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Abstract

In thispaperwepresentalgorithmsfor anumberof problemsin geometricpatternmatchingwhere
theinput consistsof a collectionof orthogonalsegmentsin theplane.Suchcollectionsarisenaturally
from problemsin mappingbuildingsandrobotexploration.

We proposea new criterion for segmentsimilarity calledthecoverage measure, andpresentef�-
cient algorithmsfor maximizingit betweensetsof axis-parallelsegmentsundertranslations.In the
generalcase,wepresentaprocedurerunningin timeO(n

�

log
�

n), andfor thecasewhenall segments
arehorizontal,wegive aprocedurethatrunsin timeO(n

�

log
�

n). Heren is thenumberof segments.
In addition,weshow thatan" -approximationto theHausdorff distancebetweentwo setsof horizontal
segmentsundervertical translationscanbecomputedin time O(n

�����

max(poly(logM; logn; 1="))) .
Here,M denotestheratio of thediameterto theclosestpair of pointsin thesetsof segments(where
pairs of points lie on different segments). Thesealgorithmsare signi�cant improvementsover the
generalalgorithmof Agarwal et al. thatrequiredtime O(n

�

log
�

n).

1 Intr oduction

Traditionally, geometricpatternmatchingemploys asa measureof similarity thedirectedHausdorff dis-
tanceh(A; B) de�ned ash(A; B) = max� 2 �

min � 2 	

d(p; q) for two point setsA andB, whered(p; q)
is theEuclideandistancebetweenp andq. However, whenthepatternsto bematchedareline segments
or curves(insteadof points),thisdistanceis lessthansatisfactory. It hasbeenobservedthatmeasureslike
theHausdorff measurethatarede�ned onpointsetsareill-suitedasmeasuresof curvesimilarity, because
they ignorethedirectionalityinherentin continuouscurves.

This paperaddressesproblemsin geometricpatternmatchingwheretheinputsaresetsof axis-parallel
line segments.We studytwo differentmeasuresin this context; oneis the standardHausdorff distance,
and the other is a novel measurecalled the coverage measure, which capturesthe similarity between
axis-alignedsegments.

Themotivationfor consideringinstancesof patternmatchingwheretheinput line segmentsareorthog-
onalcomesfrom thedomainof mapping, in which a robot is requiredto maptheunderlyingstructureof
a building by moving insidethebuilding, and“sensing”or “studying” its environment.In onesuchmap-
ping projectat theStanfordRoboticsLaboratory1 the robot is equippedwith a laserrange�nder which
measuresthe distancefrom the robot to its nearestneighborin a densesetof directionsin a horizontal
plane.We call the resultingdistancemapa picture. Figure1 shows therobotusedat StanfordRobotics
Laboratoryfor thispurpose.

� A preliminaryversionof this paperappearedin [12].
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Figure1: Left: A typical “picture” obtainedby therobotof a corridor (after segmentation).Right: The
corridoritself, andtherobotwith thelaserrange�nder installedon it.

Duringthemappingprocess,therobotmustmergeinto asinglemaptheseriesof picturesthatit captures
fromdifferentlocationsin thebuilding. Sincethedeadreckoningof therobotisnotveryaccurate,it cannot
rely solelyon its motionto decidehow thepicturesareplacedtogether. Thus,weneedamatchingprocess
thatcanalign (by usingoverlappingregions)thedifferentpicturestakenfrom differentpointsof thesame
environment.In addition,we needto determinewhethertherobothasreturnedto a point alreadyvisited.
Wemakethereasonableassumptionthatwallsof buildingsarealmostalwayseitherorthogonalor parallel
to eachother, andthat thesewalls arefrequentlyby far themostdominantobjectsin the pictures.This
is especiallysigni�cant in thecasethat therobot is insidea corridor, wherethereis insuf�cient detail for
goodregistration.In somecasesmostof thepicturesconsistmerelyof two walls with a smallnumberof
othersegments.SeeFigure1 for a typical pictureandtherealregion thatthelaserrange�nder senses.

This applicationsuggeststhestudyof matchingsetsof horizontalandverticalsegments.Observe that
wemayrestrictourselftoalignmentsundertranslation, asit is easyto �nd thecorrectrotationfor matching
setsof orthogonalsegments.Formally, let A = fa � : : : a � gandB = fb � ; : : : b � gbetwo setsof axis-aligned
line segmentsin theplane,eachconsistsof pairwise-disjointsegments,andlet " > 0 beagivenparameter.
A pointp of ahorizontal(resp.vertical)segmentb 2 B is coveredif thereis apointof ahorizontal(resp.
vertical) segmenta 2 A whosedistancefrom p is at most" , wherethe distanceis measuredusingthe
` � norm. A point on a horizontal(resp.vertical) segmentcan be coveredonly by a point of another
horizontal(resp.vertical)segment.Let w(A; B) denotethe collectionof sub-segmentsof B consistingof
coveredpoints. Let Cov � (A; B) bethetotal lengthof thesegmentsof w(A; B). Themaximumcoverage
problemis to �nd atranslationt � in thetranslationplanethatmaximizesCov � (t ) = Cov � (A; t + B). Here
" is a parameterspeci�ed by the userbasedon the physicalmodel. To the bestof our knowledge,this
similarity measureis novel. Thecoveragemeasureis especiallyrelevantin thecaseof longsegmentse.g.
insideacorridor, whenwe might beinterestedin matchingportionsof long segmentsto portionsof other
segments.

Our Results In Section2 we presentan algorithmthat solvesthe Maximum Coverageproblembe-
tweensetsof axis-parallelsegmentsin time O(n

�

log
�

n) andtheCoverageproblembetweenhorizontal
segmentsin time O(n

�

logn). Note that the known algorithmsfor matchingarbitrarysetsof line seg-
mentsaremuchslower. For example,thebestknown algorithmfor �nding a translationthatminimizes
the Hausdorff Distancebetweentwo setsof n segmentsin the planerunsin time O(n

�

logn) [2]. We
alsoshow (Section3) that thecombinatorialcomplexity of theHausdorff matchingbetweensegmentsis

 (n

�

), even if all segmentsarehorizontal. This strengthensthe boundsshown by Rucklidge[20], and
demonstratesthatouralgorithms,muchlikethealgorithmsof [10, 11], areableto avoid having to examine
eachclassof combinatoriallydifferenttranslations.
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In Section4 we considerthe relatedproblemof matchinghorizontalsegmentsundervertical trans-
lationswith respectto the directedHausdorff distance. It hasbeenobserved that if horizontaltransla-
tions of horizontalsegmentsareallowed, thenthis problemis 3SUM-hard[4], indicating that �nding
a sub-quadraticalgorithmmay be hard. However, we presentan " -approximationalgorithmrunningin
timeO(n

� ���

maxflog
�

M; log
�

n; 1="
�

))g, for some�x edconstantc, which is sub-quadraticin mostcases.
Here,M denotestheratioof thediameterto theclosestpairof pointsin thesetsof segments(wherepairs
of pointslie ondifferentsegments).

It is interestingto notethat the datastructurepresentedin Section 2 canbe usedto slightly improve
theresultof Har-Peledet al [13], in which thefollowing problemis addressed.Givena setof rectangles
fR� : : : R� gandanotherrectangleR, �nd a translationt for which t + R maximizes

P
� area(R� \ t + R).

Their algorithmrunsin O(n
� ���

log
�

n) time. Using our datastructurein their algorithmthe runtimeis
slightly improvedto O(n

� ���

log
�

n).

2 Algorithms for maxim um coverage

Let A = fa � : : : a � gandB = fb � ; : : : b � gbetwo setsof axis-parallelline segmentsin theplane,andlet
" > 0 bea givenparameter. We assumethatno two segmentsof A intersect,andno two segmentsof B
intersect.

2.1 Coverage with axis-parallel segments

Themainresultof this subsectionis thefollowing theorem:

Theorem 2.1. A translationt thatmaximizesCov � (A; t + B) canbefoundin timeO(n
�

log
�

n).

For the proof of this theorem,we needseveral lemmasandde�nitions. For a geometricobjectR let
X(R), thex-spanof R, denotetheinterval of thex-axisbetweentheleftmostandtherightmostpointof R0,
whereR0 is theorthogonalprojectionof R on thex-axis.

Let A
�

� A (resp.B
�

� B) bethesetof horizontalsegmentsof A (resp.B) andlet A
�

� A (resp.B
�

�
B) bethesetof verticalsegmentsof B. NotethatCov � (A; t + B) = Cov � (A

�

; t + B
�

) + Cov � (A
�

; t + B
�

).
Let s beanon-verticalsegment.Wede�ne thefunctions(x) : R ! R asfollows: For x =2 X(s), s(x) = 0.
For x0 2 X(s), s(x0) is the valueof the y-coordinateof the intersectionpoint of s andthe vertical line
x = x0. To emphasizethats de�nes a function,we refer to s asa graph-segmentor gsegmentfor short.
Informally speaking,our interestin gsegmentsresultsfrom the fact that themaximumis obtainedalong
translationswhich lie on a horizontalline in the translationplane.Thesecanbedescribedasa sumof a
setof gsegments,andthustools for manipulatinggsegmentswill beusefulfor computingthetranslation
achieving maximumcoverage.

Lemma 2.1. Let P = f(x � ; y � ); : : : (x � ; y � )gbe a point set. We can constructin time O(m log
�

m) a
datastructurefor P such that for a querygsegments, thepoint(x � ; y � ) 2 P maximizingthesetfs(x � ) + y �

j x � 2 X(s) and1 � i � mgcanbefoundin timeO(log
�

m).

Proof. If X(P) � X(s), then(x � ; y � ) is clearlya vertex of theconvex hull of P, andoncetheconvex hull
is computed,we can�nd (x � ; y � ) in time O(logm), as it is a standardlinear programmingquery in a
convex polygon.To answerthequeryin thecasethatX(P) * X(s), weconstructabalancedbinarysearch
tree	 (P) on thesetfx � : : : x � g. For eachnode� 2 	 (P) let P� denotethepointsin thesubtreeof � , and
let X � denotethex-spanof P� . We constructC � , theconvex hull of P� , for eachnode� of 	 (P). Oncea
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querygsegments is given,we �nd a setof O(logm) nodes� of 	 (P) with thepropertythatX � � X(s),
andXparent� ��� * X(s). We performthe desiredmaximizationqueryon every C � . The time requiredis
clearlyasclaimed.

Let S = fe � (�; x) : : : e� (�; x)gbea setof gsegments,whoselocationschangeasa functionof a time
parameter� in thefollowing way: e� (�; �) = a � (� )b � (� ), wherethe locationof thepointsa � (� ); b � (� ) is
givenby

a � (� ) = (a
�

� :x; a
�

� :y + � � � ) and b � (� ) = (b
�

� :x; b
�

� :y + � � � ) ;

wherea
�

� :x; a
�

� :y; b
�

� :x; b
�

� :y; � � ; � � aregivenconstants.Thinking about� asa time parameter, theend-
points of the segmentsmove vertically at constantvelocitiesas time elapses. Let max sum(S; � ) =
max� 2 �

� � 2 �

e(�; x).

Lemma 2.2. In timeO(m logm), wecanconstructa datastructureT (S), such thatgivena time� � and
a queryvaluex 2 R, � � 2S e(� � ; x) canbecomputedin timeO(logm).

Proof. We constructa segmenttreeT (S) (see[7] for details)on thex-projectionsof thesegmentsof S
(notethat their projectionsdo not changein time). With eachnode� of T (S) we maintainthe interval
I � on the x-axis associatedwith � , andthe subsetS� � S storedwith � . Let ` � and` 	 be the left and
right verticallinespassingthroughtheendpointsx � andx 	 of I � . Wecanexpressthey-coordinateof the
intersectionpointof e� (�; �) 2 S� with ` � and` 	 (resp.) by a �

��


� � + b �

��


� anda 	

��


� � + b 	

��


� (for i = 1; : : : jS� j),
whena �

��


� ; b �

��


� ; a 	

��


� b 	

��


� areappropriateconstants.Let x beapointon I � , andlet � = (x - x � )=(x 	 - x � ).
Henceat time � ,

e� (�; x) = (1 - � )
�
a �

��


� � + b �

��


�

�
+ �

�
a 	

��


� � + b 	

��


�

�

De�ning
A �

�

= � � a �

��


� ; B �

�

= � � b �

��


� ; A 	

�

= � � a 	

��


� ; A 	

�

= � � a 	

��


� ;

wherethesumis takenoverall i 's for whiche� 2 S� . We have that

(2.1) � � 2S �

e(�; x) = (1 - � )
�
�A �

�

+ B �

�

�
+ �

�
�A 	

�

+ B 	

�

�

WestoreA �

�

; B �

�

; A 	

�

; A 	

�

with eachnode� . Onceapointx andatime� aregiven,we�nd theO(logm)
nodes� of T (S) for which x 2 I � (thereis at mostonesuchnodeat eachlevel of T 0). For each,we
evaluatethe expression(2.1), andsumthe results. Clearly this canbe donein time O(logm), andthe
constructionof T (S) canbedonein timeO(m logm).

Lemma 2.3. Let S bea setof m gsegments,asabove. WecanconstructthedatastructureD(S), sothat
givenaquerytime� andaquerygsegmente0(x) (�xed in time),wecan�nd maxfe0(x)+

P
� 2 �

e(�; x) j x 2
X(e0)g. Thetimefor constructingthestructure andansweringk queriesis O((m + k) log

�

m), provided
that thetimeparameter� of each queryis nosmallerthanthetimeof thepreviousquery.

Proof. We�rst explainhow to constructthedatastructurefor a �x edtime� � . Beforeeachqueryis posed
to thedatastructure,wemodify thedatastructureaccordingto thetime � � of thatquery.

Usingasimpledivide-and-conquertechniqueweconstructin timeO(m logm) thegraphof thefunction
s(x) = � � 2S e(� � ; x). It is piecewise linear. Let V(S) denotethesetof verticesof this graph.Note that
every suchvertex hasthe samex-coordinateas an endpointof oneof the gsegmentsof S(� � ; �), thus
jV(S)j = O(m). We constructthe datastructure	 (V(S)) of Lemma2.1 for V(S). Sincethe convex
hulls C � usedby this datastructurewould changeasa functionof � , we denotethemasC � (� ). We also
constructthedatastructureT (S) of Lemma2.2. Let D(S) denotethecombinedstructure.
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Clearly for every querygsegmente0(�; �) themaximum maxfe0(� � ; x) + � � 2S e(� � ; x) j x 2 X(e0)gis
obtainedat thex-projectionof eithera vertex of V(S), or anendpointof e0(x). We usethedatastructure
T (S) of Lemma2.2to �nd thevalueof e0(� � ; x) + � � 2S e(� � ; x) at theendpointsof e0(�; x). In orderto
handletheformercase,weperformaqueryin 	 (V(S)) . Thusansweringaqueryis done(for �x ed� � ) in
timeO(log

�

m).
Oncethenext queryis submitted(with a larger time � � � � � ), we needto ef�ciently modify 	 (V(S))

to create	 (V(S)) at � � . We increase� gradually, while keepingtrackof thechangesthedatastructure
goesthrough.Notethatas� is increasedfrom � � to � � , theverticesof thegraphof thefunctions(x) move
verticallyatconstantspeeds,asthespeedof eachof themis thesumof � m valueswhichchangelinearly.
We keeptrackof thechangesthateachconvex hull C � (�), storedat a nodeof thetreeof 	 (V(S)) , goes
through.

It wasshown ([5]) thattheconvex hull of suchasetof k pointsmoving verticallyatconstantspeedscan
go throughO(k) combinatorialchanges.Thesechangescanbetrackedin a total of O(k logk) time by a
simpledivide-and-conqueralgorithm: Split theverticesinto two equal-cardinalitysubsetsto the left and
right of a vertical line, maintainrecursively theconvex hull of eachsubsets,andshow that thecommon
tangentsto thesehulls cango throughO(k) combinatorialchangeswhich is trivial to tackle.

Sincethetotalsizesof convex hulls in 	 (V(S)) is O(m logm), weneedO(m log
�

m) timeto maintain
	 (V(S)) as� decreasesfrom the�rst to thelastquery.

Lemma 2.4. Let S be as in Lemma2.3. Thenwe can maintain max sum(S; � ) under gsegmentin-
sertionsor deletionsin amortizedtime O(

p
m 0log

�

m 0) per operation. In addition, we can maintain
max sum(S; � ) undera time-increasingstep(�  � + � ) (for � > 0) in O(

p
m 0logm 0) timeperupdate.

Herem 0 is themaximumof m andthetotal numberof operationsperformedon theset.

Proof. A deletionof agsegmente is resolvedby addingthenegationof e, sowedirectourattentionto the
insertionof gsegments.WepartitionS into S � andS� . ThesetS � containsatmost

p
m 0of thegsegments

of S. We de�ne S� = S n S � . Eachtime a gsegmentis insertedinto S, it is insertedinto S � . Oncethe
cardinalityof S � exceeds

p
m 0, we setS� to beS, andemptyS � . We constructthedatastructureD(S� )

of Lemma2.3for thegsegmentsof S� . Increasing� is obtainedasin Lemma2.3.
Maintainingmax sum(S; � ) underinsertionsis obtainedasfollows: Assumethe insertionhappensat

time � � . Oncea gsegmentis insertedinto S � , we explicitly computethe graphof the function s(x) =P
� 2S �

e(� � ; x) which is piecewise linear of complexity O(
p

m 0). With eachgsegmentf (� � ; x) of this
graph(not to beconfusedwith thesegmentsof S) we performaqueryin D(S� ). Themaximumobtained
is max sum(S; � ). Thisoperationis doablein timeO(

p
m 0log

�

m 0).

Wenext turnourattentionto concludetheproofof Theorem2.1.

Proof. (of Theorem2.1) The algorithmconsistsof sweepingthe translationplanefrom bottomto top,
using a horizontalsweepline `(y). Here y equalsthe time parameter� usedby the datastructures.
We maintaina setS of gsegments,initially empty, andwe maintainits maximummax sum(S; y) using
the datastructureD(S(y)) of Lemma2.3. As shown later, the maximumvalue obtainedis equal to
max� Cov � (A; t + B).

Let D � beasquareof edge-length2", andconsidertheMinkowski sum

D � � A
�

= fd + a j d 2 D � anda is apointof a segmentof A
�

g:

Note thatD � � A
�

canbeexpressedastheunionof n rectangles,all of height2", so theboundariesof
eachtwo intersectin at mosttwo points,andby [17] thecomplexity of their unionis O(n). We imposea
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horizontaldecompositionon D � � A
�

to obtaina setof O(n) rectanglesR
�

= f
 � ; 
 � : : : ganda vertical
decompositionon D � � A

�

to obtaina setof O(n) rectanglesR
�

= f� � ; � � : : : g. Therearetwo typesof
eventsthat we handlein the line sweepprocess,calledhorizontalsegmenteventsandvertical segment
event. Uponencounteringencounteringanevent,sayfor `(y � ), we modify thedatastructures(described
below) andcomputemax� 2 � � ���

� Cov � (A; t + B). Theeventsarecomputedin thepreprocessingstage,and
storedin theline-sweepqueue.Theeventsaredescribedasfollows:

Horizontal segmentevents. For every b � 2 B
�

andrectangle
 � 2 R
�

we createa setof events,as
follows: Assume


 � = ((c; d); (c + � � ; d); (c; d + �
�

); (c + � � ; d + �
�

)) ;

andthesegmentb � = ((a; b); (a + �; b)) 2 B. Assumethat� � � � . Thecasethat� > � � is treated
analogously.

The �rst event at which the pair (b � ; 
 � ) is involved happenswheny = d + �
�

- b (i.e. when
(x; y) + b � is alignedwith theupperedgeof 
 � ). Uponthisevent,we insertthefollowing gsegments
into S. Thesegsegmentsarenotchangingwith y.

1. r � = (c - a - �; 0) (c - a; � ). Thex-spanof thisgsegmentcorrespondsto all translationson
`(y) for which (x; y) + b � intersects
 � , but theleft endpointof b � is outside
 � .

2. r � = (c - a; � ) (c + � � - a - �; � ). Thex-spanof this gsegmentcorrespondsto all transla-
tionson `(y) for which (x; y) + b � is fully containedin 
 � .

3. r � = (c + � � - a - �; � ) (c + � � - a; � ). The x-spanof this gsegmentcorrespondsto all
translationson `(y) for which (x; y) + b � intersects
 � , but theright endpointof b � is outside

 � .

Thesecondeventatwhichthepair(b � ; 
 � ) is involvedhappenswheny = d- b (i.e. when(x; y)+ b �

is alignedwith the lower edgeof 
 � .) Upon this event,we deleter � ; r � ; r � from S. Note that for
every y 2 [d + �

�

- b; d - b] thefunctionr � (x) + r � (x) + r � (x) equalsthelengthof theportion
of (x; y) + b � inside
 � .

Vertical segmentevents. For everyb � 2 B
�

andrectangle� � 2 R
�

wecreateasetof events,asfollows:
Assumethat

� � = ((c; d); (c + � � ; d); (c; d + �
�

); (c + � � ; d + �
�

)) ;

andb � = ((a; b); (a; b+ � )) . Againassumethat0 < � � �
�

(theothercaseis treatedanalogously).
Notethatthepair (b � ; � � ) is involvedin severalevents.

� Oncey = d + �
�

- b (i.e., thelowerendpointof (x; y) + b � is alignedwith theupperedgeof
� � ) we insertthegsegments � (y) = (c - a; y 0- y) (c + � � - a; y 0- y) into S(y), wherey 0

is thecurrentvalueof y.

� Oncey = d + �
�

- � - b (i.e. theupperpointof (x; y) + b � is alignedwith theupperedgeof
� � ) we deletes � (y) from S(y) andinserts� (y 0) = (c - a; � ) (c + � � - a; � ). This is a static
horizontalgsegment.
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� Oncey = d - b - � (i.e. thelower point of (x; y) + b � is alignedwith thelower edgeof � � )
we deletes� (y) from S(y), andinsertthegsegment

s� (y) = (c - a; � + d - b + y) (c + � � - a; � + d - b + y)

� Oncey = d - b - � (i.e. theupperpoint of (x; y) + b � is alignedwith thelower edgeof � � )
we deletes� (y) from S(y).

Note that s � (y); s� (y) ands� (y) represent,eachin its y-span,the functionwhich is the lengthof
theportionof b � inside� � .

Observe that for any giveny, the function
P

� 2S e(y; x) representsthe total lengthof theportionof the
segmentsof (x; y) + B whicharecontainedinsideD � � A, i.e. Cov � (A; (x; y) + B). Sincethemaximum
valueof thesefunctionsmustbe obtainedat oneof the eventslisted above, andat eachsuchevent we
checkthismaximum,thecorrectnessof thealgorithmfollows.
Time analysis: Overall, we addanddeletefour (moving) gsegmentsfor eachpair (b � ; 
 � ) (for b � 2
B

�

; 
 � 2 R
�

) or a pair (b � ; � � ) (for b � 2 B
�

; 
 � 2 R
�

), thusa the total numberof eventsis O(n
�

). We
computemax sum(S; y) for eachof theseevents,in time O(

p
n

�

log
�

n), hencetheoverall runningtime
of the algorithmis O(n

�

log
�

n). It is not hardto show that this boundalsoboundsthe time neededto
constructthedatastructures.Thisconcludestheproofof Theorem2.1.

2.2 Maxim um coverage for horizontal segments

Wepresenta fasteralgorithmfor thecasethatall segmentsin A andB arehorizontal.This is a line-sweep
algorithmin�uencedby theChew-Kedemalgorithm [10], andChew et al. [11] algorithmfor computing
theHausdorff distanceundertranslationbetweenpoint-setsin theplane,undertheL � norm.Thistime,we
sweeptheplanefrom left to right, usinga verticalsweepline. Let D � � A andR

�

= f
 � ; 
 � : : : gbeasin
theproofof Theorem2.1. For everyhorizontalsegmentb � 2 B and
 � 2 R

�

let � �

� denotetherectanglein
thetranslationplaneconsistingof all translationsin whichb � intersects
 � (i.e.� �

� = ft j (t + b � ) \ 
 � 6= ; g).
Let E denotethesetof theverticaledgesof all rectangles� �

� .
Let T bea segmenttreeconstructedon theprojectionsof thesegmentsof E on they-axis. During the

algorithmwe sweepthetranslationplaneusinga verticalsweepline `. Once` meetsanedgee 2 E, we
inserte into T . No edgeis deleted.

Let � be a nodeof T . Let I � be the y-spancorrespondingto � , andlet S� � E denotethe edgesof
E correspondingto � , i.e. theedgesof E whosey-spancontainsI � but not I ����� � � �

�

��� . Let T� denotethe
subtreerootedat � . For x 2 R, let S� (x) � S � denotethesegmentof S� whosex-coordinateis � x, and
let

L � (x) = f (b � ; 
 � ) j a verticaledgeof � �

� is storedin S�

0(x), for some� 0 2 T � g :

We de�ne themaximalcoverage associatedwith a node� at x � , denotedby Cov � (x � ) asthemaximal
total lengthof segments

f
 � \ ((x � ; y) + b � ) j (b � ; 
 � ) 2 L � (x � )g

wherethemaximumis takenoverall translations(x � ; y); y 2 I � . For example,

Cov����� �

� T � (x � ) = max
� 2 �

Cov � (A; (x � ; y) + B) :
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Let � �
�

(x) denotethe path in T from � to the leaf that containsthe translationthat maximizesthe
coverageassociatedwith � at x. Thusfor example,� �

����� �

� T �

(x) is thepathfrom root (T ) to the leaf � 0

suchthaty � 2 I �

0, whereCov � (A; (x; y � ) + B) = max
�

fCov � (A; (x; y) + B)g.
We maintainthefollowing �elds with eachnode� of T . All of these,excludingMaxMul � aresetto

zeroat thebeginningof thealgorithm.MaxMul � is setto 1.

� Pos� : thenumberof edgesof E currentlyin S� (x) resultingfrom theright (resp.left) endpointof a
segmentb 2 B meetinga left (resp.right) verticaledgeof somerectangle
 � . Wecall suchanevent
aPositiveevent.

� Neg
�

: thenumberof edgesof E currentlyin S� (x) resultingfrom theleft (resp.right) endpointof a
segmentb 2 B meetinga left (resp.right) verticaledgeof somerectangle
 � . Wecall suchanevent
aNegativeevent. Observe thatPos� - Neg � is

j f(b � ; 
 � ) 2 L � (x) j 
 � containstheright endpointof b � , but not theleft endpointgj

- j f(b � ; 
 � ) 2 L � (x) j 
 � containstheleft endpointof b � , but not theright endpointgj

� x last � — thelastx atwhich we insertedanedgeinto thesubtreeof � .

� Max Tot at event � . We will show in Lemma2.5 thatthis parameterstoresCov � (x last � ). We
describebelow how thisvariableis updated.

� MaxMul � — a multiplicative factor specifyingthe rateof increaseof the maximumcoverage,
asthe horizontaldistanceincreases.The maximumis taken over all translations(x; y) for which
y 2 I � . Thatis, if x � andx � aretwoclosepointsin R, thenthedifferencein thecoverageCov � (x � )-
Cov � (x � ) = (x � - x � ) � MaxMul � . Thus

MaxMul � = �
�

02 �

�
�

�

���

(Pos�

0 - Neg �

0)

Handling an event.
During thealgorithmwe encountertwo typesof events.An edgeevent happenswhenthe line sweep

hits a vertical edgeof E. A dominance event happensat time x and node� if MaxMul �
��� �

�

���
6=

MaxMul �

���
�

�

�

��� and

MaxMul �
��� �

�

���

� (x - x last �
��� �

�

���

) + Max Tot at event �
��� �

�

���

=

MaxMul �

���
�

�

�

��� � (x - x last �

���
�

�

�

��� ) + Max Tot at event �

���
�

�

�

���

This eventoccursat x 0 if thetranslation(x; y) thatmaximizesfCov(A; (x; y) + B)jy 2 I � gis in I �
��� �

�

���

for x slightly smallerthanx 0, andoccursat I �

���
�

�

�

��� for x slightly larger, or viceversa.
Thex-coordinateof thiseventis computedandinsertedinto thequeueof theline sweep,oncethevalues

of the �elds of left (� ) or right (� ), or the �elds of any of their descendantsaremodi�ed. We explain
next how wehandleeachsuchevent.

We will show in Lemma2.5 that the following claim is an invariantof the algorithm: For every x 2
R; � 2 T , Cov � (x) = Max Tot at event � + (x - x last � ) � MaxMul � . In orderto maintainthis
invariant,weusethefollowing procedure,whichwecall for everynode� onceanew edgeof E is inserted
into S� (x).
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FunctionUpdateNode (� )
Max Tot at event � = Max Tot at event � + (x - x last � ) � Max Tot at event �

x last � = x

Let � > 0 beanin�nitely smallconstant
If Max Tot at event � ��� �

�

���
+ MaxMul � ��� �

�

���
� (x + � - x last � ��� �

�

���
) >

Max Tot at event �

��� �

�

�

��� + MaxMul �

��� �

�

�

��� � (x + � - x last �

��� �

�

�

��� )
Then

MaxMul � = Pos� - Neg � + MaxMul � ��� �

�

���

Else
MaxMul � = Pos� - Neg � + MaxMul �

��� �

�

�

���

If � is not theroot of T
ThenUpdateNode (parent(� )).

Handling edgeeventsat node� . Let x bethecurrentx-valueof theline sweep.Once` hitsanew edge
s 2 E, we �rst �nd all nodes� for which s 2 S� asin a standardsegmenttree.Next, for eachsuchnode
� , we increaseeitherPos� or Neg

�

by one,accordingto thetypeof s, andperformUpdateNode( � ) .

Handling dominanceeventsat node� . Onceadominateeventoccursatanode� , wecallUpdateNode (� ).

Lemma 2.5. Theinvariant

Cov � (x) = Max Tot at event � + (x - x last � ) � MaxMul � for every x 2 R; � 2 T

holdsat anystageof thealgorithm.

Proof. Theproof is by adoubleinductionontheheightof anode� andthesequenceof eventsin which�
wasupdated.Assume�rst that� is a leaf. Assumethatx � is aneventatwhich the�elds of � areupdated,
andthatno eventhappenedbetweenx � andx � > x � . x � is not necessarilyanevent. Also assumethat in
x � theinvariantholds.

Let y � be a point in I � (since� is a leaf, the choiceof y � is not relevant). Let (b � 
 � ) 2 L � (x � ).
Thenj((x � ; y � ) + b � ) \ 
 � j - j((x � ; y � ) + b � ) \ 
 � j is equal(resp.) x � - x � , x � - x � or 0, accordingto
whether
 � containsonly the right endpointof (x � ; y � ) + b � , only the left endpointof b � , or neitheror
both endpoints.In the �rst case,(b � ; 
 � ) contributes1 to Pos� . In thesecondcase,(b � ; 
 � ) contributes
1 to Pos� and2 to Neg � , andin the lastcase,(b � ; 
 � ) contributesthesameamountto Pos� andNeg � .
Summingover all pairs(b � ; 
 � ) 2 L � (x � ), we obtainthat Cov � (x � ) - Max Tot at event (x � ) equals
(Pos� - Neg � )(x � - x � ), from which theclaim follows.

Next assumethat � is an internalnode. Considerthe pairs(b � ; 
 � ) 2 L � (x � ) for which the vertical
edgesof � �

� arestoredin S� . Thecontribution of thesepairsto Cov � (x � ) is countedasin thecaseof a
leafnode� . Moreover, onecanshow thatMaxMul at x � equals

P
�

0(Pos�

0 - Neg �

0) wherethesumis
takenover all nodes� 0 on thepathleaving from � to the leaf containingthetranslationsthatmaximizes
Cov � (x � ). This is becauseof the dominanceeventsmechanismthat guaranteesthat MaxMul � would
take into accountthecontribution from thechild � 0of � from whichCov �

0 is larger.

Theorem 2.2. Let A and B be two setsof n horizontal segmentsin total. Thenwe can �nd in time
O(n

�

log
�

n) a translationt at which Cov � (A; t + B) is maximum.
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Proof. Thenumberof edgeeventsis clearlyO(n
�

). Eachedgeeventoccurringatanode� 2 T cancause
O(logn) dominanceevents,oneateachof theancestornodesof � , thusthereareO(n

�

logn) dominance
events.Eacheventis handledin O(logn) time. Thustheboundof therunningtime follows.

To �nd theoptimal translation,we monitor themaximalvalueof Max Tot at event ����� �

� T � . Clearly
themaximalcoveragemustbeobtainedat anedgeevent,andLemma2.5 guaranteesthat themaximum
coveragemustequalMax Tot at event

����� �

� T �

at thisevent.

3 A lower bound

Rucklidge[20] showed that for givena parameter" > 0, andtwo familiesA andB of segmentsin the
plane,the combinatorialcomplexity of the regionsin the translationplane(TP) of all translationst for
whichh(A; t + B) � " is in theworstcase
 (n

�

), whereh(A; B) is thedirectedHausdorff distancefrom
A to B. Thisboundis tight, sincethenumberof intersectionpointscreatedby n

�

rectanglesin theplaneis
O(n

�

). We next show thatthe
 (n
�

)–boundholdsalsoin thecasethatthesegmentsarehorizontal.That
is, we show a constructionof setsA andB of n horizontalsegmentseach,suchthat the combinatorial
complexity of theregionsR of all translationst for which h(A; t + B) � " is 
 (n

�

). This is relevantfor
theprevioussectionsinceR is exactly theregionof all translationst for whichCov � (A; t + B) is equalto
thetotal lengthof thesegmentsof A.

Assumefor theconstructionthat" = 1=2. The�rst componentin theconstruction(seeFigure2) is the
setA 0

�

consistingof 2n points,which are

f(i; 1=2+ i=n
�

) and (i; - 1=2+ i=n
�

- � ); for i = ; 1 : : : ng

where� is a smallenoughparameter. Let q
�

denotetheMinkowski sumof a point q anda unit square.
Thusthepair (i; 1=2- i=n )

�

and (i; - 1=2- i=n - � )
�

formstwo verycloseverticallyalignedsquares,
wherethegapbetweenthemis of unit width andheight� , andlocatedat verticaldistancei=n below the
y-axis. We addthe segmentA 00

�

, which is the long horizontalsegmentbetweenthe points(- n; 0) and
(0;0) andthesegmentA 000

�

between(n; 0) and(2n; 0). Let A � = A 0
�

[ A 00
�

[ A 000
�

.

��� ���� ���� �

B 1 consistsof asetof n segment
of length2n . Theverticaldistance
betweenconsecutivesegmentsis 1=n 2 .

y -axis

A 2 consistsof n points(notshown), which
arethecentersof n unit squares.

A 00
1 is asegmentof lengthn A 000

1 is a segmentof lengthn

A 0
1 consistsof n pairsof points

B 2 is asetof n points,
whosedistanceis 1=n from eachother

x -axis

Figure2: Thelowerboundconstruction.ThesetA is notshown explicitly — only A
�

is shown.
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The set B � consistsof n horizontalsegmentsof length 2n, whosevertical distanceis �

�

�

. The left
endpointof all of themis on they-axis,andthemiddleoneis on thex-axis. By shifting themvertically,
eachsegmentin turn is not completelycoveredat sometime, whenit passesbetweenthegapsbetween
oneof the pairsof A � . In all othercases,all the segmentsarecompletelycovered. The region in TP
correspondingto all translationst for which h(A � ; t + B � ) � 1 consistsof 
 (n

�

) horizontalstrips,each
of lengthn.

ThesetA � consistsof then points(-( 1 + 1=n
�

)i; - 5) (for i = 1: : : n). ThusA
�

� (The Minkowski
sumof A � anda unit square)createsn unit squaresalongthe line y = - 5, with a gapof 1=n

�

between
them.ThesetB � consistof n pointsalongthehorizontalline (- 1=2n;- 5) (for i = 1: : : n). Observethat
B � �ts completelyinto eachof thesquaresof A

�

� . However, by sliding B � horizontally, alongy = - 5 or
anywhereatdistance� 1=2from theline y = - 5, eachof thepointsof B � “f alls” atsomestageinto each
of thegapsbetweeneachof thesquaresof A

�

� , TheregionS� = ft j h(A � ; t + B� ) � 1gconsistsof 
 (n
�

)
verticalstrips,eachof height2. LettingA = A � [ A � andB = B � [ B� , theregionS = ft j h(A; t + B) � 1g
is merelytheintersectionof S� andS� , which is clearlyof complexity 
 (n

�

), thusproving ourclaim.

4 Matching Horizontal Segments Under Vertical Translation

In this sectionwe describea sub-quadraticalgorithmfor theHausdorff matchingbetweensetsA andB
of horizontalsegments,whentranslationsarerestrictedto theverticaldirection.

Let � � = min� h(A; t + B) wheret variesover all vertical translations,and h(�; �) is the directed
Hausdorff distance. Let M denotethe ratio of the diameterto the closestpair of segmentsin A [ B.
Further, let [M ] denotethesetof integersf1 : : : M g.

Theorem4.1. LetA andB betwosetsofhorizontalsegments,andlet " < 1beagivenparameter. Thenwe
can�nd averticaltranslationt for whichh(A; t + B) � (1+ " )� � in timeO(n

� ���

max(poly(logM; logn; 1="))) .

We �rst relateourproblemto aproblemin stringmatching:

De�nition 4.1. (Interval matching): Giventwo sequencest = (t [1] : : : t [n ]) and p = (p[1] : : : p[m]),
such that p[i ] 2 [M ] andt [i ] is a unionof disjoint intervalsfa �

� : : : b �

� g[ fa
�

� : : : b
�

� g: : : with endpointsin
[M ], �nd all translationsj such thatp[j ] 2 t [i + j ] for all i . Thesizeof theinput to thisproblemis de�ned
ass =

P
� jt [i ]j + m.

Wealsode�ne thesparseinterval matchingproblem,in whichbothp[i ] andt [i ] areallowedto beequal
to aspecialemptysetsymbol; , whichmatchesany othersymbolor set.Thesizes in thiscaseis de�nedasP

� jt [i ]j plusthenumberof non-emptypatternsymbols.Usingstandarddiscretizationtechniques[8, 16],
we canshow that the problemof (1 + " )-approximatingthe minimum Hausdorff distancebetweentwo
setsof n horizontalintervalswith coordinatesfrom [M ] underverticalmotioncanbereducedto solving
aninstanceof sparseinterval matchingwith sizes = O(n).

Having thusreducedtheproblemof matchingsegmentsto aninstanceof sparseinterval matching,we
show that:

� The(non-sparse)interval matchingproblemcanbesolvedin timeO(s
� ���

polylog s).

� Thesameholdsevenif thepatternis allowedto consistsof unionsof intervals.

� The sparseinterval matchingproblemof sizes canbe reducedto O(logM ) non-sparseinterval
matchingproblems,eachof sizes0 = O(s polylogs).
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Thesethreeobservationsyield theproof of Theorem4.1. In theremainderof this section,we describe
theproofsof theaboveobservations.

The interval matching problem. Ourmethodfollowstheapproachof [1, 19] and[3].
Firstly, we observe that theuniversesizeM canbereducedto O(s), by sortingthecoordinatesof the

points/interval endpointsandreplacingthemby their rank, which clearly doesnot changethe solution.
Thenwe reducetheuniversefurtherto M 0 = O(

p
s) by merging somecoordinates,i.e. replacingseveral

coordinatesx � : : : x � by one symbol fx � : : : x � g, in the following way. Eachcoordinate(say x) which
occursmorethan

p
s timesin t or p is replacedby a singletonsetfxg(clearly, thereareat mostO(

p
s)

suchcoordinates).By removing thosecoordinates,theinterval [M ] is split into at mostO(
p

s) intervals.
We partition eachinterval into smallerintervals, suchthat the sumof all occurrencesof all coordinates
in eachinterval is O(

p
s). Clearly, the total numberof intervalsobtainedin this way is

p
s. Finally, we

replaceall coordinatesin aninterval by one(new) symbolfrom [M 0] whereM 0 = O(
p

s). By replacing
eachcoordinatex in p andt by thenumberof asetto whichx belongs,weobtaina“coarserepresentation'
of theinput,which wedenoteby p 0andt 0.

In thenext phase,wesolvetheinterval matchingproblemfor p 0andt 0 in timeO(nM 0polylog(n; M 0))
usingaFastFourierTransform-basedalgorithm(seetheabovereferencesfor details).Thusweexcludeall
translationsj for whichthereis ani suchthatp[i ] is not includedin theapproximationof t [i + j ]. However,
it couldstill betruethatp[i ] =2 t [i + j ] while p 0[i ] 2 t 0[i + j ]. Fortunately, thetotal numberof suchpairs
(i; j ) is boundedby thenumberof new symbols(i.e. M 0) timesthenumberof pairsof all occurrencesof
any two (old) symbolscorrespondingto a givennew symbol(i.e. O(

p
s

�

)). This givesa total of O(s
� ���

)
pairsto check.Eachcheckcanbedonein O(logn) time,sincewecanbuild adatastructureovereachset
of intervalst [i ] whichenablesfastmembershipqueries.Therefore,thetotal time neededfor thisphaseof
thealgorithmis O(s

� ���

polylog), which is alsoaboundfor thetotal runningtime.
Thegeneralizationto thecasewherep[i ] is a unionof intervalsfollows in essentiallythesameway, so

weskip thedescriptionhere.
The sparse-to-non-sparsereduction. Theideahereis to maptheinputsequencesto sequencesof length
P, whereP is a randomprimenumberfrom therangefc � s logM : : : c� s logM gfor someconstantsc � ; c� .
Thenew sequencesp 0 andt 0 arede�ned asp 0[i ] = [ � 0�

� 0
� �������

� p[i 0] andt 0[i ] = [ � 0�

� 0
� �������

� t [i 0]. It can
beshown (usingsimilar ideasasin [8]) that if a translationj doesnot resultin a matchbetweenp andt ,
it will remainamismatchbetweenp 0andt 0with constantprobability. Therefore,all possiblemismatches
will bedetectedwith highprobabilityby performingO(logM ) mappingsmoduloa randomprime.
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