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Abstract

This pap er considers the complexit y of in terpro cedural function p oin ter

ma y-alias analysis, i.e., determining the set of functions that a function

p oin ter (in a language suc h as C) can p oin t to at a p oin t in a program.

This information is necessary , for example, in order to construct the con-

trol 
o w graphs of programs that use function p oin ters, whic h in turn

is fundamen tal for most data
o w analyses and optimizations. W e sho w

that the general problem is complete for deterministic exp onen tial time.

W e then consider t w o natural simpli�cati ons to the basic (precise) anal-

ysis and examine their complexit y . The approac h describ ed can b e used

to readily obtain similar complexit y results for related analyses suc h as

reac habilit y and recursiv eness.

1 In tro duction

Recen t y ears ha v e seen a great deal of in terest in in terpro cedural compile-tim e

analyses and optimizations (see, for example, [CBC93 , LR92 , LRZ93 , My e81,

SP81, WL95 ]). F undamen tal to an y suc h e�ort is the determination of in terpro-

cedural con trol 
o w. In the presence of function p oin ters (or pro cedure-v alued

v ariables) this requires the determination of the set of functions that a function

p oin ter ma y p oin t to at an y program p oin t, i.e., the set of its p ossible aliases. In

this pap er, w e examine the theoretical complexit y of this problem, whic h w e refer

to as the interpr o c e dur al function p ointer may-alias analysis ( FP-MayA lias ).

The problem of determining in terpro cedural con trol 
o w in the presence

of pro cedure-v alued argumen ts w as �rst in v estigated in the con text of call

(m ulti)graph construction for F ortran programs, whic h do not allo w functions to

return pro cedure v alues [Ryd79 , CCHK90]. More recen tly , Shiv ers uses abstract

�
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in terpretation to examine the problem in the con text of higher-order languages

suc h as Sc heme [Shi88 , Shi91 ]: His ma jor concerns are with seman tic asp ects of

the problem. Lakhotia studies the general problem for a language where pro-

cedures ma y b e assigned to v ariables, in v ok ed through v ariables, and returned

as results [Lak93 ]. Lakhotia giv es a p olynomial time algorithm whose e�ciency

gains come at the cost of considerable imprecision in the analysis.

Zhang and Ryder [ZR94 ] examine the complexit y of in terpro cedural function

p oin ter ma y-alias analysis for the programming language C. They are the �rst

to de�ne, in a precise w a y , what it means for suc h an analysis to b e pr e cise ,

1

and

consider the complexit y of the problem with resp ect to the presence or absence

of v arious program constructs, suc h as global function p oin ters, assignmen t to

function p oin ters, in v o cation through function p oin ters, etc. They sho w that

while p olynomial -tim e algorithms exist for precise solutions to the problem in

the presence of some restricted com binations of suc h program constructs, the

problem is, in most cases, NP-hard.

This pap er examines in detail the computational complexit y of a n um b er of

v ariations on in terpro cedural function p oin ter ma y-ali as analysis. W e �rst sho w

that the computation of precise solutions requires the use of the relational at-

tributes metho d [JM81 ], whic h, in turn, implies NP-hardness ev en in the absence

of function calls, and sho w that the problem is complete for deterministic exp o-

nen tial time. W e then examine t w o natural w a ys to simplify the analysis at the

cost of precision. The �rst is to use an indep enden t attributes analysis [JM81 ],

i.e., ignore dep endences b et w een the aliases of di�eren t v ariables. Somewhat

surprisingly , the problem remains EXPTIME-complete in this case: the simpli-

�cation pro duces no impro v emen t in the theoretical w orst-case complexit y . The

second simpli�cation is to abandon con text information for function calls and

resort to what Shiv ers refers to as 0-CF A (zeroth-order con trol 
o w analysis).

It turns out that this simpli�cation admits p olynomial- tim e algorithms, though

p oten tially at the cost of considerable sacri�ce in precision.

The remainder of this pap er is organized as follo ws. Section 2 discusses

bac kground information and de�nes the FP-MayA lias problem. Section 3 dis-

cusses the problem of obtaining precise solutions to this problem. Section 4

considers the complexit y of function p oin ter alias analysis using the indep en-

den t attribute metho d, and Section 5 considers a further sacri�ce in precision

in v olving con text-insensitiv e analysis. Section 6 brie
y considers the related

problem of function p oin ter m ust-alias analysis. Finally , Section 7 concludes.

2 Preliminaries

F or co de analysis and optimization purp oses, compilers t ypically construct a

con trol 
o w graph for eac h function in a program [ASU86 ]. This is a directed

graph where eac h no de represen ts a segmen t of executable co de that has a single

1

The determinat ion of whether some (non trivial) prop ert y will actually hold at a particular

program p oin t at run time is, of course, undecidable. A standard assumption in the data
o w

analysis literature is that b oth branc hes of a conditiona l can b e executed: this usually su�ces

to sidestep the problem of undecidab ilit y , and \precision" of program analyses is t ypically

de�ned with resp ect to this assumption.
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en try p oin t and a single exit p oin t, and where there is an edge from a no de A to a

no de B if and only if it is p ossible for execution to lea v e no de A and immedia tely

en ter no de B . If there is an edge from a no de A to a no de B , then A is said to

b e a pr e de c essor of B and B is a suc c essor of A ; the set of all predecessors of a

no de A is denoted b y pr e d ( A ), while the set of all successors of A are denoted

b y suc c ( A ). F or a no de with a single predecessor, w e abuse notation and use

pr e d ( A ) to refer to the predecessor itself rather than the singleton set con taining

the predecessor, and similarly with successors.

Con trol 
o w graphs in the traditional sense describ e the 
o w of con trol within

a function, but do not accoun t for con trol 
o w across function b oundaries. An

in terpro cedural con trol 
o w graph (ICF G) for a program consists of the con trol


o w graphs of all the functions in the program, together with edges represen ting

calls and returns that link the 
o w graphs of di�eren t functions. A function

call is represen ted using a pair of no des, a c al l no de and a r eturn no de : the

successors of a call no de consist of the corresp onding return no de together with

the en try no de of eac h function that can b e called from that no de (in the case

of indirect calls through function p oin ters, there is an edge to the en try no de of

eac h function in the program), while the predecessors of a return no de consist

of the corresp onding call no de together with the exit no de of eac h function that

could ha v e b een called from that call no de. The function that is called from

a call no de n is denoted b y c al le e ( n ). T o pro v e that a prop ert y holds at a

program p oin t, an analysis m ust consider static al ly exe cutable paths from the

en try p oin t of the program upto that p oin t: roughly sp eaking, these are paths

that can actually b e tak en during execution, mo dulo the assumption (standard

in data
o w analysis) that b oth branc hes of a conditional can b e tak en [ZR94 ].

More formally , these paths can b e de�ned as follo ws:

De�nition 2.1 [Statically executable path] A path starting at the ro ot

2

of

the in terpro cedural con trol 
o w graph is static al ly exe cutable if it satis�es the

follo wing t w o conditions:

1. The path has a pr op er subpath con taining all the return no des. A path is

pr op er if

� It con tains no return and no call no des.

� It is the concatenation of t w o prop er paths.

� Its �rst call no de c and its last return no de r stem from the same

call site; the successor c

0

of c and the predecessor r

0

of r b elong to

the same function; and the path from c

0

to r

0

is also prop er.

2. F or eac h indirect call edge through a function p oin ter x to a function f ,

x m ust p oin t to f , i.e., the last assignmen t to x along the path m ust ha v e

b een to f .

2

In the sequel w e will call this ro ot entr y ( main )
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De�nition 2.2 [F unction P oin ter Ma y Aliasing Problem] Giv en a no de n in

the ICF G and a v ariable v the function p oin ter ma y aliasing problem is to �nd

all pro cedures p so that there is a statically executable path from the en try

p oin t of the program to the no de n at the end of whic h v p oin ts to p .

W e write [ n; h v ; p i ] to indicate that v ma y b e aliased to p , i.e., ma y p oin t

to p , at a program p oin t n . An in terpro cedural function p oin ter ma y-ali as

analysis is said to b e pr e cise if, for eac h program p oin t n of eac h program P ,

the set of aliases it computes is exactly the set [ n; h v ; p i ] . While an analy-

sis ma y not b e precise in general, it is required to b e safe , i.e., compute at

least those aliases that hold at eac h program p oin t. W e will sho w that the

problem of precise function p oin ter ma y-ali as analysis is complete for the com-

plexit y class EXPTIME, i.e., deterministic exp onen tial time, whic h is de�ned

as EXPTIME =

S

c � 0

DTIME [2

n

c

].

W e use the follo wing notation in the remainder of the pap er. The p o w erset

of a set S is denoted b y P ( S ) , the n -fold Cartesian pro duct of S with itself is

denoted b y S

n

, the set of monotone functions from S

n

to S |assuming that S

is ordered|is denoted b y [ S

n

! S ]. If S forms a (complete) lattice under a

partial order v , with meet and join op erations u and t , then S

n

and [ S

n

! S ]

also form (complete) lattices with v , u and t extended comp onen t wise and

p oin t wise in the ob vious w a y . Giv en a recursiv e equation f ( � x ) = E ( f ; �x ) o v er

a complete lattice ( S; v ) with meet and join op erations u and t resp ectiv ely ,

let � ( f ) : S ! S b e the functional corresp onding to the righ t hand side of this

equation: if � is monotone and con tin uous (note that a monotone function o v er

a �nite(-heigh t) lattice is necessarily con tin uous), then from the Knaster-T arski

�xp oin t theorem [T ar55 ], it has a least �xp oin t giv en b y

F

i � 0

f �

i

( ? ) j i � 0 g ,

where ? is the least elemen t of S and �

i

denotes the i -times iterated unfolding

of � . W e use lfp ( f ) and sometimes f

�

to denote this least �xp oin t. Finally ,

f [ a 7! b ] denotes the function that coincides with f except at a , where it

ev aluates to b : f [ a 7! b ]

4

= �x: if x = a then b else f ( x ) :

Since w e fo cus purely on the problem of function p oin ter aliasing, to sim-

plify the discussion w e explicitly disregard issues that do not b ear directly on

this. In particular, w e assume that there are no arra ys or records, nor an y refer-

ence parameters or p oin ter-induced aliasing (except for aliases due to function

p oin ters).

F or notational simplicit y in the discussion that follo ws, w e assume that pro-

grams ob ey the follo wing syn tactic restrictions. W e assume that all functions

ha v e the same set of lo cal v ariable names, denoted b y V a r , and the same set of

formal parameters Fml = f fml

1

; : : : ; fml

k

g � V a r . These formals are assumed

to b e read-only , i.e., they cannot b e c hanged within a function. This mak es it

easier to matc h up en vironmen ts at the en try to, and exit from, a function, and

can b e easily met b y cop ying formals to other lo cal v ariables where necessary .

Additionally , eac h function is assumed to ha v e a sp ecial v ariable r et 2 V a r : the

v alue returned b y the function is loaded in to this v ariable b efore con trol returns

to its caller. T o mo del parameter passing, w e assume that eac h function has a

sp ecial set of v ariables Arg = f ar g

1

; : : : ; ar g

k

g � V a r , and that the v alue of the
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i

th

argumen t is assigned to ar g

i

b efore a function call (1 � i � k ). Addition-

ally , eac h function is assumed to ha v e a sp ecial v ariable r es 2 V a r : whenev er

a function calls another function, the result of the function call is assumed to

b e assigned to this v ariable when con trol returns to the caller. Finally , it is as-

sumed that the 
o w graph for eac h function f has distinguished en try and exit

no des, entry ( f ) and exit ( f ) resp ectiv ely , where execution en ters f and lea v es f .

W e sidestep the issue of indirect calls through an unde�ned function p oin ter

v ariable b y assuming that there is a sp ecial function nil 2 F un , where F un

denotes the set of function names in a program, that alw a ys returns a p oin ter

to itself. Initially , all v ariables are assumed to b e initialized to p oin t to nil . The

en try p oin t of a program is a distinguished function main 2 F un . W e assume

that there are no global v ariables. This restriction is primarily to simplify our

data
o w equations: it is straigh tforw ard to extend the equations to tak e globals

in to accoun t, but this do es not shed an y additional insigh t in to complexit y issues

relating to this analysis or a�ect our results in an y w a y .

3 Precise F unction P oin ter Alias Analysis

3.1 Relational A ttribut es vs. Indep enden t A ttribut es

Program analysis in v olv es k eeping trac k of (descriptions of ) the v alues di�er-

en t v ariables can tak e on at di�eren t program p oin ts. In general, the v alues of

di�eren t v ariables ma y dep end on eac h other. When trac king the v alues that

v ariables can tak e on, w e ma y c ho ose to k eep trac k of suc h dep endencies (leading

to analysis information of the form \[ n; h x; a i ] and [ n; h y ; b i ] ; or [ n; h x; c i ] and

[ n; h y ; d i ] "), or w e ma y c ho ose to ignore suc h dep endencies (leading to informa-

tion of the form \[ n; h x; a i ] or [ n; h x; c i ] ; and [ n; h y ; b i ] or [ n; h y ; d i ] "). Jones

and Muc hnic k refer to the former kind of analysis as the r elational attributes

metho d, and the latter kind as the indep endent attributes metho d [JM81]. In

practice, program analyses t ypically use the indep enden t attributes metho d b e-

cause it tends to b e simpler and more e�cien t to implemen t.

In the con text of function p oin ter ma y-alias analysis, a precise analysis al-

gorithm cannot use the indep enden t attributes metho d in general. This is illus-

trated b y the follo wing example:

Example 3.1 Let PF denote the t yp e of a p oin ter to a function that tak es an

argumen t of t yp e PF and returns a result of t yp e PF .

3

Consider the follo wing

program:

PF id(PF x) { return x; }

PF nil(PF x) { return &nil; }

main()

{

PF z;

3

This recursiv e t yp e cannot b e prop erly expressed in C, though it is p ossible to use v oid

p oin ters and casting to ac hiev e the same results. T o simplify the presen tation, ho w ev er, w e

will use PF to refer to suc h p oin ters.
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if (...) { x = &id; y = &nil; }

else { x = &nil; y = &id; }

z = (*x)(y);

...

}

It is not di�cult to determine that, regardless of whic h branc h of the condi-

tional is tak en, the v alue assigned to z m ust b e a p oin ter to nil . Ho w ev er, an

indep enden t attribute analysis w ould determine the set of p ossible aliases for

b oth x and y , at the p oin t immediately after the conditional, to b e f id , nil g .

Then, when considering the indirect call (*x)(y) w e w ould b e forced to consider

the p ossibilit y that b oth x and y are p oin ters to id , implying that a p ossible

v alue that could b e assigned to z is a p oin ter to id . This is imprecise, and the

imprecision is due solely to the fact that the connection b et w een the aliases of

di�eren t v ariables is lost during an indep enden t attributes analysis.

3.2 A F ramew ork for F unction P oin ter Ma y-Alias Analysis

As Example 3.1 illustrates, a precise analysis requires what Jones and Muc hnic k

ha v e referred to as a r elational attributes analysis, i.e., where connections b e-

t w een the p ossible aliases of di�eren t v ariables are main tained [JM81 ]. W e will

k eep trac k of suc h connections using envir onments , whic h map lo cal v ariables

to the functions they are aliased to (p oin t to). En vironmen ts are �nite maps;

an en vironmen t of the form [ a

1

7! b

1

; : : : ; a

n

7! b

n

] represen ts the function

�x: if x = a

1

then b

1

; � � � ; else if x = a

n

then b

n

; else nil

The set of en vironmen ts is Env = V a r ! F un . The function L o okup : ( V a r [

F un ) � Env ! F un ev aluates the expressions in call and assignmen t no des. An

expression can either b e a v ariable or a constan t:

L o okup ( expr ; env ) =

�

expr if expr 2 F un

env ( expr ) if expr 2 V a r

The data
o w analysis asso ciates, with eac h no de n in the ICF G, an elemen t

AEnv ( n ) 2 P ( Env ) . Since all v ariables are unde�ned, and hence assumed to b e

initialized to nil at the en try to the program (see Section 2), for the ro ot no de

r (= entr y ( main )) of the ICF G w e set AEnv ( r ) = f �x: nil g . The en vironmen ts

for the other no des are de�ned via data
o w equations as follo ws:

1. n is the en try no de for a function f . Let Cal lEnv ( n; f ) b e a the subset of

en vironmen ts curren tly asso ciated with call no de n that could ha v e caused

execution to en ter function f :

Cal lEnv ( n; f ) = f e 2 AEnv ( n ) j f = L o okup ( c al le e ( n ) ; e ) g :

Then, AEnv ( n ) is giv en b y

AEnv ( n ) =

S

p 2 pr e d ( n )

f [ fml

1

7! e ( ar g

1

) ; : : : ; fml

k

7! e ( ar g

k

)] j

e 2 Cal lEnv ( p; f ) g :
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2. n is an assignmen t no de ` x := u '. The only e�ect of this is to up date the

binding of x in the en vironmen t to the v alue(s) denoted b y u :

AEnv ( n ) =

[

p 2 pr e d ( n )

f e [ x 7! L o okup ( u; e )] j e 2 AEnv ( p ) g :

3. n is a return no de for a function call. Let n

0

b e the call no de corresp onding

to n . The p ossible return v alues can b e obtained from the en vironmen ts

at the exit no des of the functions called b y n

0

. Ho w ev er, w e ha v e to

mak e sure that w e consider only realizable paths: this can b e done b y

considering only those en vironmen ts at the exit no des whose formals matc h

the argumen ts at the call no de n

0

. Therefore, w e de�ne:

R eturnEnv ( n; e ) = f e

0

2 AEnv ( exit ( f )) j f = L o okup ( c al le e ( n ) ; e ) ^

^

1 � i � k

e ( ar g

i

) = e

0

( fml

i

) g :

AEnv ( n ) is then simply the set of en vironmen ts at the call no de n

0

ap-

propriately up dated with the v alues that could b e returned b y the called

function:

AEnv ( n ) = f e [ r es 7! e

0

( r et )] j e 2 AEnv ( n

0

) ^ e

0

2 R eturnEnv ( n

0

; e ) g

4. n is a conditional no de, an exit no de, or a call no de. In eac h case, AEnv ( n )

is obtained b y cop ying the en vironmen ts of the only predecessor no de:

AEnv ( n ) = AEnv ( pr ed ( n )) :

5. n is a junction no de. In this case, AEnv ( n ) is obtained as the union of its

predecessors' en v oronmen ts:

AEnv ( n ) =

S

p 2 pr e d ( n )

AEnv ( p ) :

The equation for the en try no des mak e sure that not all p ossible function argu-

men ts are considered but only those that can actually happ en during execution.

This essen tially resem bles the minim al function graphs approac h of [JM86 ].

W e use AEnv

�

to denote the least �xp oin t of the system of equations giv en

ab o v e for AEnv . Since the sets V a r and F un are �nite, so is the set Env =

V a r ! F un . This implies that ( P ( Env ) ; � ) is a �nite lattice, and therefore that

AEnv

�

2 P ( Env ) can b e computed using the iterativ e algorithm sho wn b elo w.

Algorithm 3.1

for al l no des n do

if n = r then AEnv ( n ) = f �x: nil g else AEnv ( n ) = ;

repeat

for al l no des n exc ept r do in parallel

r e c ompute AEnv ( n ) fr om the AEnv value(s) of the pr e de c essor(s) of n

until ther e is no change to AEnv ( n ) for any no de n

7



The �xp oin t captures the aliasing b eha vior of the program precisely (upto

the standard assumptions of data
o w analysis):

Lemma 3.1 The pr e cise set of aliases at any pr o gr am p oint n in a pr o gr am is

given by AEnv

�

( n ) . In other wor ds, for any p oint n in a pr o gr am, [ n; h v ; p i ] if

and only if 9 e 2 AEnv

�

( n ) : e ( v ) = p .

Pro of The pro of that [ n; h v ; p i ] implies 9 e 2 AEnv

�

( n ) : e ( v ) = p is b y

induction on the length of statically executable paths leading upto n . The

other direction is b y �xp oin t induction on the equations de�ning AEnv .

Theorem 3.1 FP-MayA lias 2 EXPTIME :

Pro of W e sho w that AEnv

�

can b e computed in time O ( n

3

� ( f

v

)

2

) = O ( n

3

�

2

2 n log n

), where n is the n um b er of no des in the ICF G, f = j F un j , and v = j V a r j .

W e assume that eac h set AEnv ( n ) is represen ted b y a bitv ector of length f

v

.

Since eac h bit once set to 1 will nev er c hange bac k to 0 there can b e at most

n � f

v

iterations. In eac h iteration w e ha v e to consider n no des. The most

costly op eration is the computation for a junction no de whic h is b ounded ab o v e

b y O ( n � f

v

). F urthermore, w e ha v e f = O ( n ), and v = O ( n ). Since the

complexit y class EXPTIME is de�ned as EXPTIME = [

c � 0

DTIME[2

n

c

], the

theorem follo ws.

3.3 FP-MayA lias is EXPTIME -Hard

Theorem 3.1 indicates that in the w orst case, time that is exp onen tial in the size

of the input program is su�cien t for the FP-MayA lias problem. In this section,

w e sho w that this analysis problem is hard for deterministic exp onen tial time,

i.e., it ma y require, in the w orst case, time that is (at least) exp onen tial in the

input size. Our pro of is b y reduction from a problem of ev aluating recursiv e

monotone Bo olean functions o v er the lattice B = f 0 ; 1 g , the b o olean lattice

with 0 v 1 , and meet and join op erations u and t .

De�nition 3.1 [Recursiv e monotone b o olean function (RMBF )]

A recursiv e monotone b o olean function (RMBF ) is an equation

F ( x

1

; : : : ; x

k

) = expr

where expr is recursiv ely de�ned b y the follo wing BNF pro ductions:

expr ::= 0 j 1 j x

i

(1 � i � k ) j expr ^ expr j expr _ expr j F ( expr ; : : : ; expr )

expr induces a monotone and con tinous functional �

1

on [ B

k

! B ].

4

The

function denoted b y the equation is then its least �xp oin t lfp ( F ) in [ B

k

! B ].

4

Here 0 , 1 , resp. x

i

are abbreviation s for �~ x : 0 , �~ x: 1 , resp. �~ x :x

i
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De�nition 3.2 [RMBF Problem]

Giv en a pair ( eq ; ~ z ) where eq is a RMBF and ~ z 2 B

k

the RMBF problem is to

ev aluate ( lfp ( F ))( ~ z ).

Theorem 3.2 (Hudak and Y oung [HY86 ])

The RMBF pr oblem is EXPTIME -c omplete in the length of the p air ( eq ; ~ z ) .

Giv en an instance ' = ( eq ; ~ z ) of the RMBF problem, our strategy will b e to

generate a program P

'

suc h that the results of function p oin ter alias analysis

on P

'

can b e used to solv e ' . (The generation of the corresp onding ICF G is

straigh tforw ard). Giv en an y n um b ering of the syn tax tree of eq that assigns

distinct n um b ers to distinct no des, let the subtree of the syn tax tree ro oted at

the no de n um b ered ` b e denoted b y E

`

and let `

r

b e the n um b er of the ro ot

no de. Then, the program P

'

is de�ned as follo ws:

1. It con tains the de�nitions

typedef PF ...;

PF nil(PF arg) f return &nil; g

PF id(PF arg) f return arg; g

Here, PF is a p oin ter to a function that returns a result of t yp e PF and

tak es an argumen t of t yp e PF (see Example 3.1).

2. Corresp onding to eac h sub expression E

`

of the b o dy of the recursiv e equa-

tion eq , there is a C function f

`

, de�ned as follo ws:

(a) If E

`

� 1 then f

`

is: PF f

`

(PF x1,...,PF xk) f return &id; g

(b) If E

`

� 0 then f

`

is: PF f

`

(PF x1,...,PF xk) f return &nil; g

(c) If E

`

� x

i

then f

`

is: PF f

`

(PF x1,...,PF xk) f return x i ; g

(d) If E

`

� E

`

1

^ E

`

2

then f

`

is:

PF f

`

(PF x1,...,PF xk)

f return f

`

1

(x1,...,xk)(f

`

2

(x1,...,xk)); g

(e) If E

`

� E

`

1

_ E

`

2

then f

`

is:

PF f

`

(PF x1,...,PF xk)

f return (...)? f

`

1

(x1,...,xk): f

`

2

(x1,...,xk); g

(f ) If E

`

� F ( E

`

1

; :::; E

`

k

) then f

`

is:

PF f

`

(PF x1,...,PF xk)

f return f

`

r

(f

`

1

(x1,...,xk),...,f

`

k

(x1,...,xk)); g

3. Let

~

z

0

b e obtained from ~z b y mapping 1 to id and 0 to nil comp onen t wise.

Then, the en try p oin t for P

'

is de�ned b y the C function

void main() f PF result = f

`

r

(& z

0

1

,...,& z

0

n

); g

9



Example 3.2 Consider the RMBF instance

' = ( F ( x

1

; x

2

; x

3

) = F ( F ( x

1

; x

3

; x

2

) ; x

3

_ x

2

; 1 ) ^ x

1

; ( 1 ; 0 ; 1 ))

Its syn tax tree, with the (preorder) n um b er of eac h no de sho wn next to the

no de, together with the program P

'

corresp onding to ' , is sho wn in Figure 1.

The follo wing result is straigh tforw ard:

Lemma 3.2 Given any instanc e ' of RMBF , the ICF G for pr o gr am P

'

c an

b e gener ate d in time p olynomial in j ' j .

Since aliases in the programs so generated are generated through function

calls only , v ariables can p oin t only to nil and/or id , and the aliases of a par-

ticular incarnation of a v ariable nev er c hanges, w e can use a somewhat simpler

approac h for the analysis than that outlined in Section 3.2. The follo wing the-

orem establishes the relationship b et w een the alias analysis and the solution of

the RMBF problem. The rest of the section is dev oted to its pro of.

Theorem 3.3 (Main Theorem)

L et ' = ( eq ; ~ z ) b e an RMBF pr oblem and P

'

the c orr esp onding pr o gr am gen-

er ate d by our r e duction. Then,

( lfp ( F ))( ~ z ) = 1 if and only if [ exit ( main ) ; h result ; id i ] holds in P

'

In order to pro v e Theorem 3.3, it su�ces to fo cus on the p ossible return

v alues of functions. This motiv ates the de�nition of the mapping AF unc : F un !

P ( F un )

k

! P ( F un ) that mo dels the aliasing b eha vior of an en tire function.

AF unc ( f ) maps argumen t aliases of f in to return aliases of f . AF unc ( f ) is

de�ned b y a system of recursiv e equations, one equation for eac h function f

`

corresp onding to the sub expression E

`

, as giv en in T able 1, with the binary

op eration ? is de�ned as follo ws:

a ? b

4

= if ( a = ; _ b = ; ) then ;

elseif ( a = f nil g _ b = f nil g ) then f nil g

else a [ b .

Let L b e the lattice ( P ( f nil ; id g ) ; � ). All the functions o ccuring in the system

of equations de�ning AF unc are in [ L

k

! L ], i.e., are monotone functions o v er

a �nite complete lattice. These equations therefore ha v e a least �xp oin t, whic h

w e denote b y AF unc

�

. F urthermore, w e can reduce this system of equations (b y

successiv e substitution) to a single recursiv e equation in AF unc ( f

`

r

) The syn tax

tree of this equation is isomorphic to that for eq : only the lab els are di�eren t,

but they corresp ond as follo ws: a no de lab elled 0 in the tree for eq corresp onds

to a no de � ~ x: f nil g in the tree for the equation for AF unc ( f

`

r

); 1 corresp onds to

� ~ x: f id g ; x

i

corresp onds to � ~ x:x

i

; ^ corresp onds to ? ; _ corresp onds to [ ; and a

no de lab elled F ( � � � ) corresp onds to one lab elled AF unc ( f

`

r

). The functional �

2
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typedef PF ...;

PF nil(PF arg) {return &nil;}

PF id(PF arg) {return arg;}

void main() { PF result = f1(&id,&ni l, &id ) }

PF f1(PF x1, PF x2, PF x3)

{ return (f2(x1,x2,x 3) )( f11(x1,x2,x 3) ); }

PF f2(PF x1, PF x2, PF x3)

{ return f1( f3(x1,x2, x3) ,f7 (x1 ,x2 ,x 3), f10 (x1 ,x2 ,x 3) ); }

PF f3(PF x1, PF x2, PF x3)

{ return f1( f4(x1,x2,x3 ),f 5(x 1,x 2, x3) ,f6 (x1 ,x2 ,x 3) ); }

PF f4(PF x1, PF x2, PF x3)

{ return x1; }

PF f5(PF x1, PF x2, PF x3)

{ return x3; }

PF f6(PF x1, PF x2, PF x3)

{ return x2; }

PF f7(PF x1, PF x2, PF x3)

{ return (...) ? f8(x1,x2,x3 ) : f9(x1,x2,x 3); }

PF f8(PF x1, PF x2, PF x3)

{ return x3; }

PF f9(PF x1, PF x2, PF x3)

{ return x2; }

PF f10(PF x1, PF x2, PF x3)

{ return &id; }

PF f11(PF x1, PF x2, PF x3)

{ return x1; }

Figure 1: The syn tax tree and generated program for Example 3.2

E

`

Equation corresp onding to f

`

1 AF unc ( f

`

) = � ~ x: f id g

0 AF unc ( f

`

) = � ~ x: f nil g

x

i

AF unc ( f

`

) = � ~ x:x

i

E

`

1

^ E

`

2

AF unc ( f

`

) = AF unc ( f

`

1

) ? AF unc ( f

`

2

)

E

`

1

_ E

`

2

AF unc ( f

`

) = AF unc ( f

`

1

) [ AF unc ( f

`

2

)

F ( E

`

1

; : : : ; E

`

k

) AF unc ( f

`

) = AF unc ( f

`

r

)( AF unc ( f

`

1

) ; : : : ; AF unc ( f

`

k

))

T able 1: Equations for AF unc

11



represen ted b y the righ t hand side of the resulting equation allo ws us to express

AF unc

�

as t f �

<i>

2

( ?

2

) j i � 0 g where ?

2

= � ~ x: ; . Since [ L

k

! L ] is a �nite

lattice, it follo ws that AF unc

�

= �

2

<k >

( ?

2

) for some �nite k .

AF unc

�

( f ) is closely related to the set AEnv

�

( exit ( f )): the set of function

p oin ters that can b e returned b y a function f , as determined b y AF unc

�

( f ), is

precisely the set of return aliases for the exit no de of f as determined b y AEnv

�

:

Lemma 3.3 (Relation shi p b et w een AF unc

�

( f ) and AEnv

�

( exit ( f )) )

F or any f ; v

1

; : : : ; v

k

2 F un with [ fml

1

7! v

1

; : : : ; fml

k

7! v

k

] 2 AEnv

�

( init ( f )) ,

AF unc

�

( f )( f v

1

g ; : : : ; f v

k

g ) = f e ( r et ) j e 2 AEnv

�

( exit ( f )) ^

k

^

i =1

e ( fml

i

) = v

i

g :

Pro of Omitted.

In con trast with the minim al function graph approac h for AEnv

�

where w e

w ere only in terested in argumen ts of eac h function that could actually o ccur

during program execution, AF unc

�

considers all p ossible argumen ts. Ho w ev er,

the preceding lemma sho ws that AF unc

�

agrees with AEnv

�

for those argumen ts

that can o ccur.

Next w e sho w that giv en a RMBF instance ' de�ning a function F , the

set of aliases AF unc

�

computed for the corresp onding program P

'

is essen tially

equiv alen t to lfp ( F ), if w e asso ciate aliases to nil with 0 and aliases to id with

1 : de�ne the function h : L ! B as follo ws:

h ( x ) =

�

1 if id 2 x

0 otherwise

Let

~

h : L

n

! B

n

b e the comp onen t wise extension of h . The connection b et w een

AF unc

�

and lfp ( F ) can no w b e made precise via the notion of one function b eing

faithful to another. In tuitiv ely , g : L

n

! L is faithful to f : B

n

! B if g ( ~ x )

can return a p oin ter to the function id if and only if f ( ~ x ) ev aluates to the

truth-v alue 1 :

De�nition 3.3 A function g 2 [ L

n

! L ] is faithful to a function f 2 [ B

n

! B ],

written g � f , if and only if f �

~

h = h � g .

Theorem 3.4 AF unc

�

� lfp ( F ) .

Pro of: The pro of is b y a double induction: the outer lev el is an arithmetic

induction on i , the n um b er of iterations of the functionals corresp onding to

AF unc and F , while the inner lev el is a structural induction on the form ula

E

`

and the corresp onding expression AF unc ( f

`

) obtained after i unfoldings of

these functionals. The base case for either induction follo ws directly from the

de�nitions of L , B , and AF unc ; the inductiv e case uses the straigh tforw ard

auxiliary results that ? � u and [ � t , and that faithfulness is preserv ed under

function comp osition.

The Main Theorem is an easy corollary of this result:

12



Corollary 3.1 FP-MayA lias is EXPTIME -c omplete.

It is in teresting, at this p oin t, to revisit the NP-hardness result for function

p oin ter ma y-alia s analysis due to Zhang and Ryder [ZR94 ]. As sho wn in Section

3.1, a relational attributes analysis is necessary for precise function p oin ter ma y

alias analysis. It turns out that once w e ha v e a relational attributes analysis, the

problem b ecomes NP-hard ev en for the in tra-pro cedural case: in other w ords,

aliasing e�ects are enough to giv e rise to NP-hardness, ev en if w e disp ense with

the additional complications due to in terpro cedural analysis. This can b een

seen b y a reduction from 3-SA T whic h w e illustrate b y an example. Giv en the

3-SA T problem ( x _ y _ �z ) ^ ( � x _ �y _ z ) ^ ( x _ �y _ �z ) w e generate the follo wing

program:

main()

{

if (...) {x=&id;nx=&n il } else {x=&nil;n x=& id; }

if (...) {y=&id;ny=&n il } else {y=&nil;n y=& id; }

if (...) {z=&id;nz=&n il } else {z=&nil;n z=& id; }

if (...) c1=x else if (...) c1=y else c1=nz;

if (...) c2=nx else if (...) c2=ny else c2=z;

if (...) c3=x else if (...) c3=ny else c3=nz;

}

Here nx,ny,nz represen t the negation of the v ariables x,y,z and c1,c2,c3 rep-

resen t the 3 clauses. Eac h computation path in the �rst group of if -statemen ts

corresp onds to a truth assignmen t for the v ariables of the clause. Eac h if -

statemen t in the second group of statemen ts then corresp onds to the ev aluation

of the truth v alue of the corresp onding clause: the i

th

clause ev aluates to true if

and only if there is a computation path through the i

th

if -statemen t that causes

c i to b e aliased to id . It follo ws that the original 3-SA T problem is satis�able

if and only if c1,c2,c3 ma y b e sim ultaneously aliased to id at exit ( main ).

4 Appro ximation I: Indep enden t A ttributes Analysis

As men tioned in Section 3.1, for pragmatic reasons most program analyses do

not use the relational attribute metho d considered in the previous section: in-

stead, they ignore dep endences b et w een the v alues tak en on b y di�eren t v ari-

ables in order to impro v e e�ciency . In this section, w e consider the complexit y

of function p oin ter ma y-ali as analysis based on this simpli�cation. The data
o w

framew ork in this case can b e deriv ed from that of Section 3.2 b y systematically

mo difying equations to ignore dep endences b et w een v ariables: w e underline

iden ti�ers that are c hanged in this manner to indicate that this has b een done.

En vironmen ts no w asso ciate, at eac h program p oin t, eac h v ariable with the set

of its aliases: Env = P ( F un )

V a r

. Small c hanges are necessary for the function

Cal lEnv whic h b ecomes

Cal lEnv ( n; f ) = f e 2 AEnv ( n ) j f 2 L o okup ( c al le e ( n ) ; e ) g

and the function R eturnEnv whic h b ecomes

13



R eturnEnv ( n; e ) = f e

0

2 AEnv ( exit ( f )) j f 2 L o okup ( c al le e ( n ) ; e ) ^

V

1 � i � k

e ( ar g

i

) = e

0

( fml

i

) g :

The ma jor c hange is with the equation for junction no des where w e no w \merge"

en vironmen ts with matc hing formals. As a result there will b e at most one

en vironmen t for ev ery com bination of formals at an y no de.

Next w e de�ne t w o auxiliary function whic h describ e the merging pro cess.

Mer ge merges all en vironmen ts, Mer ge

V

only those that agree for the v ariables

in V � V a r :

Mer ge ( E ) = f e 2 Env j 8 v 2 V a r : 9 e

0

2 E : e

0

( v ) = e ( v ) g

Mer ge

V

( E ) =

[

e 2 E

Mer ge ( f e

0

2 E j 8 v 2 V : e

0

( v ) = e ( v ) g ) :

The new equation for junction no des is no w:

AEnv ( n ) = Mer ge

Fml

(

S

p 2 pr e d ( n )

AEnv ( p )) :

Exp onen tial time is still su�cien t to solv e the relaxed problem. Exp onen tial

time is also necessary whic h can b e pro v en reusing the reduction from section

3.3 and the follo wing lemma, whic h expresses an in tuition v ery similar to that

of Lemma 3.3:

Lemma 4.1 (Relation shi p b et w een AF unc

�

( f ) and AEnv

�

( exit ( f )) )

F or any function f and alias sets v

1

; : : : ; v

k

with [ fml

1

7! v

1

; : : : ; fml

k

7! v

k

] 2

AEnv

�

( init ( f )) ,

AF unc

�

( f )( v

1

; : : : ; v

k

) = f e ( r et ) j e 2 AEnv

�

( exit ( f )) ^

k

^

i =1

e ( fml

i

) = v

i

g :

Pro of Omitted.

Corollary 4.1 F unction p ointer may-alias analysis r emains c omplete for de-

terministic exp onential time even when the indep endent attributes metho d is

use d.

This result comes as something of a surprise, since it is usually the case that

concessions in the precision of analysis are accompanied b y impro v emen ts in the

complexit y of the analysis algorithms. In practice, program analyses usually

abandon the relational metho d in fa v or of the indep enden t attributes metho d

b ecause the latter tend to b e simpler and more e�cien t. This result indicates,

ho w ev er, that in this case the sacri�ce in precision (illustrated in Example 3.1)

do es nothing to impro v e the w orst case complexit y of this analysis problem.

5 Appro ximation I I: Con text-Insensitiv e Analysis

The analysis discussed in the previous section \merges" en vironmen ts at a no de

if their formals matc h, i.e. if they are the result of the same function in v o-

cation, but distinguishes b et w een di�eren t in v o cations of the same function.
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The completeness result of the last section suggests that there can b e an ex-

p onen tial n um b er of di�eren t in v o cations and hence an exp onen tial n um b er of

en vironmen ts at a no de, and k eeping trac k of these di�eren t in v o cations can

b e exp ensiv e. Our next appro ximation will b e to merge en vironmen ts ev en if

they come from di�eren t in v o cations. The e�ect of this is that the analysis no

longer distinguishes b et w een di�eren t in v o cations of a function with di�eren t

sets of aliases for the formals. As a result, when propagating the results of a

function call bac k to the caller at one p oin t, w e also propagate aliases arising

from in v o cations from other program p oin ts. In e�ect, the analysis of a function

in v o cation do es not main tain an y information ab out the con text from whic h it

arose: for this reason, this has also b een referred to as \zeroth-order con trol


o w analysis" (0-CF A) [Hei94 , Shi88 , Shi91 ].

W e can capture the e�ects of this appro ximation b y c hanging the equations

for return and en try no des. The equation for en try no des b ecomes:

AEnv ( n ) = Mer ge (

S

p 2 pr e d ( n )

f InitEnv ( e ) j e 2 Cal lEnv ( p; f ) g ) :

F or return no des, w e get:

AEnv ( n ) = Mer ge

V a r nf r es g

( f e [ r es 7! e

0

( r et )] j e 2 AEnv ( n

0

)

^ e

0

2 R eturnEnv ( n

0

; e ) g ) :

It is not hard to see that in the resulting framew ork there will b e at most one

en vironmen t at an y no de. Hence the problem has b een simpli�ed considerably .

In fact, it is equiv alen t to a problem discussed b y Lakhotia [Lak93 ] who also

sho ws ho w to solv e it p olynomial time.

5

6 In terpro cedural F unction P oin ter Must Alias Analysis

The discussion th us far has fo cused on in terpro cedural function p oin ter ma y-

alias analysis, whic h is concerned with determining whether there exists a com-

putation path through the program along whic h certain aliases can o ccur. One

can also consider an analysis that is concerned with determining whether certain

aliases m ust o ccur along ev ery computation path from the en try p oin t of the

program to some particular program p oin t. Suc h an analysis is called a \m ust

alias" analysis:

De�nition 6.1 [F unction P oin ter Must Aliasing Problem] Giv en a no de n in

the ICF G and a v ariable v the function p oin ter m ust aliasing problem is to

determine if there is a single pro cedure p so that at the end of al l statically

executable path from entr y ( main ) to n v p oin ts to p .

W e write [ n; h v ; p i ]

must

indicating that v m ust p oin t to p at n .

Lemma 6.1 [ n; h v ; p i ]

must

, f q j [ n; h v ; p i ] g = f p g

Giv en the results of the previous sections, the follo wing result is not a great

surprise:

5

Lakhotia assumes a sligh tly more elab orate parameter passing mec hanism.
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Theorem 6.1 The function p ointer must aliasing pr oblem is EXPTIME -

c omplete.

Pro of Giv en an RMBF problem ( F ( ~ x ) = expr ; ~ z ) w e consider the logically

equiv alen t problem ( F ( ~ x ) = f al se _ expr ; ~ z ). Then w e ha v e ( lfp ( F ))( ~ z ) = 0 ,

[ exit ( main ) ; h result ; nil i ]

must

holds.

7 Conclusion

The construction of a in terpro cedural con trol 
o w graph is the �rst step in

an y in terpro cedural data
o w analysis. In programs in v olving function p oin ters

(or function-v alued v ariables), this requires the determination of the p ossible

v alues suc h p oin ters can tak e on. In this pap er, w e consider complexit y issues

for a v ariet y of approac hes to this problem. W e sho w that a relational attribute

analysis is necessary if precise results are to b e obtained; extend earlier results b y

Zhang and Ryder [ZR94 ] to sho w that the problem is complete for deterministic

exp onen tial time; and sho w that for precise analyses, Zhang and Ryder's NP-

hardness result holds ev en for in tra-pro cedural analyses: that is, aliasing e�ects

alone giv e rise to NP-hardness ev en when in ter-pro cedural e�ects are absen t.

W e then sho w that sacri�cing precision b y resorting to an indep enden t attribute

analysis do es not c hange the complexit y result: the problem remains EXPTIME-

complete. Ho w ev er, if con text-sensitivit y is abandoned as w ell, it is p ossible to

get p olynomial -tim e algorithms.
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