
In terpro cedural Con trol Flo w Analysis of First-Order Programs

with T ail Call Optimization

�

Saum y a K. Debra y and T o dd A. Pro ebsting

Departmen t of Computer Science

The Univ ersit y of Arizona

T ucson, AZ 85721, USA.

Email: f debray, todd g @cs.ari zo na. edu

Decem b er 5, 1996

Abstract

The analysis of con trol 
o w

In v olv es �guring out where return s will go.

Ho w this ma y b e done

With items LR-0 and -1

Is what in this pap er w e sho w.

1 In tro duction

Most co de optimizations dep end on con trol 
o w analysis, t ypically expressed in the form of a con trol 
o w

graph [1 ]. T raditional algorithms construct in trapro cedural 
o w graphs, whic h do not accoun t for con trol


o w b et w een pro cedures. Optimizations that dep end on this limited information cannot consider the b e-

ha vior of other pro cedures. In terpro cedural v ersions of these optimizations m ust capture the 
o w of con trol

across pro cedure b oundaries. Determining in terpro cedural con trol 
o w (for �rst-order programs) is relativ ely

straigh tforw ard in the absence of tail call optimization, since pro cedures return con trol to the p oin t imme-

diately after the call. T ail call optimization complicates the analysis b ecause returns ma y transfer con trol

to a pro cedure other than the activ e pro cedure's caller.

The problem can b e illustrated b y the follo wing simple program that tak es a list of v alues and prin ts, in

their original order, all the v alues that satisfy some prop ert y , e.g., exceed 100. T o tak e adv an tage of tail-call

optimization, it uses an accum ulator to collect these v alues as it tra v erses the input list. Ho w ev er, this causes

the order of the v alues in the accum ulator to b e rev ersed, so the accum ulated list is rev ersed|again using

an accum ulator|b efore it is returned.

(1) main(L) = print extract(L, [])

(2) extract(xs, acc) =

(3) if xs = [] then reverse(acc, [])

(4) else if hd(xs) > 100 then extract(tl(xs), cons(hd(xs),acc))

(5) else extract(tl(xs), acc)

(6) reverse(xs, acc) =

(7) if xs = [] then acc

(8) else reverse(tl(xs), cons(hd(xs),acc))

�
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Supp ose that, for co de optimization purp oses, w e w an t to construct a 
o w graph for this en tire program.

The return from the function reverse in line 7 corresp onds to some basic blo c k, and in order to construct

the 
o w graph w e need to determine the successors of this blo c k. The call graph of the program indicates

that reverse can b e called either from extract , in line 3, or from reverse , in line 8. Ho w ev er, b ecause

of tail call optimization, it turns out that reverse do es not return to either of these call sites. Instead, it

returns to a di�eren t pro cedure en tirely , namely , to the pro cedure main in line 1: the successor blo c k to the

return in line 7 is the basic blo c k that calls print . Clearly , some non trivial con trol 
o w analysis is necessary

to determine this.

Most of the w ork to date on con trol 
o w analysis has fo cused on higher-order languages: Shiv ers [18 , 19 ]

and Jagannathan and W eeks [8 ] use abstract in terpretation for this purp ose, while Hein tze [5 ] and T ang

and Jouv elot [20 , 21 ] use t yp e-based analyses. These analyses are v ery general, but v ery complex. Man y

widely used languages, suc h as Sisal and Prolog, are �rst-order languages. F urthermore, ev en for higher-order

languages, sp eci�c programs often use only �rst-order constructs, or can ha v e most higher-order constructs

remo v ed via transformations suc h as inlining and uncurrying [22 ]. As a pragmatic issue, therefore, w e are

in terested in \ordinary" �rst-order programs: our aim is to accoun t for in terpro cedural con trol 
o w in suc h

programs in the presence of tail call optimization. T o our kno wledge, the only other w ork addressing this issue

is that of Lindgren [10 ], who uses set-based analysis for con trol 
o w analysis of Prolog. Unlik e Lindgren's

w ork, our analyses can main tain con text information (see Section 6).

The main con tribution of this pap er is to sho w ho w con trol 
o w analysis of �rst-order programs with tail

call optimization can b e form ulated in terms of simple and w ell-understo o d concepts from parsing theory . In

particular, w e sho w that con text-insensitiv e, or zeroth-order, con trol 
o w analysis corresp onds to the notion

of F OLLO W sets in con text free grammars, while con text-sensitiv e, or �rst-order, con trol 
o w analysis

corresp onds to the notion of LR(1) items. This is useful, b ecause it allo ws the immediate application of

w ell-understo o d tec hnology without, for example, ha ving to construct complex abstract domains. It is also

esthetically pleasing, in that it pro vides an application of concepts suc h as F OLLO W sets and LR(1) items,

whic h w ere originally dev elop ed purely in the con text of parsing, to a v ery di�eren t application.

The remainder of the pap er is organized as follo ws. Section 2 in tro duces de�nitions and notation. Section

3 de�nes an abstract mo del for con trol 
o w, and Section 4 sho ws ho w this mo del can b e describ ed using

con text free gramma rs. Section 5 discusses con trol 
o w analysis that main tain no con text information, and

Section 6 discusses ho w con text information can b e main tained to pro duce more precise analyses. Section

7 illustrates these ideas with a non trivial example. Section 8 discusses tradeo�s b et w een e�ciency and

precision. Pro ofs of the theorems ma y b e found in [4 ].

2 De�nitions and Notation

W e assume that a program consists of a set of pro cedure de�nitions, together with an en try p oin t pro cedure.

(It is straigh tforw ard to extend these ideas to accommo date m ultiple en try p oin ts.) Since w e assume a

�rst-order language, the in trapro cedural con trol 
o w can b e mo delled b y a con trol 
o w graph [1 ]. This is a

directed graph where eac h no de corresp onds to a basic blo c k, i.e., a (maxim al) sequence of executable co de

that has a single en try p oin t and a single exit p oin t, and where there is an edge from a no de A to a no de B

if and only if it is p ossible for execution to lea v e no de A and immediately en ter no de B . If there is an edge

from a no de A to a no de B , then A is said to b e a pr e de c essor of B and B is a suc c essor of A . Because of the

e�ects of tail call optimization, in terpro cedural con trol 
o w information cannot b e assumed to b e a v ailable.

Therefore, w e assume that the input to our analysis consists of one con trol 
o w graph for eac h pro cedure

de�ned in the program.

F or simplicit y of exp osition, w e assume that eac h 
o w graph has a single en try no de. Eac h 
o w graph

consists of a set of v ertices, whic h corresp ond to basic blo c ks, and a set of edges, whic h capture con trol 
o w

b et w een basic blo c ks. If a basic blo c k con tains a pro cedure call, the call is assumed to terminate the blo c k;

if a basic blo c k B ends in a call to a pro cedure p , w e sa y that B c al ls p .

If the last action along an execution path in a pro cedure p is a call to some pro cedure q |i.e., if the

only action that w ould b e p erformed on return from q w ould b e to return to the caller of p |the call to q

is termed a tail c al l . A tail call can b e optimized: in particular, an y en vironmen t allo cated for the caller p

can b e deallo cated, and con trol transfer e�ected via a direct jump to the callee q ; this is usually referred to
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as \tail call optimization," and is crucial for e�cien t implemen tations of functional and logic languages. If

a basic blo c k B ends in a tail call, w e sa y that it is a tail c al l blo ck ; if B ends in a pro cedure call that is

not a tail call, w e sa y B is a c al l blo ck . In the latter case, B m ust set a return address L b efore making the

call: L is said to b e a r eturn lab el . If a basic blo c k B ends in a return from a pro cedure, it is said to b e a

r eturn blo ck . As is standard in the program analysis literature, w e assume that either branc h of a conditional

can b e executed at run time. The ideas describ ed here are applicable to programs that do not satisfy this

assumption; in that case, the analysis results will b e sound but p ossibly conserv ativ e.

The set of basic blo c ks and lab els app earing in a program P are denoted b y Blo cks

P

and Lab els

P

resp ectiv ely . The set of pro cedures de�ned in it is denoted b y Pro cs

P

. Finally , the Kleene closure of a set

S , i.e., the set of all �nite sequences of elemen ts of S , is written S

�

. The re
exiv e transitiv e closure of a

relation R is written R

?

.

3 Abstracting Con trol Flo w

Before w e can analyze the con trol 
o w b eha vior of suc h programs, it is necessary to sp ecify this b eha vior

carefully . First, consider the actual run time b eha vior of a program:

{ Co de not in v olving pro cedure calls or returns is executed as exp ected: eac h instruction in a basic blo c k

is executed in turn, after whic h con trol mo v es to a successor blo c k, and so on.

{ Pro cedure calls are executed as follo ws.

{ A non-tail c al l loads argumen ts in to the appropriate lo cations, sa v es the return address (for

simplicit y , w e can assume that it is pushed on a con trol stac k), and branc hes to the callee.

{ A tail c al l loads argumen ts, reclaims an y space allo cated for the caller's en vironmen t, and transfers

con trol to the callee.

{ A pro cedure return simply p ops the topmost return address from the con trol stac k and transfers con trol

to this address.

W e can ignore an y asp ect of a program's run time b eha vior that is not concerned directly with 
o w of con trol.

Conceptually , therefore, con trol mo v es from one basic blo c k to another, pushing a return address on a stac k

when making a non-tail pro cedure call, and p opping an address from it when returning from a pro cedure.

This can b e formalized using a v ery simple pushdo wn automaton: the automaton M

P

corresp onding to a

program P is called its c ontr ol 
ow automaton . Giv en a program P , the set of states Q of M

P

is giv en b y

Q = Blo cks

P

[ Pro cs

P

; its input alphab et is Lab els

P

; the initial state of M

P

is p , where p is the en try p oin t

of P ; and its stac k alphab et � = Lab els

P

[ Blo cks

P

[ f $ g , where $ is a sp ecial b ottom-of-stac k mark er that

is the initial stac k sym b ol.

The general idea is that the state of M

P

at an y p oin t corresp onds to the basic blo c k b eing executed b y

P , while the return lab els on its stac k corresp ond to the stac k of pro cedure calls in P . The input string do es

not pla y a direct role in determining the b eha vior of M

P

, but it turns out to b e tec hnically v ery con v enien t

to matc h up sym b ols read from the input with lab els p opp ed from the stac k. The language accepted b y M

P

is then the set of sequences of lab els that con trol can jump to on pro cedure returns during an execution of

the program P .

Let the transitions of a pushdo wn automaton b e denoted as follo ws [7 ]: if, from a con�guration where it

is in state q and has w in its input and � on its stac k, it can mak e a transition to state q

0

with input string

w

0

and with � on its stac k, w e write ( q ; w ; � ) ` ( q

0

; w

0

; � ). The stac k con ten ts � are written suc h that the

top of the stac k is to the left: if � � a

1

: : : a

n

then a

1

is assumed to b e at the top of the stac k. The mo v es

of M

P

are de�ned as follo ws:

1. If basic blo c k B is a predecessor of basic blo c k B

0

, and B do es not mak e a call or tail call, then M

P

can mak e an " -mo v e from B to B

0

:

( B ; w ; � ) ` ( B

0

; w ; � )
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2. If basic blo c k B mak es a call to pro cedure p with return lab el ` , where the basic blo c k with lab el ` is

B

0

, then M

P

can push t w o sym b ols `B

0

on its stac k and mak e an " -mo v e to state p :

( B ; w ; � ) ` ( p; w ; `B

0

� )

3. If basic blo c k B mak es a tail call to pro cedure p , then M

P

can mak e an " -mo v e to state p :

( B ; w ; � ) ` ( p; w ; � )

4. If the en try no de of the 
o w graph of a pro cedure p is B , then M

P

can mak e an " -mo v e from state p

to state B :

( p; w ; � ) ` ( B ; w ; � )

5. If B is a return blo c k, then if ` app ears on M

P

's input and the lab el ` and blo c k B

0

app ear on the top

of its stac k, then M

P

can read ` from the input, p op ` and B

0

o� its stac k, and go to state B

0

:

( B ; `w ; `B

0

� ) ` ( B

0

; w ; � )

6. Finally , M

P

accepts b y empt y stac k: for eac h state q , there is the mo v e

( q ; "; $) ` ( q ; "; " ).

W e refer to the lab el app earing on the top of M

P

's stac k as the curr ent r eturn lab el , since this is the lab el

of the program p oin t to whic h con trol returns from a return blo c k.

4 Con trol Flo w Grammars

Giv en a set of con trol 
o w graphs for the pro cedures in a program, w e can construct a con text free grammar

that describ es its con trol 
o w b eha vior. W e call suc h a gramm ar a c ontr ol 
ow gr ammar .

De�nitio n 4.1 A con trol 
o w gramm ar for a program P is a con text free grammar G

P

= ( V ; T ; P ; S )

where the set of terminals T is the set Lab els

P

of return lab els of P ; the set of v ariables V is giv en b y

V = Blo cks

P

[ Pro cs

P

; the start sym b ol of the gramma r is the en try pro cedure p of the program; and the

pro ductions of the grammar are giv en b y the follo wing:

1. if B is a basic blo c k that is a predecessor of a basic blo c k B

0

, then there is a pro duction B ! B

0

;

2. if B is a call blo c k with return lab el ` , where the basic blo c k lab elled ` is B

0

, and the called pro cedure

is p , there is a pro duction B ! p ` B

0

;

3. if B is a tail call blo c k and the called pro cedure is p , then there is a pro duction B ! p ;

4. if p is a pro cedure de�ned in P , and the con trol 
o w graph of p has en try no de B , then there is a

pro duction p ! B .

5. If B is a return blo c k, then there is a pro duction B ! " .

Example 4.1 Consider the main / extract / rev erse program from Section 1. A (partial) 
o w graph for

this program is sho wn in Figure 1, with ordinary con trol transfers sho wn using solid lines and calls to

pro cedures using dashed lines. Because con trol transfers at pro cedure returns ha v e not y et b een determined,

the predecessors of basic blo c k B2 and the successors of blo c k B9 are not y et kno wn. The con trol 
o w

grammar for this program has as its terminals the set of lab els f L2 g , non terminals f main , extract , reverse ,

B1, . . . , B10 g , and the follo wing pro ductions:

4



call reverse

reverse:

B1

call extract  ret addr=L2

main:

B2

call print

L2:

extract:
B3

B4 B5

B6 B7

B8

B9 B10

call reversereturn

call extract call extract

Figure 1: A (P artial) Flo w Graph for the main / extract / rever se Program

main ! B1 B5 ! B7

B1 ! extract L2 B2 B6 ! extract

B2 ! print B7 ! extract

extract ! B3 reverse ! B8

B3 ! B4 B8 ! B9

B3 ! B5 B8 ! B10

B4 ! reverse B9 ! "

B5 ! B6 B10 ! reverse

The start sym b ol of the gramma r is main 2

The pro ductions of the con trol 
o w grammar G

P

closely resem ble the mo v es of the con trol 
o w automaton

M

P

, and it comes as no surprise that they b eha v e v ery similarly . Let )

lm

denote the leftmost deriv ation

relation in G

P

. The follo wing theorem, whose pro of closely resem bles the standard pro of of the equiv alence

b et w een pushdo wn automata and con text-free languages [7 ], expresses the in tuition that the con trol 
o w

grammar of a program mirrors the b eha vior of its con trol 
o w automaton:

Theorem 4.1 Given a pr o gr am P with entry p oint S , c ontr ol 
ow gr ammar G

P

and c ontr ol 
ow automaton

M

P

,

S )

?

lm

xA� if and only if ( S; xw ; $) `

?

( A; w ; � )

wher e x; w 2 Lab els

�

P

and A 2 Blo cks

P

[ Pro cs

P

.

5 Zeroth-Order Con trol Flo w Analysis

Zeroth-order con trol 
o w analysis, also referred to as 0-CF A, in v olv es determining, for eac h pro cedure p in a

program, the set of lab els R etLbl ( p ) to whic h con trol can return after some call to p . Consider a call blo c k

B in a program P . If B is not a tail-call blo c k, it pushes its return address on to the top of the stac k b efore

transferring con trol to the called pro cedure. On the other hand, if B is a tail call blo c k, it lea v es the con trol

5



stac k un touc hed and transfers con trol directly to the callee. Ev en tually , when executing a return, con trol

branc hes to the lab el app earing on the top of the stac k. Th us, in either case, the set of lab els to whic h

a pro cedure p can return is the set of curren t return lab els when con trol en ters p , in some con�guration

reac hable from the initial con�guration of M

P

.

R etLbl ( p ) = f ` j ( q

0

; w ; $) `

?

( p; w

0

; `� ) g

It is a direct consequence of Theorem 4.1 that this set is precisely the F OLLO W set of p in the con trol 
o w

grammar of the program (see [1 ] for the de�nition of F OLLO W sets):

Theorem 5.1 F or any pr o c e dur e p in a pr o gr am P , R etLbl ( p ) = F OLLO W ( p ) .

Pro of Supp ose the program P has en try p oin t S . F rom the de�nition of R etLbl ( p ), ` 2 R etLbl ( p ) if and

only if there is a call blo c k A that calls p , suc h that ( S; xw ; $) `

?

( A; w ; � ) ` ( p; w ; `B � ). F rom Theorem 4.1,

this is true if and only if S )

?

xA� ) xp`B � , i.e., S )

?

xp`�

0

. But this is true if only if ` 2 F OLLO W( p ).

It follo ws that R etLbl ( p ) = F OLLO W( p ). 2

Example 5.1 F OLLO W sets for some of the v ariables in the grammar of Example 4.1 are:

X F OLLO W( X )

main $

extract L2

reverse L2

Here, a `$' refers to the \external caller," e.g., the user. It is immediately apparen t from this that con trol

returns from reverse to the basic blo c k in main that calls print . 2

There is one remaining subtlet y in constructing the in terpro cedural con trol 
o w graph of a program

once the set of return lab els for eac h function ha v e b een computed. If w e consider the F OLLO W sets the

grammar of Example 4.1, w e �nd that L2 o ccurs in F OLLO W ( extract ), and it is correct to infer from this

that con trol is transferred to the basic blo c k B2, lab elled b y L2 , after completion of the call to extract .

Ho w ev er, w e cannot conclude that eac h blo c k that has L2 in its F OLLO W set has the blo c k B2 as a successor:

while L2 o ccurs in the F OLLO W sets of B3, B4, B5, B6, B7, B8, B9 and B10, it is not di�cult to see that

only B9|whic h actually con tains a return instruction|should ha v e B2 as a successor. The algorithm for

constructing the con trol 
o w graph of a program, taking this in to accoun t, is giv en in Figure 2.

5.1 Applications of 0-CF A

An example application of 0-CF A is in terpro cedural un b o xing optimization in languages that are either

dynamically t yp ed, or that supp ort p olymorphic t yping. In implem en tations of suc h languages, the compiler

cannot alw a ys predict the exact t yp e of a v ariable at a program p oin t, and as a result it b ecomes necessary

to ensure that v alues of di�eren t t yp es \lo ok the same," whic h is ac hiev ed b y \b o xing." Unfortunately ,

manipulating b o xed v alues is exp ensiv e.

The issue of main taining un tagged v alues has receiv ed considerable atten tion in recen t y ears in the

con text of strongly t yp ed p olymorphic languages [6, 11, 14]. Using explicit \represen tation t yp es," this

w ork relies on the t yp e system to propagate data represen tation information through the program. While

theoretically elegan t, the t yp e system cannot b e a w are of lo w-lev el pragmatic concerns suc h as the costs

of v arious represen tation con v ersion op erations and the execution frequencies of di�eren t co de fragmen ts.

As a result, it is di�cult to guaran tee that the \optimized" program is, in fact, more e�cien t than the

unoptimized v ersion. Also, the idea do es not extend readily to dynamically t yp ed languages.

P eterson [12 ] tak es a pro cedure's con trol 
o w graph, and determines the optimal placemen t of represen-

tation con v ersion op erations, based on basic blo c k execution frequencies and con v ersion op eration costs. As

giv en, this is an in trapro cedural optimization. F or man y programs, un b o xing across pro cedure calls yields

signi�can t p erformance impro v em en ts. As an example, w e tested a program that computes

R

1

0

e

x

dx using

trap ezoidal n umerical in tegration with adaptiv e quadrature. F or this program, in tra-pro cedural un b o xing

optimization yields a p erformance impro v emen t of ab out 30.3% (with a tail call from a function to itself b eing
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Input: A program P .

Output: The in terpro cedural 0-CF A con trol 
o w graph for P .

Metho d:

1. Construct the con trol 
o w gramma r G

P

for P .

2. Compute F OLLO W sets for the non terminals of G

P

.

3. Construct a partial con trol 
o w graph for P , without accoun ting for con trol transfers due to pro-

cedure returns. This is done b y adding edges corresp onding to in tra-pro cedural con trol transfers,

as in [1 ], together with an edge from eac h call blo c k and tail-call blo c k to the en try no de of the

corresp onding called function.

4. F or eac h ` 2 Lab els

P

and eac h non terminal X of G

P

do:

if ` 2 F OLLO W( X ) and the basic blo c k corresp onding to X con tains a return instruction

then add an edge from X to B

`

, where B

`

is the basic blo c k lab elled b y ` ;

Figure 2: An algorithm for constructing the in terpro cedural 0-CF A con trol 
o w graph of a program

recognized and implemen ted as a lo op). With in ter-pro cedural un b o xing, ho w ev er, p erformance impro v es b y

ab out 52.9%.

1

T o apply P eterson's algorithm in terpro cedurally , w e need to construct the con trol 
o w graph

for the en tire program. The presence of tail call optimization mak es computing the set of successors of a

return blo c k di�cult with just the call graph of the program. F ortunately , 0-CF A pro vides precisely what

is needed to determine the successors of return blo c ks, and thereb y to construct the con trol 
o w graph for

a program.

Another application of 0-CF A is in terpro cedural basic blo c k fusion. The basic idea of this optimization

is straigh tforw ard: if w e ha v e t w o basic blo c ks B

0

and B

1

where B

0

is the only predecessor of B

1

and B

1

is the only successor of B

0

, then they can b e com bined in to a single basic blo c k; in the in terpro cedural

case, the blo c ks b eing fused ma y b elong to di�eren t pro cedures. The b ene�ts of this optimization include a

reduction in the n um b er of jump instructions executed, with a concomitan t decrease in pip eline \bubbles,"

as w ell as p oten tially impro v ed opp ortunities for b etter instruction sc heduling in the enlarged basic blo c k

resulting from the optimization. Our exp erience with �lter fusion [15 ] indicates that this optimization can b e

of fundamen tal imp ortance for p erformance in applications in v olving automatically generated source co de.

Consider the main / extract / rev erse program from Section 1. A partial 
o w graph for this program is

giv en in Figure 1. It is not di�cult to see that the 0-CF A algorithm of Figure 2 w ould determine that basic

blo c k B2 is the only successor of blo c k B9, and B9 is the only predecessor of B2, thereb y allo wing these t w o

blo c ks to b e fused. Note that a naiv e analysis that handles tail calls as if they w ere calls that returned to an

empt y basic blo c k imm ediately follo wing the call site w ould infer that basic blo c k B2 had three predecessors,

blo c ks B4, B6 and B7, thereb y prev en ting the application of the optimization in this case.

6 First-Order Con trol Flo w Analysis

While 0-CF A tells us the p ossible return addresses for eac h basic blo c k and pro cedure, it lea v es out all

information ab out the \con text" in whic h a call o ccurs (i.e., who called whom to get to this call site). This

ma y render 0-CF A inadequate in some situations. Information ab out where con trol \came from" could

pro vide more precise liv eness or aliasing information at a particular program p oin t, allo wing a compiler to

generate b etter co de.

1

W e did not implemen t P eterson's algorithm, b ecause the con trol 
o w analysis describ ed here had not b een dev elop ed when

w e implemen te d the un b o xing optimization. Instead, our compiler uses a heuristic that pro duces go o d, but not necessarily

optimal, represen tatio n con v ersion placemen t s. These p erformance impro v eme n ts can therefore b e seen as lo w er b ounds on

what can b e attained using an optimal algorithm.

7



A t an y p oin t during a program P 's execution, the return addresses on its con trol stac k (whic h corresp ond

to the con ten ts of the stac k in some execution of the con trol 
o w automaton M

P

) giv e us a complete history

of the in terpro cedural con trol 
o w b eha vior of the program upto that p oin t. Since, the set of all p ossible

(�nite) sequences of lab els is in�nite, w e seek �nitely computable appro ximations to this information. An

ob vious p ossibilit y is to k eep trac k of the top k lab els on the stac k of M

P

, for some �xed k � 0. 0-CF A,

where w e k eep trac k of no con text information at all, corresp onds to c ho osing k = 0. A con trol 
o w analysis

that k eeps trac k of the top k return addresses on the stac k of M

P

is called a k -th.-or der c ontr ol 
ow analysis ,

or k -CF A (this corresp onds to the \call-strings approac h" of Sharir and Pn ueli [17 ]). In this section, w e

fo cus our atten tion on �rst-order con trol 
o w analysis, or 1-CF A.

In the previous section, w e sho w ed that the F OLLO W sets of the con trol 
o w grammar giv e 0-CF A

information. Ho w migh t w e incorp orate additional con text information in to suc h analyses? In parsing

theory , F OLLO W sets are used to construct SLR(1) parsers, whic h are based on LR(0) items. Because

SLR(1) parsers do not main tain m uc h con text information, they are unable to handle man y simple grammars.

In tro ducing additional con text information in to the items using lo ok ahead tok ens �xes this problem: this

leads to the use of LR(1) items.

This analogy carries o v er to con trol 
o w analysis. LR(1) items for the con trol 
o w grammar G

P

are closely

related to the information manipulated during 1-CF A. Basically , an LR(1) item [ A ! � � � ; a ] con v eys the

information that con trol can reac h A with curren t return lab el a . In an item [ A ! � � � ; a ] w e will often

fo cus on the non terminal A on the left hand side of the pro duction and the lo ok ahead tok en a , but not in the

details of the structure of � � � : in suc h cases, to reduce visual clutter w e will write the item as [ A ! � � � ; a ] .

In the con text of this discussion w e are not concerned with whether or not the con trol 
o w grammar G

P

is

LR(1)-parsable.

W e kno w, from parsing theory , that giv en a con trol 
o w grammar G

P

with v ariables V and terminals T ,

there is a nondeterministic �nite automaton (NF A) ( Q; � ; � ; q

0

; Q ) that recognizes viable pre�xes of G [7 ].

This NF A, whic h w e will refer to as the viable pr e�x NF A , is de�ned as follo ws: its set of states Q consists

of the set of LR(1) items for G

P

, together with a state q

0

that is not an item; its alphab et � = V [ T ; the

initial state is q

0

; ev ery state is a �nal state; and the transition function � is de�ned as follo ws:

( i ) Giv en a program P with en try p oin t p , � ( q

0

; " ) = f [ S ! � p; $] g .

( ii ) � ([ A ! � � B � ; a ] ; " ) = f [ B ! � 
 ; b ] j B ! 
 is a pro duction ; b 2 FIRST( � a ) g .

( iii ) � ([ A ! � � B � ; a ] ; B ) = f [ A ! �B � � ; a ] g ( B 6= " ).

An item I is said to b e r e achable if q

0

;

?

I , i.e., if there is a path from the the initial state q

0

of the viable

pre�x NF A to I . The follo wing result mak es explicit the corresp ondence b et w een LR(1) items in G

P

and

return addresses on top of the stac k of M

P

:

Theorem 6.1 Given a pr o gr am with entry p oint p , ( p; x; $) `

?

( A; y ; a� ) if and only if ther e is a r e achable

item [ A ! � � � ; a ] .

The set of curren t return lab els, i.e., lab els at the top of M

P

's stac k, when con trol en ters a basic blo c k or

pro cedure is no w easy to determine:

Corollary 6.2 L et A b e any b asic blo ck or pr o c e dur e in a pr o gr am P . The set of curr ent r eturn lab els when

c ontr ol enters A is given by f ` j ther e is a r e achable LR(1) item [ A ! � � � ; ` ] g .

An LR(1) item [ A ! � � � ; a ] tells us ab out the return lab els that can app ear on top of the con trol stac k,

i.e., ab out addresses that con trol can go to. F ortunately , it turns out that w e can use the reac habilit y relation

; in the viable pre�x NF A to trace the origins of a call. Consider a program P with a call blo c k A that

calls a pro cedure p : in the con trol 
o w gramma r G

P

, this corresp onds to a pro duction

A ! p ` C

where ` is the return lab el and C is the blo c k with lab el ` . This pro duction giv es rise to LR(1) items of the

form [ A ! � p ` C ; b ]. Let B

p

b e the en try no de of the 
o w graph for p , then G

P

con tains the pro duction

p ! B

p

, so in the viable pre�x NF A there is a " -transition from eac h of these items to the item [ p ! � B

p

; ` ] .

Supp ose the blo c k B

p

has successors C

1

; : : : ; C

k

, then G

P

has pro ductions B

p

! C

1

; � � � B

p

! C

k

, and

the viable pre�x NF A will therefore ha v e " -transitions from the item [ p ! � B

p

; ` ] to eac h of the items
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[ B

p

! � C

1

; ` ], . . . , [ B

p

! � C

k

; ` ]. Supp ose one of these blo c ks, sa y C

j

, mak es a tail call to a pro cedure

q , whose 
o w graph has en try no de B

q

, then G

P

con tains the pro ductions C

j

! q and q ! B

q

, and this

giv es rise to " -transitions from [ B

p

! � C

j

; ` ] to [ C

j

! � q ; ` ] and thence to [ q ! � B

q

; ` ]. W e can follo w

" -transitions in this w a y to trace a sequence of con trol transfers that do es not in v olv e an y pro cedure returns.

Con v ersely , w e can follo w " -transitions bac kw ards from a call to w ork out where it could ha v e come from.

In tuitiv ely , w e w an t to b e able to c haracterize a collection of successiv e basic blo c ks and pro cedures

con trol can go through|i.e., a sequence of states of the con trol 
o w automaton|without an y pro cedure

returns, except p erhaps at the v ery end. Since the set of sequences of blo c ks is in�nite, w e need a �nite

appro ximation: as b efore, one simple w a y to do this is to consider sets of blo c ks (there are only �nitely

man y), together with the curren t return lab el when con trol reac hes eac h blo c k. These ideas can b e made

more precise using the notion of a forwar d chain :

De�nitio n 6.1 A forw ard c hain in a program P is a set f ( B

0

; `

0

) : : : ; ( B

n

; `

n

) g where eac h B

i

is either a

pro cedure in P or a basic blo c k in P , `

i

2 Lab els

P

for 0 � i � n , and where for eac h i , 0 � i < n , the follo wing

hold: ( i ) B

i

is not a return blo c k; and ( ii ) in the con trol 
o w automaton M

P

, ( B

i

; x; `

i

� ) ` ( B

i +1

; y ; `

i +1

� )

for some x; y ; �; � .

Reasoning as ab o v e, it is easy to sho w the follo wing result:

Theorem 6.3 f ( B

0

; `

0

) ; : : : ; ( B

n

; `

n

) g is a forwar d chain in a pr o gr am P if and only if ther e is a se quenc e

of " -tr ansitions in the viable pr e�x NF A for G

P

of the form

[ B

0

! � � B

1

�

0

; `

0

] ; [ B

1

! � B

2

�

1

; `

1

]

; � � �

; [ B

n � 1

! � B

n

�

n � 1

; `

n � 1

]

; [ B

n

! � �

n

; `

n

]

wher e `

i +1

2 FIRST( �

i

`

i

) , for some �

0

; : : : ; �

n

.

No w consider the pro cess of applying the subset construction to the viable pre�x NF A to construct an

equiv alen t DF A. Eac h state of the DF A consists of a set of NF A states|that is, a set of LR(1) items|

obtained b y starting with a set of NF A states and then adding all the states reac hable using only " -transitions.

The DF A construction is useful b ecause the set of NF A states comprising eac h state of the DF A corresp onds

to the largest set of NF A states reac hable from some initial set using only " -transitions, i.e., to a set of

maxim al-l ength forw ard c hains. In other w ords, if a forw ard c hain o ccurs in a state of the ciable pre�x DF A,

it is en tirely con tained in that state: it can can nev er spill o v er in to another state, thereb y simplifying the

searc h for forw ard c hains. This is expressed b y the follo wing result:

Corollary 6.4 f ( B

0

; `

0

) ; : : : ; ( B

n

; `

n

) g is a forwar d chain in a pr o gr am if and only if ther e is a

state in the viable pr e�x DF A for G

P

c ontaining items [ B

0

! � � B

1

�

0

; `

0

] , [ B

1

! � B

2

�

1

; `

1

] , � � � ,

[ B

n � 1

! � B

n

�

n � 1

; `

n � 1

] , [ B

n

! �

n

; `

n

] wher e `

i +1

2 FIRST( �

i

`

i

) , for some �

0

; : : : ; �

n

.

In tuitiv ely , con trol can \come from" a call A to a p oin t B if there is a forw ard c hain from A to B that con tains

no in terv ening calls|i.e., A is the most recen t call preceding B . The follo wing result is no w immediate:

Corollary 6.5 L et A b e a c al l blo ck or a tail c al l blo ck in a pr o gr am P , and B a b asic blo ck or a pr o c e dur e

in P . Then, c ontr ol c an c ome fr om A to B if and only if ther e is a state in the viable pr e�x DF A of G

P

c ontaining items [ B

0

! � � B

1

�

0

; `

0

] , [ B

1

! � B

2

�

1

; `

1

] , � � � , [ B

n � 1

! � B

n

�

n � 1

; `

n � 1

] , [ B

n

! �

n

; `

n

]

wher e `

i +1

2 FIRST( �

i

`

i

) , for some �

0

; : : : ; �

n

, such that B

0

� A , B

n

� B , and B

i

is not a c al l blo ck or

tail c al l blo ck for 0 < i < n .

W e conjecture that the analogy b et w een con trol 
o w analysis and LR items con tin ues to hold when more

con text information is main tained. In particular, w e conjecture that just as �rst-order con trol 
o w analysis

(1-CF A) corresp onds to LR(1) items, k -th.-order con trol 
o w analysis ( k -CF A) corresp onds to LR( k ) items.

9



6.1 Applications of 1-CF A

An example application of 1-CF A is in con text-sensitiv e in terpro cedural data
o w analysis. Muc h of the

recen t w ork on in terpro cedural data
o w analysis has fo cused on languages suc h as C and F ortran, whose

implemen tatio ns usually do not supp ort tail call optimization. These analyses determine, for eac h call, the

b eha vior of the called pro cedure, then propagate this information to the program p oin t to whic h that call

returns. F or the languages considered, the determination of the return p oin ts for the calls is straigh tforw ard.

Because the p oin t to whic h a call returns is not ob vious in the presence of tail call optimization, it is not

ob vious ho w to apply these analyses to systems with tail call optimization. While 0-CF A can b e used to

determine the set of successors for eac h return blo c k, this do es not main tain enough con text information to

determine where con trol came from. As a result, the analysis can infer spurious p oin ter aliases b y propagating

information from one call site bac k to a di�eren t call site. Using c ontext-sensitive interpr o c e dur al analyses

a v oids this b y main taining information ab out where a call came from [2 , 9, 23], whic h is precisely the

information pro vided b y 1-CF A.

As a sp eci�c example of the utilit y of con text-sensitiv e 
o w information, our exp erimen ts with dead

co de elimination based on in terpro cedural liv eness analysis, in the con text of the alto link-time optimizer

[3 ] applied to a n um b er of SPEC b enc hmarks, indicate that compared to the n um b er of register loads and

stores that can b e deleted based on con text-insensitiv e liv eness information, an additional 5%{8% can b e

deleted using con text-sensitiv e liv eness information.

Whether or not a con text-sensitiv e v ersion of an in terpro cedural analysis is useful dep ends, to a great ex-

ten t, on the analysis and the application under consideration. Our exp erimen ts with in terpro cedural liv eness

analysis indicate that there are situations when suc h analyses can lead to a noticeable impro v emen t in the

co de generated. On the other hand, in comparing con text-sensitiv e and con text-insensitiv e alias analyses due

to indirect memory references through p oin ters, Ruf observ es [16 ] that \. . . the con text-sensitiv e analysis do es

compute more precise alias relationships at some program p oin ts. Ho w ev er, when w e restrict our atten tion

to the lo cations accessed b y or mo di�ed b y indirect memory references, no additional precision is measured."

Ho w ev er, if a con text-sensitiv e data
o w analysis is deemed necessary for a language implemen tation with

tail call optimization, the con trol 
o w analysis describ ed here can b e used to pro vide the necessary supp ort.

7 A Larger Example

Consider the follo wing program, adapted from Section 4.17 of [13 ], to determine whether a prop ositional

form ula in conjunctiv e normal form is a tautology:

fun taut(Conj(p,q)) = taut(p) andalso taut(q)

| taut(p) = ( [] <> int(pos(p), neg(p)) );

fun pos(Atom(a)) = [a]

| pos(Neg(Atom(a))) = []

| pos(Disj(p,q)) = app(pos(p), pos(q));

fun neg(Atom(a)) = []

| neg(Neg(Atom(a))) = [a]

| neg(Disj(p,q)) = app(neg(p), neg(q));

fun int([], ys) = []

| int(x::xs, ys) = if mem(x, ys) then x :: int(xs, ys) else int(xs, ys);

fun mem(x, []) = false

| mem(x, y::ys) = (x=y) orelse mem(x, ys);

fun app([], ys) = ys

| app(x::xs, ys) = x::app(xs, ys);

The partial 
o w graph for this program is sho wn in Figure 3. T o reduce clutter, w e ha v e not explicitly

sho wn con trol transfers due to pro cedure calls; moreo v er, to aid the reader in understanding the con trol


o w b eha vior of this program, eac h non-tail call is connected to the basic blo c k corresp onding to its return

address with a dashed arc. The con trol 
o w grammar G = ( V ; T ; P ; S ) for this program is giv en b y the

follo wing: V = f taut , pos , neg , int , mem , app , B0, . . . , B33 g ; T = f L2 , L4 , L5 , L6 , L12 , L13 , L19 , L20 , L24 ,
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return

return

call taut call pos

return call neg

return

return call pos

call pos

return

return

ret addr=L20

call neg

call neg

pos: neg:taut:

call mem return call mem

mem:

return

B1

B0

B2

B3

B4

B5

B6

B7

B8 B9

B10 B11

B12

B13

B14

B15 B16

B17 B18

B19

B20

B21

B22 B23

return

B24

B25 B26

B27

B28

B29 B30

B31

B32 B33

L5:

L4:

L6:

L12:

L13:

L19:

L20:

L24:

L27:

ret addr=L1

ret addr=L24

ret addr=L27

L2:

app:

call app call app

call app

int:

call int

call int call int

ret addr=L5

ret addr=L4

ret addr=L6

ret addr=L12

ret addr=L13

ret addr=L19

Figure 3: A (P artial) Flo w Graph for the T autology Chec k er Program
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taut ! B0 B12 ! pos L13 B13 B16 ! B18

B0 ! B1 B13 ! app B25 ! int

B0 ! B3 neg ! B14 B26 ! int L27 B27

B1 ! taut L2 B2 B14 ! B15 B27 ! "

B2 ! " B14 ! B16 mem ! B28

B3 ! pos , L4 B4 B15 ! " B28 ! B29

B4 ! neg L5 B5 B16 ! B17 B28 ! B30

B5 ! int L6 B6 B17 ! " B29 ! "

B6 ! " B18 ! neg L19 B19 B30 ! mem

pos ! B7 B19 ! neg L20 B20 app ! B31

B7 ! B8 B20 ! app B31 ! B32

B7 ! B9 int ! B21 B31 ! B33

B8 ! " B21 ! B22 B32 ! "

B9 ! B10 B21 ! B23 B33 ! append

B9 ! B11 B22 ! " B23 ! mem L24 B24

B10 ! " B24 ! B25 B24 ! B26

B11 ! pos L12 B12

Figure 4: Pro ductions for the con trol 
o w grammar of the program in Section 7

L27 g ; S = taut ; and the set of pro ductions P as sho wn in Figure 4. The set of p ossible return addresses for

eac h function, as obtained using 0-CF A, is as follo ws:

taut : L2 , $

pos : L4 , L12 , L13

neg : L5 , L19 , L20

int : L6 , L27

mem : L24

app : L4 , L12 , L13 , L5 , L19 , L20

Due to space constrain ts, w e do not repro duce all the sets of LR(1) items for this gramma r. The di�erence

b et w een 0-CF A and 1-CF A can b e illustrated b y examining the b eha vior of the function app . On examining

the viable pre�x DF A, w e �nd four states that are relev an t to this function. One of these states consists of

the follo wing t w o groups of LR(1) items:

[ B 12 ! pos L13 � B 13 ; L4 ] [ B 12 ! pos L13 � B 13 ; L12 ]

[ B 13 ! � app ; L4 ] [ B 13 ! � app ; L12 ]

[ app ! � B 31 ; L4 ] [ app ! � B 31 ; L12 ]

[ B 31 ! � B 32 ; L4 ] [ B 31 ! � B 32 ; L12 ]

[ B 31 ! � B 33 ; L4 ] [ B 31 ! � B 33 ; L12 ]

[ B 32 ! � ; L4 ] [ B 32 ! � ; L12 ]

[ B 33 ! � app ; L4 ] [ B 33 ! � app ; L12 ]

F rom the forw ard c hains in the �rst group, w e can determine that app can b e called from basic blo c k B13

of the function pos , with return lab el L4 (note that this refers to a blo c k that|b ecause of the con trol 
o w

e�ects of tail-call optimization|do es not b elong to the calling function), and this can then recursiv ely call

itself with the same return lab el. In this case, the return lab el indicates that the calling function pos w as

itself called from taut . The second group of LR(1) items sho ws a similar call sequence to app from basic

blo c k B13, except that in this case the calling function pos is b eing called recursiv ely from basic blo c k B11

in the b o dy of pos . The remaining three states relev an t to the function app pro vide similar information: one

of these con tains t w o groups of items, the �rst of whic h is iden tical to the �rst group ab o v e, and the second

of whic h is similar to the second group ab o v e except that it refers to a recursiv e call to pos from basic blo c k

B12; the remaining t w o states pro vide similar information for calls to app from the function neg .
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8 T rading Precision for E�ciency

One of the biggest adv an tages w e see for a grammatical form ulation of con trol 
o w analysis is that gramma rs

and parsing ha v e b een studied extensiv ely and are generally w ell understo o d. Because of this, a wide v ariet y

of tec hniques and to ols originally devised for syn tax analysis are applicable to con trol 
o w analysis.

As an example of this, consider the fact that the e�ciency of compile time analyses can b e impro v ed b y

reducing the amoun t of information main tained and manipulated, i.e., b y decreasing precision. In the case

of con trol 
o w analysis, determining where con trol came from in v olv es examining the states of the viable

pre�x DF A of the con trol 
o w grammar, constructed using LR(1) items. It is w ell-kno wn that the n um b er

of states in suc h a DF A can b ecome v ery large, but that b y judiciously merging certain states (those with a

common \k ernel", see [1 ]) the n um b er of states can b e reduced considerably without signi�can tly sacri�cing

the information con tained in the DF A. P arsers that are constructed in this w a y are kno wn as LALR(1)

parsers, whic h can b e built e�cien tly (without initially building the LR(1) DF A).

It do es not come as a surprise that the same idea can b e applied to 1-CF A as w ell. The resulting analysis

is more precise than 0-CF A and p oten tially somewhat less precise than 1-CF A: with tongue �rmly in c heek,

w e call suc h an analysis

1

2

-CF A. It is usually considerably more e�cien t than 1-CF A. As an example, for

the tautology c hec k er program of Section 7, the viable pre�x DF A constructed from LR(1) items con tains

97 states, while that constructed from LALR(1) items con tains 55 states; if w e consider the en tire tautology

c hec k er from [13 ], whic h w orks for arbitrary prop ositional form ulae, the LR(1) viable pre�x DF A has 304

states while the LALR(1) DF A has 112 states. If w e fo cus on calls to the function app , as in Section 7, w e

�nd that with LALR(1) items it su�ces to examine a single state of the DF A, in con trast to four states for

the LR(1) case. Moreo v er, there is no loss of information regarding the calling con texts in this case.

9 Conclusions

Kno wledge of lo w-lev el con trol 
o w is essen tial for man y compiler optimizations. In systems with tail call

optimization, the determination of in terpro cedural con trol 
o w is complicated b y the fact that b ecause of

tail call optimization, con trol 
o w at pro cedure returns is not readily eviden t from the call graph of the

program. In this pap er, w e sho w ho w in terpro cedural con trol 
o w analysis of �rst-order programs can b e

carried out using w ell-kno wn concepts from parsing theory . In particular, w e sho w that 0-CF A corresp onds

to the notion of F OLLO W sets in con text free grammars, and 1-CF A corresp onds to the analysis of LR(1)

items. The con trol 
o w information so obtained can b e used to impro v e the precision of in terpro cedural

data
o w analyses as w ell as to extend certain lo w-lev el co de optimizations across pro cedure b oundaries.
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