logM ) non-sparsenterval
matchingproblemsgachof sizes®= O(s polylogs).
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Thesethreeobsenationsyield the proof of Theorentdl In the remaindeof this section,we describe
the proofsof the above obsenrations.

The interval matching problem. Our methodfollows the approactof [[1, [1S] and[3].

Firstly, we obsene thatthe universesizeM canbereducedo O(s), by sortingthe coordinatef the
points/intenal endpointsand replacingthem by I!)heir rank, which clearly doesnot changethe solution.
Thenwe reducetheuniversefurthertoM °= O(" s) by meiging somecoordinatesi.e. replacingseveral
coordinatex :::x by onesymbolfx :::x g in the following way. Eachcoordinate(say x) which
occursmorethan’ stimesint or p is replacedby a singletonsetfxg(clearly, thereareabmostO( S)
suchcoordinates)By removing thosecoordinatestheinterval [M ] is splitinto atmostO(" s) intenals.
We partition eachint%rval into smallerintenals, suchthatthe sumof all occurrences)ijall coordinates
in eachinterval is O(" s). Clearly, the total numberof intervals obtainedin thisway'E s. Finally, we
replaceall coordinatesn aninterval by one(new) symbolfrom [M 9 whereM °= O(" s). By replacing
eachcoordinatex in p andt by thenumberof asetto whichx belongswe obtaina“coarserepresentation’
of theinput, which we denoteby p °andt °

In thenext phasewe solve theinterval matchingproblemfor p °andt %in time O(nM %olylog(n; M 9)
usingaFastFourier Transform-basedlgorithm(seetheabove referencesor details). Thuswe excludeall
translationg for whichthereis ani suchthatp[i] is notincludedin theapproximationof t[i + j]. However,
it couldstill betruethatp[i] 2 t[i + j] while p9i] 2 t9i + j]. Fortunatelythetotal numberof suchpairs
(i; j) is boundedby the numberof new symbols(i.e. M 9 timesthe numberof pairsof all occurrencesf
ary two (old) symbolscorrespondingo a givennewv symbol(i.e. O(" s )). Thisgivesatotalof O(s )
pairsto check.Eachcheckcanbedonein O(logn) time, sincewe canbuild a datastructureover eachset
of intervalst[i] which enablegastmembershigueries.Thereforethetotal time neededor this phaseof
thealgorithmis O(s polylog), whichis alsoaboundfor thetotal runningtime.

Thegeneralizatiorio the casewherep[i] is aunionof intenalsfollowsin essentiallythe sameway, so
we skip thedescriptionhere.

The sparse-to-non-sparseeduction. Theideahereis to maptheinputsequencet sequencesf length
P, whereP is arandomprime numberfrom therangefc slogM :::c slogM gfor someconstantg ;c .
Thenew sequencep®andt®arede nedaspJi]=[ oo plidandtTi]=1[ oo t[i9. It can
be shavn (usingsimilar ideasasin [8]) thatif atranslationj doesnot resultin a matchbetweerp andt,
it will remaina mismatchbetweem ®andt *with constanprobability. Therefore all possiblemismatches
will bedetectedwith high probability by performingO(logM ) mappinganoduloarandomprime.
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