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Abstract

This pap er attempts to address the question of wh y cer-

tain data
o w analysis problems can b e solv ed e�cien tly , but

not others. W e fo cus on 
o w-sensitiv e analyses, and giv e a

simple and general result that sho ws that analyses that re-

quire the use of r elational attributes for precision m ust b e

PSP A CE-hard in general. W e then sho w that if the lan-

guage constructs are sligh tly strengthened to allo w a compu-

tation to main tain a v ery limited summary of what happ ens

along an execution path, in ter-pro cedural analyses b ecome

EXPTIME-hard. W e discuss applications of our results to a

v ariet y of analyses discussed in the literature. Our w ork elu-

cidates the reasons b ehind the complexit y results giv en b y a

n um b er of authors, impro v es on a n um b er of suc h complex-

it y results, and exp oses conceptual commonalities underly-

ing suc h results that are not readily apparen t otherwise.

1 Intro duction

Program analysis in v olv es k eeping trac k of prop erties of v ari-

ables at di�eren t program p oin ts. In general, the prop er-

ties of di�eren t v ariables ma y dep end on eac h other. When

trac king suc h prop erties, w e ma y c ho ose to k eep trac k of

dep endencies b et w een the prop erties of di�eren t v ariables

(leading to analysis information of the form \[ x = a and

y = b ]; or [ x = c and y = d ]"), or w e ma y c ho ose to ignore

suc h dep endencies (leading to information of the form \[ x =

a or x = c ]; and [ y = b or y = d ]"). Jones and Muc hnic k refer

to the former kind of analyses as r elational-attribute analy-

ses , and the latter kind as indep endent-attribute analyses [5 ].

The tradeo� b et w een these metho ds is that indep enden t-

attribute analyses are usually more e�cien t but less precise

than relational-attribute analyses.

When addressing a program analysis problem, it is useful

to consider the computational complexit y of obtaining a pre-
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cise (upto sym b olic execution) solution to the problem.
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If

a precise solution can b e obtained \e�cien tly ," i.e., in p oly-

nomial time, it mak es sense to try and �nd an algorithm

that obtains suc h a solution. If, on the other hand, the exis-

tence of e�cien t algorithms to compute precise solutions is

unlik ely , it mak es sense to sacri�ce precision for e�ciency .

Questions ab out the computational complexit y of v arious

program analyses ha v e b een addressed b y a n um b er of au-

thors (see Section 5). The curren t state of kno wledge result-

ing from these w orks is, b y and large, a set of isolated facts

ab out the complexities of v arious analyses. What is miss-

ing are insigh ts in to the underlying reasons for these results.

F or example, Landi's results on the complexit y of p oin ter-

induced alias analysis [7, 10] tell us that single-lev el p oin ters

are, in some sense, easy to handle, but m ulti-lev el p oin ters

are not: ho w ev er, they don't explain exactly why m ulti-lev el

p oin ters are hard to deal with. The situation is further m ud-

dled b y the results of P ande et al. , who sho w that the precise

construction of in ter-pro cedural def-use c hains b ecomes dif-

�cult in the presence of single-lev el p oin ters [14 ]. In other

w ords, single-lev el p oin ters complicate some analyses but

not others, but w e don't ha v e an y insigh ts in to wh y suc h

p oin ters are b enign in some situations but problematic in

others. Moreo v er, these results are t ypically obtained using

reductions from problems with kno wn complexit y: di�eren t

problem c hoices b y di�eren t authors, and di�erences in the

details of the reductions for di�eren t analysis problems, of-

ten mak e it di�cult to see whether there are an y underlying

conceptual commonalities b et w een di�eren t suc h complexit y

argumen ts.

The main con tribution of this pap er is to elucidate the

fundamen tal reasons wh y certain program analyses can b e

carried out e�cien tly (i.e., in p olynomial time), while others

are di�cult. W e giv e a simple and general result that is ap-

plicable to a wide v ariet y of in tra- and in ter-pro cedural 
o w-

sensitiv e analyses. This is able to explain, for example, wh y

single-lev el p oin ters can b e handled e�cien tly in the con text

of p oin ter-induced alias analysis [7, 10 ] but not for def-use

c hains [14 ]. With v ery little conceptual and notational ef-
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The determination of whether some (non trivial) prop ert y will ac-

tually hold at a particular program p oin t at run time is, of course,

undecidable. A standard assumption in the data
o w analysis litera-

ture is that all \realizable" paths in a program|b y whic h w e mean all

paths sub ject to the constrain t that pro cedure calls are matc hed up

correctly with returns|are executable, or, equiv alen tly , that either

branc h of an y conditional can alw a ys b e executed. This assumption,

whic h Barth referred to as precision \upto sym b olic execution" [1], is

commonly used to sidestep the problem of undecidabilit y , and \pre-

cision" of program analyses is t ypically de�ned with resp ect to this

assumption.



fort, a n um b er of complexit y results giv en in the literature

[7 , 10 , 11, 12 , 14 ] fall out directly as corollaries of this re-

sult. Moreo v er, for sev eral of these analyses, w e are able

to impro v e signi�can tly on the kno wn complexit y results re-

p orted in the literature [11 , 12 , 14 ]. F or example, w e sho w

that the follo wing analyses are EXPTIME-complete: in ter-

pro cedural p oin ter alias analysis in the presence of t w o-lev el

p oin ters (previous b est result: PSP A CE-hardness [7 ]), in ter-

pro cedural reac hing de�nitions in the presence of single-lev el

p oin ters (previous b est result: NP-hardness [14 ]), and in ter-

pro cedural liv eness analysis and a v ailable expressions in the

presence of reference parameters (previous b est result: NP-

hardness [12 ]). In the pro cess, our w ork exp oses conceptual

commonalities underlying a v ariet y of program analyses.

T o main tain con tin uit y , the pro ofs of most of the results

are giv en in the App endix.

2 Prelimina ries

F rom the p ersp ectiv e of program analysis, w e ma y b e in ter-

ested in t w o di�eren t kinds of information ab out program

v ariables. W e ma y w an t to kno w something ab out a par-

ticular v ariable at a particular program p oin t, e.g., in the

con text of constan t propagation; or w e ma y w an t to kno w

something ab out the relationships among some set of v ari-

ables, e.g., whether or not t w o v ariables can b e guaran teed

to ha v e di�eren t v alues at a particular program p oin t (use-

ful for reasoning ab out p oin ters). W e refer to the problem

of determining the former kind of information as the sin-

gle value pr oblem , and that of determining the latter kind of

information as the simultane ous value pr oblem . F or the pur-

p oses of this pap er, w e fo cus on rather restricted classes of

suc h problems, under the assumption, standard in data
o w

analysis, that all paths in the program b eing analyzed are

executable:

De�nition 2.1 Supp ose w e are giv en a program P and an

initial assignmen t E

init

of v alues for the v ariables of P . Let

x; x

1

; : : : ; x

n

b e v ariables in P , c; c

1

; : : : ; c

n

b e v alues, and

let p b e a program p oin t in P .

A single value pr oblem for P is a problem of the form: \is

ther e an exe cution p ath fr om the entry no de of P to p , with

initial variable assignment E

init

, such that \ x = c " holds

when c ontr ol r e aches p ? "

A simultane ous value pr oblem for P is a problem of the

form: \is ther e an exe cution p ath fr om the entry no de of P

to p , with initial variable assignment E

init

, such that \ x

1

=

c

1

^ x

2

= c

2

^ � � � ^ x

k

= c

k

" holds when c ontr ol r e aches p ?"

In particular, sim ultaneous v alue problems where all of the

constan ts c

1

; : : : ; c

k

are either 0 or 1 are referred to as binary

simultane ous value pr oblems .

It seems in tuitiv ely ob vious that solving a sim ultane-

ous v alue problem will require a relational-attribute anal-

ysis; w e will sho w, ho w ev er, that while an indep enden t-

attribute analysis is often adequate for a single v alue prob-

lem, there are some situations where it is necessary to resort

to relational-attribute analyses ev en for single v alue prob-

lems.

3 Intra-p ro cedural and Non-recursive Inter-p ro cedural

Analyses

3.1 Intra-p ro cedural Analysis

In this section w e consider a simple language Base where

v ariables are all in teger-v alued, and a program consists of

a single pro cedure con taining (lab elled) statemen ts that

can b e assignmen ts, conditionals, or unconditional jumps.
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Since our primary in terest is in data
o w analyses, w e mak e

the standard assumption that all paths in the program are

executable, i.e., that either branc h of a conditional ma y b e

executed at run time, and omit the actual expression b eing

tested in a conditional, represen ting it b y ` - ' instead. T o

k eep the discussion simple and fo cused, w e restrict our atten-

tion to expressions that are v ariables or constan ts (assuming

that an analysis is able to do arithmetic adds an indep en-

den t source of complexit y that can obscure the essence of

our results):

Pr o g ::= Stmt

Stmt ::= V ar = Expr ;

j if ( - ) Stmt

1

...

else if ( - ) Stmt

i

...

else Stmt

n

j L ab el : Stmt

j goto L ab el ;

j f Stmt

1

; ...; Stmt

n

; g

Expr ::= Const j V ar

Const ::= 0 j 1

The simplest analyses are those where there is no need to

k eep trac k of relationships b et w een v ariables:

Theorem 3.1 The single value pr oblem for pr o gr ams in

Base c an b e solve d in p olynomial time, pr ovide d that prim-

itive op er ations of the analysis c an b e c arrie d out in p olyno-

mial time.

W e next consider the complexit y of sim ultaneous v alue

problems for Base . In this con text, w e men tion the follo w-

ing result: this is not the cen tral result of this pap er, but

is of some historical in terest b ecause its pro of, giv en in Ap-

p endix 6, is essen tially isomorphic to similar NP-hardness

results for acyclic programs giv en b y a n um b er of authors

[5 , 7 , 10 , 11 , 12, 14 ]. Applications of this theorem include

(in tra-pro cedural) t yp e inference problems where the t yp e

of a v ariable dep ends on the t yp es of other v ariables (see,

e.g., [5, 15 ]). Theorem 3.4 and Corollary 4.2 giv e stronger

results for more general classes of programs.

Theorem 3.2 The (binary) simultane ous value pr oblem for

acyclic pr o gr ams in Base is NP-c omplete.

The main result of this section is for sim ultaneous v alue

problems for all programs in Base . W e sho w that this class

of problems is PSP A CE-complete: the idea is that giv en

an arbitary p olynomial-space-b ounded T uring mac hine, w e

can construct a sim ultaneous v alue problem o v er a program

in Base that can b e used to determine whether or not the

T uring mac hine accepts its input. Supp ose w e are giv en a

single tap e deterministic p olynomial-space-b ounded T uring

mac hine M = ( Q; � ; � ; � ; q

0

; F ), where � is the input alpha-

b et; � = f 0 ; 1 ; : : : ; ns g is the tap e alphab et, with 0 b eing

2

W e c ho ose this syn tax for simplicit y: with a small amoun t of co de

duplication, it is straigh tforw ard to express our programs in a subset

of C consisting of assignmen ts, conditionals, and while lo ops together

with break and con tin ue statemen ts.
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the blank sym b ol; � 2 Q � � � ! Q � � � f L ; R g is the

transition function; q

0

2 Q is the initial state; and F = f q

1

g

is the set of �nal states, suc h that M halts on all inputs

x after using at most j x j

k

cells of the tap e. F or simplicit y

w e assume that M erases its tap e b efore halting and that

the tap e is cyclic, i.e., after the last cell the tap e \wraps

around" to the �rst cell: these are not serious restrictions,

and it is not di�cult to see ho w a T uring mac hine that do es

not satisfy these assumptions can b e transformed in to one

that do es. The use of a cyclic tap e allo ws us to sim ulate the

mo v emen t of the tap e head to the left (resp ectiv ely , righ t)

b y rotating the tap e to the righ t (resp ectiv ely , left), so that

the tap e cell b eing scanned b y the head is alw a ys cell 0:

this simpli�es the sim ulation of the T uring mac hine, since

w e don't ha v e to k eep trac k of the p osition of the tap e head.

W e construct a program P

M ;x

that em ulates M on an input

x . This program con tains three sets of (b o olean) v ariables:

1. Q

0

; : : : ; Q

nq

, where nq = j Q j � 1: These v ariables repre-

sen t the curren t state of M : in tuitiv ely , Q

i

= 1 denotes

that M is in state i .

2. T

0 ; 0

; : : : ; T

nt;ns

, where nt = j x j

k

� 1 ; ns = j � j � 1:

These v ariables represen t the con ten ts of M 's tap e: in-

tuitiv ely , T

i;j

= 1 denotes that cell i of M 's tap e con-

tains sym b ol j .

3. X

0

; : : : ; X

ns

: these v ariables are temp oraries for cop ying

the tap e con ten ts while w e \rotate" the tap e.

A con�guration where M is in state q

k

, the tap e con ten ts are

s

0

s

1

: : : s

nt

, and where M 's tap e head is scanning the m

th

tap e square, is describ ed b y the follo wing v ariable settings:

Q

i

=

�

1 if i = k

0 otherwise

X

i

= 0 ; for all i

T

i;j

=

�

1 if s

( i � m ) mo d ( nt +1)

= j

0 otherwise

The co de corresp onding to M 's mo v e when it is state q

i

and scanning a cell con taining a sym b ol s

j

, i.e., � ( q

i

; s

j

), is

represen ted b y MO V

i;j

, and is de�ned as follo ws:

� ( q

i

; s

j

) = ( q

k

; s

m

; L ) � ( q

i

; s

j

) = ( q

k

; s

m

; R )

Q

i

= Q

k

; Q

i

= Q

k

;

Q

k

= 1 ; Q

k

= 1 ;

T

0 ;j

= T

0 ;m

; T

0 ;j

= T

0 ;m

;

T

0 ;m

= 1; T

0 ;m

= 1;

goto copy left; goto copy right;

The �rst t w o lines of this co de up date the state v ariable,

the next t w o lines up date the con ten ts of the tap e cell b eing

scanned, and the last line corresp onds to the rotation of the

tap e, sim ulating the mo v emen t of the tap e head.

The program P

M ;x

that em ulates M on input x is sho wn

in Figure 1. After initializing the T

i;j

v ariables appropriately

for the input x , the program go es in to a lo op, rep eatedly

guessing the curren t state and the sym b ol under the tap e

head, then up dating the state and tap e cell, and �nally ro-

tating the tap e appropriately in order to sim ulate the mo v e-

men t of the tap e head. A wrong guess leads to a state where

m ultiple Q

i

v ariables, or m ultiple T

i;j

v ariables, are set to 1.

Once suc h an \illegal" state is en tered, the structure of the

program ensures that the n um b er of v ariables set to 1 do es

not decrease, whic h means that subsequen t states remain il-

legal. This allo ws us to use a sim ultaneous v alue problem to

iden tify legal states in P

M ;x

, i.e., those that corresp ond to

v alid con�gurations of M , and thence to determine whether

M accepts its input. F or notational con v enience, w e in tro-

duce the follo wing abbreviations:

UnambiguousFinalState �

( Q

0

= 0 ^ Q

1

= 1 ^ Q

2

= 0 ^ � � � ^ Q

nq

= 0)

T empsCle ar � ( X

0

= 0 ^ � � � ^ X

ns

= 0)

T ap eCle ar �

(( T

0 ; 0

= 1 ^ T

1 ; 0

= 1 ^ � � � ^ T

nt; 0

= 1) ^

( T

0 ; 1

= 0 ^ T

1 ; 1

= 0 ^ � � � ^ T

nt; 1

= 0) ^ � � � ^

( T

0 ;ns

= 0 ^ T

1 ;ns

= 0 ^ � � � ^ T

nt;ns

= 0)).

In tuitiv ely , UnambiguousFinalState is true if and only if the

only state v ariable that is 1 is Q

1

, corresp onding to the �nal

state of M ; T empsCle ar is true if and only if the v ariables

X

i

are all 0; and T ap eCle ar is true if and only if the con ten ts

of the v ariables T

i;j

corresp ond to all the tap e cells of M

con taining a blank. The pro ofs of the follo wing Lemmas are

giv en in App endix 6.

Lemma 3.3 A given p olynomial-sp ac e-b ounde d T uring ma-

chine M ac c epts its input x if and only if A c c eptingCon�g

may hold at the end of the pr o gr am, wher e

A c c eptingCon�g �

UnambiguousFinalState ^ T empsCle ar ^ T ap eCle ar .

It is easy to sho w that the program P

M ;x

can b e generated

using O (log ( j M j + j x j )) space (Lemma .1).

Theorem 3.4 The (binary) simultane ous value pr oblem for

pr o gr ams in Base is PSP A CE-c omplete.

Pro of: (sk etc h) PSP A CE-hardness follo ws directly from

Lemmas 3.3 and .1. T o sho w that the sim ultaneous v alue

problem is in PSP A CE, w e sho w that a giv en suc h a prob-

lem for a program P , w e can construct a nondeterministic

m ulti-tap e p olynomial-space-b ounded T uring mac hine M

P

to solv e the problem. Details are giv en in App endix 6.

In the con text of program analysis, this is represen tativ e of

the simplest kind of sim ultaneous v alue problem, where w e

ha v e t w o distinct prop erties (here represen ted b y \equal to

0" and \equal to 1") of a language with a minimally in terest-

ing set of con trol constructs. The (hardness) result therefore

extends directly to more complex analysis problems. Unlik e

the PSP A CE-hardness result giv en b y Jones and Muc hnic k

for relational-attribute analyses [5 ], our result do es not re-

quire in terpreted conditionals. In other w ords, our result

complies with the standard assumption of data
o w analy-

sis, namely , that all paths in a program are executable. As

suc h, it is applicable to a wider v ariet y of data
o w analyses.

3.2 Inter-p ro cedural Analysis of Non-recursive Programs

Supp ose w e extend the language Base with pro cedures

where parameters are passed b y v alue: let the resulting lan-

guage b e Base+Pr oc . F or non-recursiv e programs in this

language, the complexit y of sim ultaneous v alue problems

do es not c hange:

Theorem 3.5 Inter-pr o c e dur al simultane ous values pr ob-

lems for non-r e cursive pr o gr ams in Base+Pr oc is

PSP A CE-c omplete.
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/* Program P

M ;x

to emulate a given polynomial space-bounded Turing Machine M

on input x */

/* int Q

0

, ..., Q

nq

;

int T

0 ; 0

, ..., T

nt;ns

;

int X

0

, ..., X

ns

; */

f

T

0 ; 0

= � � � ; ...; T

nt;ns

= � � � ; /* initialize T

i;j

based on input string x */

Q

0

= 1; Q

1

= 0; ...Q

nq

= 0; /* initial state */

Start: /* emulation loop */

X

0

= 0; ...; X

ns

= 0; /* clear temps */

Dispatch: /* transitions based on current state and tape symbol */

if ( - )

f /* Q

0

== 1? */

if ( - ) f /* T

0 ; 0

== 1? */ MO V

0 ; 0

; g

...

else if ( - ) f /* T

0 ;i

== 1? */ MO V

0 ;i

; g

...

else if ( - ) f /* T

0 ;ns

== 1? */ MO V

0 ;ns

; g

g

else if ( - ) goto Done; /* Q

1

== 1 ? : q

1

= final state */

else if ( - )

f /* Q

2

== 1? */

...

g

...

else if ( - )

f /* Q

nq

== 1? */

if ( - ) f /* T

0 ; 0

== 1? */ MO V

nq ; 0

; g

...

else if ( - ) f /* T

0 ;i

== 1? */ MO V

nq ;i

; g

...

else if ( - ) f /* T

0 ;ns

== 1? */ MO V

nq ;ns

; g

g

/* copy tape left or right */

copy right:

X

0

= T

0 ; 0

; ...; X

ns

= T

0 ;ns

;

T

0 ; 0

= T

1 ; 0

; ...; T

0 ;ns

= T

1 ;ns

;

...

T

nt; 0

= X

0

; ...; T

nt;ns

= X

ns

;

goto Start;

copy left:

X

0

= T

nt; 0

; ...; X

ns

= T

nt;ns

;

T

nt; 0

= T

nt � 1 ; 0

; ...; T

nt;ns

= T

nt � 1 ;ns

;

...

T

0 ; 0

= X

0

; ...; T

0 ;ns

= X

ns

;

goto Start;

Done:

X

0

= 0; ...X

ns

= 0;

End:

g

Figure 1: The program P

M ;x

to em ulate T uring mac hine M on input x
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3.3 Applications to the Complexit y of Data
o w Analyses

This section discusses applications of the results of the pre-

vious section to v arious program analyses discussed in the

literature.

3.3.1 Intra-p ro cedural P ointer Alias Analysis

W e �rst add single-lev el p oin ters to the Base language,

yielding the language Base+1ptr . This language con tains

t w o classes of v ariables: b ase variables , whic h range o v er

in tegers, and p ointers to b ase variables , whic h range o v er

addresses (whic h are assumed to b e disjoin t from the set of

in tegers). The new op erations in this language, compared to

Base , are: taking the address of a (base) v ariable v , denoted

b y &v , and dereferencing a p oin ter p , denoted b y *p .

It is not hard to see that the sim ultaneous v alue prob-

lem in this case is still in PSP A CE, since w e can construct

a p olynomial-space-b ounded T uring mac hine to solv e this

problem in a manner similar to that in the pro of of The-

orem 3.4. By con trast to the language Base , where the

single v alue problem is in P , the complexit y of the single

v alue problem for Base+1ptr dep ends on whether w e are

concerned with base v ariables or p oin ters. F or a single-v alue

problem for a base v ariable, an indep enden t-attribute anal-

ysis is not su�cien t. This is illustrated b y the follo wing

program fragmen t:

a = 0;

if ( - )

{ p = &a; x = 0; }

else

{ p = &b; x = 1; }

*p = x;

Supp ose w e are in terested in the single-v alue problem of

whether a = 1 ma y hold immediately after the assignmen t

*p = x . An indep enden- attribute analysis w ould infer that

immediately after the conditional, p can p oin t to either a or

b , and therefore that after the assignmen t ` *p = x ' the v alue

of a ma y or ma y not b e 1. A relational-attribute analysis,

on the other hand, w ould b e able to infer that the v alue of

a cannot b e 1 after the indirect assignmen t. In other w ords,

for a precise analysis w e need relational attributes, i.e., the

abilit y to solv e sim ultaneous v alue problems.

Theorem 3.6 The single-value pr oblem for p ointer vari-

ables in Base+1ptr c an b e solve d in p olynomial time. The

single-value pr oblem for b ase variables in Base+1ptr is

PSP A CE-c omplete.

The k ey idea b ehind the PSP A CE-hardness pro of is to sho w

ho w p oin ters can b e used to reduce a sim ultaneous-v alue

problem in Base to a single-v alue problem in Base+1ptr .

Giv en a program P in Base , w e generate a program P

0

in

Base+1ptr suc h that eac h v ariable X in P corresp onds to

a pair of p oin ter v ariables X , X in P

0

. P

0

also con tains a

pair of global v ariables Zero and One that are initialized to

0 and 1 resp ectiv ely: a v alue of 0 in P sim ulated using the

p oin ter v alue &Zero in P

0

, while a v alue of 1 is sim ulated

b y &One . F or eac h v ariable X in P , the v ariable X in P

0

sp eci�es what the v alue of X is, while X sp eci�es what it is

not (recall that a v ariable in a program in Base can only

tak e on the v alues 0 and 1). Then, giv en a sim ultaneous

v alue problem ` X

1

= c

1

^ � � � ^ X

n

= c

n

' for P , w e generate an

additional series of indirect assignmen ts ` * x

i

= 0 ' app ended

to the end of P

0

, where x

i

� X if c

i

� 0, and x

i

� X if c

i

� 1.

The original sim ultaneous v alue problem in P is true if and

only if all of these indirect assignmen ts in P

0

write to the

v ariable Zero . Th us, b y c hec king whether the single-v alue

problem ` One = 1' is satis�ed in P

0

w e can solv e the original

sim ultaneous-v alue problem in P . The details of the pro of

are giv en in App endix 6.

As an example application of this, the follo wing result is

immediate:

Corollary 3.7 Pr e cise intr a-pr o c e dur al c onstant pr op aga-

tion in Base+1ptr is PSP A CE-c omplete.

Next, w e consider m ulti-lev el p oin ters. The simplest case in-

v olving m ulti-lev el p oin ters is when w e ha v e t w o-lev el p oin t-

ers, i.e., p oin ters to p oin ters. In this case w e ha v e three

classes of v ariables: base v ariables; p oin ters to base v ari-

ables, or 1-p oin ters; and p oin ters to 1-p oin ters (i.e., p oin t-

ers to p oin ters to base v ariables), or 2-p oin ters. W e call this

language Base+2ptr .

The role of 2-p oin ters with resp ect to 1-p oin ters in the

language Base+2ptr is exactly analogous to that of p oin t-

ers to base v ariables in the language Base+1ptr . In par-

ticular, to determine the p ossible aliases of 1-p oin ters, w e

need to determine the v alues that can b e assigned to them

through 2-p oin ters. By direct analogy with Theorem 3.6,

therefore, w e ha v e the follo wing result:

Theorem 3.8 The single-value pr oblem for 2-p ointers in

Base+2ptr is solvable in p olynomial time. The single-value

pr oblem for 1-p ointers in Base+2ptr is PSP A CE-c omplete.

Landi's dissertation sho ws that in tra-pro cedural p oin ter

alias analysis is PSP A CE-complete if at least four lev els of

indirection are p ermitted [7 ]; his pro of can b e adapted to

require only t w o lev els of indirection [9]. Landi's conclusion

is that the di�cult y with p oin ter alias analysis is caused b y

m ultiple lev els of indirection. This is ob viously a v alid con-

clusion, but do es not get to the heart of the matter: what

is the fundamental di�er enc e b etwe en single-level and multi-

level p ointers that c auses the analysis of multi-level p ointers

to b e c ome so di�cult? The answ er, as w e ha v e sho wn ab o v e,

is that alias analysis in the presence of at most one lev el of in-

direction can b e carried out using an indep enden t-attribute

analysis, while the presence of ev en t w o lev els of indirection

requires a relational-attribute analysis.

A similar line of reasoning can b e used to deriv e a recen t

result b y Chatterjee et al. [3 ], namely , that in tra-pro cedural

concrete t yp e inference for Ja v a programs with single-lev el

t yp es and exceptions without subt yping, and without dy-

namic dispatc h, is PSP A CE-hard.

3.3.2 Intra-p ro cedural Reaching De�nitions with Single-

Level P ointers

Consider the problem of computing in tra-pro cedural reac h-

ing de�nitions in the language Base+1ptr , i.e., in the pres-

ence of single-lev el p oin ters. The follo wing example illus-

trates that an indep enden t-attribute analysis is not enough

for a precise solution to this problem, and that a relational-

attribute analysis is necessary:

int a, b, *p, *q;

...

D: a = 0;

if ( - ) { p = &a; q = &b; } else { q = &a; p = &b; }

*p = 1;

*q = 1;

L:
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W e w an t to kno w whether the de�nition lab elled D

can reac h the program p oin t lab elled L . An indep enden t-

attribute analysis w ould infer that p can p oin t to either a or

b after the conditional, and therefore that the assignmen t

*p = 1 migh t not kill the de�nition D . A similar reason-

ing w ould apply to q and the indirect assignmen t *q = 1 .

Suc h an analysis w ould therefore conclude that de�nition D

could reac h L . A relational-attribute analysis, b y con trast,

w ould determine that one of p or q w ould p oin t to a , so

that one of the assignmen ts *p = 1 or *q = 1 w ould de�-

nitely kill the de�nition D |i.e., de�nition D do es not reac h

L . Th us, the indep enden t-attribute analysis is not precise,

and a relational-attribute analysis is necessary . The follo w-

ing theorem discusses the complexit y of precise analyses; its

pro of uses a reduction v ery similar to that for Theorem 3.6.

Theorem 3.9 The determination of pr e cise solutions for

the fol lowing intr a-pr o c e dur al analysis pr oblems for b ase

variables in pr o gr ams in Base+1ptr is PSP A CE-c omplete:

( a ) r e aching de�nitions; ( b ) live variables; and ( c ) available

expr essions.

Theorem 3.9 impro v es on a result due to P ande, Landi

and Ryder, who sho w that the problem of computing in ter-

pro cedural def-use c hains in the presence of single-lev el

p oin ters is NP-hard [14 ].

4 Inter-p ro cedural Analysis of Recursive Programs

T o study the complexit y of in ter-pro cedural analyses in the

presence of recursion, w e add a v ery limited enhancemen t

to the con trol 
o w constructs of the language Base+Pr oc

(i.e., the base language together with pro cedures). Eac h pro-

gram no w has a distinguished global v ariable NoErr whose

v alue is initially 1. W e add a statemen t Erro r-if-Zero ( � ) that

b eha v es as follo ws: when Erro r-if-Zero ( x ) is executed, NoErr

is set to 0 if x has the v alue 0, otherwise it is not mo di�ed.

In a general programming con text, suc h a construct could b e

used to determine, for example, whether system calls suc h

as malloc() ha v e executed without errors during execution;

in the con text of this pap er w e use it in a m uc h more lim-

ited w a y , though with a v ery similar o v erall goal, namely ,

to determine whether an ything \go es wrong" in an execu-

tion path. W e refer to the language obtained b y adding this

facilit y to Base+Pr oc as Base+Pr oc+Err .

W e sho w that the single-v alue problem for arbitrary pro-

grams in Base+Pr oc+Err is complete for deterministic

exp onen tial time. Our pro of relies on a result of Chandra

et al. [2 ], who sho w that APSP A CE = EXPTIME, where

APSP A CE is the class of languages accepted b y p olynomial-

space-b ounded alternating T uring mac hines, and EXPTIME

= [

c � 0

DTIME [2

n

c

] is deterministic exp onen tial time.

De�nition 4.1 An (single-tap e) alternating T uring ma-

c hine M is a 6-tuple ( Q; � ; � ; � ; q

0

; � ), where Q is a �nite

set of states; � is the input alphab et; � is the tap e alpha-

b et; � : Q � � ! P ( Q � � � f L ; R g ) is the transition function;

q

0

2 Q is the initial state; and � : Q ! f accept ; reject ; 8 ; 9g

is a lab elling function on states.

3

3

There is a more general form ulation of alternating T uring ma-

c hines where states can also b e lab elled as \negating" states, whic h

are lab elled b y : . Ho w ev er, this adds nothing to their p o w er (Theo-

rem 2.5 of Chandra et al. [2]), so for simplicit y w e restrict ourselv es

to alternating T uring mac hines without negating states.

T o simplify the discussion that follo ws, w e additionally as-

sume that a state q that is existen tial (i.e., � ( q ) = 9 ) or

univ ersal (i.e., � ( q ) = 8 ) has exactly t w o successor states for

an y giv en tap e sym b ol; it is not hard to see ho w an y A TM

can b e transformed to satisfy this restriction: if a state q

has a single successor for some tap e sym b ol w e add a second

successor that is either an accepting state if q is univ ersal,

or a rejecting state if q is existen tial; if q has more than

2 successors for some tap e sym b ol, w e use a \binary tree

of transitions" instead. As b efore, w e assume that the tap e

\wraps around," so that the cell b eing scanned is alw a ys cell

0. Th us, a con�guration of an A TM is of the form q x where

q is a state and x the tap e con ten ts.

The notion of acceptance for alternating T uring mac hines

is a generalization of that for ordinary nondeterministic T ur-

ing mac hines: the main di�erence is that eac h successor of a

univ ersal state is required to lead to acceptance. T o de�ne

this more formally , w e use the notion of c omputation tr e es

due to Ladner et al. [6 ]. A computation tree for an A TM M

is a �nite, nonempt y lab elled tree with the follo wing prop-

erties: eac h no de of the tree is lab elled with a con�guration

of M ; if p is an in ternal no de of a tree with lab el q u and q

is an existen tial state, then p has exactly one c hild lab elled

q

0

u

0

suc h that q u ` q

0

u

0

; and if p is an in ternal no de of a tree

with lab el q u and q is a univ ersal state with successors q

0

and q

00

, suc h that q u ` q

0

u

0

and q u ` q

00

u

00

, then p has t w o

c hildren lab elled q

0

u

0

and q

00

u

00

. An ac c epting c omputation

tr e e is one where all the leaf no des are accepting con�gura-

tions, i.e., of the form q u where q is an accepting state. An

A TM M with start state q

0

accepts an input x if it has an

accepting computation tree whose ro ot is lab elled q

0

x .

Let M = ( Q; � ; � ; � ; q

0

; � ) b e a p ( n )-space-b ounded

A TM, where p ( n ) is some p olynomial, and let x b e an input

for M . Let nt = p ( j x j ) � 1 and ns = j � j � 1. W e gen-

erate a program P

M ;x

in Base+Pr oc+Err that sim ulates

the b eha vior of M on input x . There is a function f

q

()

for eac h state q of M . Eac h suc h function has a tuple of

parameters T

0 ; 0

, . . . , T

nt;ns

that represen ts the con ten ts

of M 's tap e in a w a y that is conceptually similar to the

construction describ ed in Section 3.1, the main di�erence

b eing that these v ariable are no w lo cals rather than glob-

als. State transitions in M are sim ulated b y function calls

in P

M ;x

: mo v es to the successors of an existen tial state are

sim ulated using an if-then construct, while mo v es to the

successors of a univ ersal state are sim ulated b y a sequence

of function calls. The crucial p oin t in the construction is

that the Erro r-if-Zero ( � ) construct is used to k eep trac k of

whether an ything \go es wrong" along an execution path: it

sets the global v ariable NoErr , whic h is initialized to 1 when

execution starts, to 0 along an execution path if either ( i )

the execution path do es not corresp ond to a computation of

M , b ecause P

M ;x

guesses incorrectly on the tap e cell b eing

scanned b y M ; or ( ii ) b ecause the path encoun ters a reject-

ing state of M . Once NoErr has b een set to 0 the structure

of the program ensures that it cannot b e reset to 1. Th us,

at the end of the execution path, the v alue of NoErr can b e

used to determine whether that path corresp onds to a v alid

accepting computation of M .

The co de necessary to sim ulate M 's actions when it

mak es a transition from state q

i

to state q

k

up on scan-

ning a tap e cell con taining sym b ol s

j

is represen ted b y

TRANSITION ( q

i

; s

j

; q

k

) and is de�ned as follo ws:
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� ( q

i

; s

j

) = ( q

k

; s

m

; L ) � ( q

i

; s

j

) = ( q

k

; s

m

; R )

T

0 ; 0

= X

0 ; 0

; T

0 ; 0

= X

0 ; 0

;

... ...

T

nt;ns

= X

nt;ns

; T

nt;ns

= X

nt;ns

;

Erro r-if-Zero ( T

0 ;j

) ; Erro r-if-Zero ( T

0 ;j

) ;

T

0 ;j

= 0 ; T

0 ;j

= 0 ;

T

0 ;m

= 1 ; T

0 ;m

= 1 ;

COPY LEFT ; COPY RIGHT ;

f

q

k

( T

0 ; 0

; : : : ; T

nt;ns

) ; f

q

k

( T

0 ; 0

; : : : ; T

nt;ns

) ;

The �rst three lines of this co de, whic h assign to T

i;j

, restore

the con ten ts of the tap e; the fourth line uses Erro r-if-Zero ()

to v erify the that the sym b ol on the scanned tap e cell is

1; the next t w o lines up date the tap e. After this the tap e

is rotated to sim ulate the mo v emen t of the tap e head, with

COPY LEFT and COPY RIGHT corresp onding to the co de

fragmen ts lab elled copy left and copy right resp ectiv ely

in Figure 1. Finally , a function call is used to sim ulate the

computation from the state to whic h con trol is transferred.

Corresp onding to eac h state q 2 Q there is a function f

q

in P

M ;x

that is de�ned as follo ws:

1. q

i

is an accepting state. The function f

q

i

is de�ned as

f

q

i

( T

0 ; 0

, ..., T

nt;ns

) f /* do nothing */ g

2. q

i

is a rejecting state. The function f

q

i

is de�ned as

f

q

i

( T

0 ; 0

, ..., T

nt;ns

) f Erro r-if-Zero (0) ; g

3. q

i

is a univ ersal state. Let the successors of q

i

on tap e

sym b ol s

j

b e q

j

0

and q

j

00

(recall our assumption that q

i

has exactly t w o successors on an y giv en tap e sym b ol).

The function f

q

i

is de�ned as

f

q

i

( T

0 ; 0

, ..., T

nt;ns

)

f

local X

0 ; 0

= T

0 ; 0

, ..., X

nt;ns

= T

nt;ns

;

if ( - ) f /* moves on s

j

*/

TRANSITION ( q

i

; s

j

; q

0

j

) ;

TRANSITION ( q

i

; s

j

; q

00

j

) ;

g

...

else f /* moves on s

k

*/

TRANSITION ( q

i

; s

k

; q

0

k

) ;

TRANSITION ( q

i

; s

k

; q

00

k

) ;

g

g

4. q

i

is an existen tial state. Let the successors of q

i

on

tap e sym b ol s

j

b e q

j

0

and q

j

00

. The function f

q

i

is

de�ned as

f

q

i

( T

0 ; 0

, ..., T

nt;ns

)

f

local X

0 ; 0

= T

0 ; 0

, ..., X

nt;ns

= T

nt;ns

;

if ( - ) f /* moves on s

j

*/

if ( - )

TRANSITION ( q

i

; s

j

; s

0

j

)

else

TRANSITION ( q

i

; s

j

; q

00

j

)

g

...

else if ( - ) f /* moves on s

k

*/

if ( - )

TRANSITION ( q

i

; s

k

; q

0

k

) ;

else

TRANSITION ( q

i

; s

k

; q

00

k

) g ;

g

g

The en try p oin t of the program P

M ;x

is the function main() ,

de�ned as

main()

f

Start:

local T

0 ; 0

, ..., T

nt;ns

;

INIT T APE ; /* initialize T

i;j

based on x */

f

q

0

( T

0 ; 0

; : : : ; T

nt;ns

) ;

End:

g

The dynamic analog of the call (m ulti-)graph of P

M ;x

is the

valid c al l tr e e , whic h is a �nite tree where eac h v ertex is la-

b elled with a pro cedure name and a tuple of argumen ts. A

v ertex ( f ; �u ) in suc h a tree has c hildren ( f

1

; �u

1

) ; : : : ; ( f

k

; �u

k

)

if there is an execution path in P

M ;x

, starting with the

call f ( � u ) with the v alue of NoErr = 1, that executes the

pro cedure calls f

1

( � u

1

) ; : : : ; f

k

( � u

k

) in f 's b o dy and returns

with the v alue of NoErr still at 1 (the conditions on the

v alue of NoErr ensure that nothing has gone wrong along

the corresp onding execution path). The follo wing results

establish the connection b et w een the b eha viors of the al-

ternating T uring mac hine M and the program P

M ;x

. Here,

T

i;j

� u denotes that the v alues of the tuple of v ariables

( T

0 ; 0

; : : : ; T

nt;ns

) in P

M ;x

correctly re
ect the tap e con ten ts

u in M . The pro ofs are giv en in App endix 6.

Theorem 4.1 P

M ;x

has a valid c al l tr e e with r o ot ( f

q

; T

i;j

)

if and only if M has an ac c epting c omputation tr e e with r o ot

q u , wher e T

i;j

� u .

F rom this, it is straigh tforw ard to sho w that M accepts x

if and only if P

M ;x

has an execution path at the end of

whic h w e ha v e NoErr = 1. It is easy to sho w, moreo v er, that

P

M ;x

can b e generated using O (log j M j + log j x j ) space. The

follo wing result is then immediate:

Corollary 4.2 The inter-pr o c e dur al single-value pr oblem

for Base+Pr oc+Err is EXPTIME-har d.

It is in teresting and instructiv e to compare this result with

Theorem 3.4. F or the in tra-pro cedural case considered in

Theorem 3.4, w e can use ordinary assignmen ts to program

v ariables to k eep trac k of whether or not an execution path

in the program corresp onds to a v alid accepting compu-

tation of the T uring mac hine b eing sim ulated. W e don't

kno w whether the same tec hnique w orks in the case of in ter-

pro cedural analysis of recursiv e programs: sp eci�cally , when

sim ulating an alternating T uring mac hine, the handling of

univ ersal states seems problematic. Instead, w e use a lan-

guage mec hanism|the Erro r-if-Zero ( � ) construct|that al-

lo ws us to accum ulate a highly constrained summary of an

execution path in to a v ariable. This allo ws us to deter-

mine, from the v alue of this v ariable, whether or not an y-

thing w en t wrong at an y p oin t in an execution path. Notice

that ev en though Corollary 4.2 giv es a complexit y result for

single-v alue problems in Base+Pr oc+Err , the a v ailabilit y

of the Erro r-if-Zero ( � ) construct in fact allo ws us to incre-

men tally accum ulate (in a limited w a y) the v alues of a n um-

b er of v ariables along an execution path. In fact, while the

(in tra-pro cedural) single-v alue problem for Base is solv able

in p olynomial time, adding the Erro r-if-Zero ( � ) construct

mak es it PSP A CE-hard (this can b e used to simplify the

pro of of the 1-p oin ter case in Theorem 3.8).
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4.1 Applications to the Complexit y of Inter-p ro cedural

Data
o w Analysis

4.1.1 Inter-p ro cedural P ointer Alias Analyses

The follo wing theorem giv es the complexit y of single-v alue

problems for arbitrary programs in Base+Pr oc+1ptr .

The pro of, whic h is giv en in App endix 6, relies on using an

indirect assignmen t through a p oin ter to set a global v ari-

able to 0 if an ything \go es wrong" along an execution path,

and thereb y sim ulate the Erro r-if-Zero ( � ) construct.

Theorem 4.3 The inter-pr o c e dur al single-value pr oblem

for b ase variables in Base+Pr oc+1ptr is EXPTIME-

c omplete.

Corollary 4.4 The c omplexity of pr e cise inter-pr o c e dur al

p ointer alias analysis in the pr esenc e of 2-level p ointers is

EXPTIME-c omplete.

Corollary 4.5 The determination of pr e cise solutions for

the fol lowing inter-pr o c e dur al analysis pr oblems for b ase

variables in Base+Pr oc+1ptr is EXPTIME-c omplete:

( a ) r e aching de�nitions; ( b ) live variables; and ( c ) available

expr essions.

4.1.2 Inter-p ro cedural Analysis of Pro cedures with Refer-

ence F o rmals

Consider extending the language Base along another di-

rection: instead of allo wing explicit p oin ters, as in Section

3.3.1, w e allo w (non-recursiv e) functions with reference for-

mal parameters. It do es not come as a surprise that an

indep enden t-attribute analysis is inadequate for solving the

single v alue problem in this case. T o see this, consider the

follo wing program:

var a, b, x: integer;

main()

{

a = 0;

if (...) { x = 0; q(a,x); }

else { x = 1; q(b,x); }

}

proc q(u: ref integer; v: integer)

{

u = v;

}

W e w an t to kno w whether or not a = 1 can hold immedi-

ately after the conditional in main() . W e need a relational-

attribute analysis of q 's argumen ts in order to determine

that q 's �rst argumen t, u , cannot b e a reference to a if its

second argumen t v has the v alue 1. Th us, an indep enden t-

attribute analysis is inadequate for this single v alue problem.

W e ha v e the follo wing results, whose pro ofs are giv en in

App endix 6:

Theorem 4.6 The single value pr oblem for Base extende d

with pr o c e dur es with r efer enc e p ar ameters is PSP A CE-

c omplete for non-r e cursive pr o gr ams and EXPTIME-

c omplete for arbitr ary pr o gr ams.

Corollary 4.7 Pr e cise inter-pr o c e dur al liveness analysis

and available expr essions analysis for Base extende d with

pr o c e dur es with r efer enc e p ar ameters ar e b oth PSP A CE-

c omplete for non-r e cursive pr o gr ams, and EXPTIME-

c omplete for arbitr ary pr o gr ams.

This result corrects a minor 
a w in My ers' original pro of

of the di�cult y of suc h analysis problems [12 ]. My ers con-

sidered in ter-pro cedural analyses in the presence of refer-

ence parameters, and claimed to sho w NP-completeness for

liv eness analysis and co-NP-completeness for a v ailable ex-

pressions; in fact, he pro v ed only hardness results. Our

results establish that mem b ership in NP holds for acyclic

non-recursiv e programs (Theorem 3.2), but stronger results

can b e giv en for general programs.

4.1.3 Inter-p ro cedural Control Flo w Analysis of Programs

with F unction P ointers

In this section w e consider extending Base in another direc-

tion, b y adding C-st yle function p oin ters. These di�er from

general-purp ose p oin ters in that ( i ) the ob jects p oin ted at

are functions, rather than data; and ( ii ) the ob ject obtained

b y dereferencing a function p oin ter cannot b e mo di�ed b y

the program. The primary purp ose of function p oin ters,

therefore, is to a�ect con trol 
o w. The corresp onding analy-

sis problem is therefore a con trol 
o w analysis problem. The

follo wing result, whose pro of follo ws the lines of those for

Theorem 3.8 and Corollary 4.4, impro v es on an NP-hardness

result b y Zhang and Ryder [18 ]:

Theorem 4.8 Pr e cise c ontr ol 
ow analysis in the pr esenc e

of function p ointers is PSP A CE-c omplete for non-r e cursive

pr o gr ams and EXPTIME-c omplete for arbitr ary pr o gr ams.

5 Summa ry and Related W o rk

The con tributions of this pap er can b e summarized as fol-

lo ws:

1. New Results : T o the b est of our kno wledge, the fol-

lo wing are are new results: Corollary 3.7, Theorem

3.9(b,c), Corollary 4.4, and Corollary 4.5.

2. Impro v emen ts to Existing Results : Theorem 3.9

and Corollary 4.5 impro v e on a result b y P ande et al.

[14 ]. Corollary 4.4 impro v es on a result b y Landi [7 , 10 ].

Theorem 4.6 and Corollary 4.7 impro v e on a result b y

My ers [12 ].

3. Explanations of Existing Results : Theorems 3.6

and 3.8 explain the underlying reasons for Landi's com-

plexit y results for p oin ter alias analysis [7 , 10 ]. The-

orems 3.8 and 3.9(a) together explain wh y single-lev el

p oin ters are hard to deal with when constructing in tra-

pro cedural def-use c hains but not when considering

in tra-pro cedural p oin ter analyses. Theorem 4.8 ex-

plains the di�cult y of in ter-pro cedural con trol 
o w

analysis in the presence of function p oin ters.

The distinction b et w een indep enden t-attribute analyses and

relational-attribute analyses w as �rst de�ned b y Jones

and Muc hnic k [5], who also examined the complexit y of

these approac hes to program analysis. They sho w ed that

indep enden t-attribute analyses o v er a �xed �nite domain

has w orst case complexit y that is p olynomial in the size

of the program, while relational-attribute analysis for pro-

grams consisting of assignmen ts, sequencing, and \unin ter-

preted" conditionals|i.e., where w e alw a ys assume that ei-

ther branc h of a conditional ma y b e tak en, or, equiv alen tly ,
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that all paths in the program are executable|but not con-

taining an y lo ops, is NP-hard [5 ]. V ariations on the basic

idea of this pro of ha v e b een used for NP-hardness results b y

a n um b er of authors [7 , 10 , 11, 12, 14 ], as w ell as in the pro of

of Theorem 3.2 in this pap er. Jones and Muc hnic k also sho w

that when lo ops and \in terpreted" conditionals are added,

the problem b ecomes PSP A CE-hard. Unfortunately , since

most data
o w analyses in practice treat conditionals as un-

in terpreted, the latter result is not directly applicable to

them.

Nielson and Nielson consider, in a v ery general denota-

tional setting, the n um b er of iterations necessary to compute

the least �xp oin t of a functional o v er a �nite lattice, under

v arious assumptions ab out the kinds of functions considered

[13 ]; this w ork is aimed at �nding the cost of particular for-

m ulations of data
o w analysis problems. By con trast, our

w ork fo cuses on the inheren t computational complexit y for

certain kinds of program analyses. While the n um b er of it-

erations needed to attain a �xp oin t is an imp ortan t factor

in determining the amoun t of w ork done b y an analysis, it is

not the only suc h factor, and hence do es not giv e a complete

picture of the complexit y of an analysis. T o see this, observ e

that if w e restrict our atten tion to in tra-pro cedural analyses

of lo op-free programs, the resulting data
o w equations are

not recursiv e, so a single iteration su�ces to compute the

least �xp oin t; nev ertheless, relational-attribute analyses for

suc h programs are NP-complete (Theorem 3.2).

Man y researc hers ha v e giv en complexit y results for sp e-

ci�c program analysis problems (see, for example, [7 , 10 , 11 ,

12 , 14 , 16 , 17 ]). With a few exceptions, e.g., [16 , 17 ], these

results do not generally pro vide insigh ts in to the underlying

reasons for the e�ciency , or lac k thereof, of the analyses.

6 Conclusions

This pap er attempts to elucidate the fundamen tal reasons

wh y precise solutions to certain program analyses are com-

putationally di�cult to obtain. W e giv e simple and general

results that relate the complexit y of a problem to whether or

not it requires a relational-attribute analysis. The applica-

bilit y of this result is illustrated using a n um b er of analyses

discussed in the literature: w e are able to deriv e the com-

plexit y results originally giv en b y the authors, and in sev eral

cases ev en stronger complexit y results, as direct corollaries

to the results presen ted here, with little conceptual and no-

tational e�ort.
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App endix : Pro ofs of Theo rems

Theorem 3.1 The single value pr oblem for pr o gr ams in

Base c an b e solve d in p olynomial time, pr ovide d that prim-

itive op er ations of the analysis c an b e c arrie d out in p olyno-

mial time.

Pro of: A straigh tforw ard indep enden t-attribute analysis

su�ces in this case. Jones and Muc hnic k ([5 ], Section 12.2)

sho w that this can b e carried out in time quadratic in the

size of the program, pro vided that primitiv e op erations of

the analysis, e.g., c hec king whether t w o abstract domain

elemen ts are equal (whic h is necessary to determine when

a �xp oin t has b een reac hed), can b e carried out in O (1)

time. The requiremen t of constan t-time op erations can b e

relaxed to allo w p olynomial-time primitiv e op erations and

still preserv e an o v erall p olynomial time complexit y .

Theorem 3.2 The simultane ous values pr oblem for acyclic

pr o gr ams in Base is NP-c omplete.

Pro of: The pro of of NP-hardness is b y reduction from the

3-SA T problem, whic h is the problem of determining, giv en

a set of clauses ' eac h con taining three literals, whether '

is satis�able. This problem is kno wn to b e NP-complete [4 ].

Giv en a form ula ' � ( u

11

_ � � � _ u

13

) ^ � � � ^ ( u

m 1

_ � � � _ u

m 3

)

o v er a set of v ariables f x

1

; : : : ; x

n

g , where eac h of the literals

u

ij

is either a v ariable or its negation, w e generate a program

P

'

, with v ariables f x 1t , . . . , x nt , x 1f , . . . , x nf , c1 , . . . ,

cm g , of the follo wing form:

if ( - ) f

x 1t = 0; x 1f = 1;

g

else f

x 1t = 1; x 1f = 0;

g

if ( - ) f

x 2t = 0; x 2f = 1;

g

else f

x 2t = 1; x 2f = 0;

g

...

if ( - ) f

x nt = 0; x nf = 1;

g

else f

x nt = 1; x nf = 0;

g

if ( - ) c1 = w

11

;

else if ( - ) c1 = w

12

;

else c1 = w

13

;

...

if ( - ) cm = w

m 1

;

else if ( - ) cm = w

m 2

;

else cm = w

m 3

;

L:

Here, w

ij

are de�ned as follo ws: if the literal u

ij

is a

v ariable x

k

for some k , then w

ij

= x kt ; if the literal u

ij

is a

negated v ariable x

k

for some k , then w

ij

= x kf . In tuitiv ely ,

x i t = 1 in P

'

represen ts an assignmen t of a truth v alue true

to x

i

in ' , while x i f = 1 represen ts a truth v alue of false .

Eac h path through the �rst group of conditionals represen ts

a truth assignmen t for the v ariables of ' . The second group

of conditionals represen ts the ev aluation of the clauses: the

i

th

clause ev aluates to true if and only if there is a path

through the i

th

conditional in the second group that assigns

1 to the v ariable c i . The sim ultaneous v alue problem w e

p ose at the program p oin t lab elled L is

c1 = 1 ^ ... ^ cm = 1 .

This is true if and only if there is a path through all of the

statemen ts in P

'

that assigns 1 to eac h of the c i , i.e., if and

only if there is a truth assignmen t to the v ariables of ' that

causes eac h of its clauses to ev aluate to true .

T o see that the sim ultaneous v alue problem is in NP ,

giv en an y acyclic program in Base w e simply guess a path

through the program and c hec k whether the assignmen ts

along this path mak e the problem true.

Lemma 3.3 A given p olynomial-sp ac e-b ounde d T uring ma-

chine M ac c epts its input x if and only if A c c eptingCon�g

may hold at the p oint in P

M ;x

lab el le d End , wher e

A c c eptingCon�g �

UnambiguousFinalState ^ T empsCle ar ^ T ap eCle ar .

Pro of: (sk etc h) Let a con�guration � of M c orr esp ond to

a state b� of P

M ;x

, written � � b� , if and only if the follo wing

holds: in � , M is in state q

k

, scanning tap e cell m , with

tap e con ten ts s

0

s

1

: : : s

nt

; and in b� , P

M ;x

has the follo wing

v alues for its v ariables, with con trol at the p oin t lab elled

Dispatch :

Q

i

=

�

1 if i = k

0 otherwise

;

X

i

= 0 ; for all i ;

T

i;j

=

�

1 if s

( i � m ) mo d ( nt +1)

= j

0 otherwise

W e use the follo wing notation: if M can go from con�gura-

tion � to con�guration � via a sequence of transitions, w e

write � `

�

M

� ; if there is a path in the program P

M ;x

that

transforms a state u to a state v , with con trol b eing at the

p oin t lab elled Dispatch in eac h case, w e write u `

�

P

v .

W e �rst sho w that if, giv en con�gurations � and � for

M and states b� and

b

� for P

M ;x

suc h that � � b� and � �

b

� ,

if � `

�

M

� then b� `

�

P

b

� . Pictorially:

ba

~
ba

*

*
M

P

~

The pro of is b y induction on the length n of the transition

sequence of M . The base case, for n = 0, is trivial. F or the

inductiv e case, supp ose that the claim holds for transition

sequences of length n , and consider con�gurations � , � and


 of M and states b� and b 
 of P

M ;x

, with � � b� and 
 � b 
 ,

suc h that � `

n

M


 `

M

� . F rom the induction h yp othesis, w e

ha v e b� `

�

P

b 
 . Supp ose that in the transition 
 `

M

� M go es

from state q

a

, scanning tap e sym b ol c , to state q

b

. In P

M ;x

,

consider state resulting from b 
 b y taking the path from the

p oin t lab elled Dispatch to that referred to as MO V

a;c

. An

examination of the de�nition of the co de corresp onding to

MO V

i;j

sho ws that the resulting state

b

� of P

M ;x

corresp onds
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to the con�guration � of M after the n + 1

st

transition. The

claim follo ws.

Since, from the de�nition of P

M ;x

, the initial con�gura-

tion of M corresp onds to the state of P

M ;x

when con trol �rst

reac hes Dispatch , it follo ws from this that if M accepts its

input and halts|i.e., reac hes a con�guration with state q

1

and its tap e erased (recall that q

1

is the �nal state of M , and

w e assumed that M w ould erase its tap e prior to halting)|

then there is a path in P

M ;x

that leads to a corresp onding

state, whic h is describ ed b y A c c eptingCon�g . This means

that A c c eptingCon�g holds at the p oin t End . Con v ersely ,

if there is a path through P

M ;x

suc h that A c c eptingCon�g

holds at its end at the p oin t lab elled End , then w e can use

the sequence of MO V

i;j

co de executed along this path to re-

construct a sequence of mo v es of M leading to acceptance.

This establishes that M accepts its input if and only if there

is a path in P

M ;x

, consisting of \go o d" guesses, at the end

of whic h A c c eptingCon�g holds at the p oin t End .

Next, consider an y path in P

M ;x

that do es not corre-

sp ond to a v alid computation of M . This m ust come from a

\bad guess" in P

M ;x

of either the state (v ariables Q

i

) or the

tap e sym b ol (v ariables T

j;k

), resulting in the execution of a

co de fragmen t MO V

i;k

. It can b e seen, from the de�nition

of MO V

i;k

, that the v ariable setting that results when con-

trol next returns to the p oin t Dispatch has more than one

the v ariables Q

i

set to 1, or more than one of the v ariables

T

i;j

set to 1. Suc h a v ariable setting is called illegal b ecause

it do es not represen t an y v alid con�guration. F urthermore,

once w e obtain an illegal v ariable setting w e cannot turn

this bac k in to a legal one b ecause eac h of the MO V

i;j

co de

segmen ts preserv es or increases the n um b er v ariables set to

1. This means that A c c eptingCon�g will not hold at the end

of suc h a path in P

M ;x

.

T ogether, it follo ws from these that A c c eptingCon�g will

hold at the p oin t lab elled End if and only if M accepts x .

Lemma .1 Given a p olynomial-sp ac e-b ounde d T uring ma-

chine M and input x , the pr o gr am P

M ;x

il lustr ate d in Figur e

1 c an b e gener ate d in sp ac e O (log ( j M j + j x j )) .

Pro of: Supp ose w e are giv en a T uring mac hine M that,

on an y input of length n , is p ( n )-space-b ounded for some

p olynomial p ( n ). The co de for the corresp onding program

P

M ;x

can b e divided in to three distinct, and indep enden t,

comp onen ts: the initialization co de; the co de for the em u-

lation lo op, consisting of the co de to clear the v ariables X

i

follo w ed b y the co de for the transitions of M ; and the co de

for \rotating" the tap e, lab elled copy right and copy left ,

and the \clean up" computation at the lab el Done . The space

requiremen ts for eac h of these comp onen ts is as follo ws:

{ The initialization step consists of j � j � p ( j x j ) assign-

men ts, where eac h assignmen t statemen t is of �xed

size. T o generate this co de w e need a coun ter of

size log ( j � j � p ( j x j )) = log j � j + log p ( j x j ) bits. Since

j � j = O ( j M j ) and log p ( n ) = O (log n ) for an y p olyno-

mial p ( n ), this comp onen t requires O (log j M j + log j x j )

space.

{ F or the em ulation lo op, clearing the temp orary v ari-

ables requires log j � j = O (1) bits. The outer if state-

men t in the em ulation lo op consists of j Q j cases, where

eac h case (with the exception of that for Q

1

= 1) con-

sists of an inner if statemen t with O ( j � j ) cases, eac h

of whic h consists of a �xed amoun t of co de. Th us the

space requiremen t for generating this is log ( j Q j � j � j ) =

log j Q j + log j � j = O (log j M j ). Th us, the total space re-

quired for this comp onen t is O (log j M j ).

{ Eac h of the copy right and copy left p ortions of the

program consists of j � j + j � j � p ( j x j ) = O ( j � j � p ( j x j ))

assignmen ts, where eac h assignmen t statemen t is of

�xed size. The clean up co de at the lab el Done con-

sists of j � j � p ( j x j ) assignmen ts, where eac h assignmen t

statemen t is of �xed size. T o generate these assign-

men ts w e need a coun ter of size log ( j � j � p ( j x j )) =

log j � j + log p ( j x j ) bits. Since j � j = O ( j M j ) and

log p ( n ) = O (log n ) for an y p olynomial p ( n ), this com-

p onen t requires O (log j M j + log j x j ) space.

The total space required is therefore O (log j x j + log j M j ).

Since log j x j � log ( j M j + j x j ) and log j M j � log ( j M j + j x j ),

w e ha v e O (log j x j + log j M j ) = O (log ( j M j + j x j )). The lemma

follo ws.

Theorem 3.4 The simultane ous value pr oblem for pr o-

gr ams in Base is PSP A CE-c omplete.

Pro of: (sk etc h) PSP A CE-hardness follo ws directly from

Lemmas 3.3 and .1.

T o sho w that the sim ultaneous v alue problem is in

PSP A CE, w e sho w that a giv en suc h a problem for a pro-

gram P , w e can construct a nondeterministic m ulti-tap e

p olynomial-space-b ounded T uring mac hine M

P

to solv e the

problem. Giv en a program P , the input to M

P

consists

of the con trol 
o w graph G

P

of P , an initial assignmen t

E

init

of v alues for the v ariables of P , a target program p oin t

n

t

, and a target en vironmen t E

t

for the v ariables of P :

E

t

= f x

0

7! c

0

; x

1

7! c

1

; : : : ; x

n

7! c

n

g sp eci�es the si-

m ultaneous v alue problem x

0

= c

0

^ x

1

= c

1

^ : : : ^ x

n

= c

n

.

W e w an t M to halt i� there is a path from the initial no de of

G

P

to n

t

that transforms E

init

to the target en vironmen t E

t

.

M

P

copies G

P

and E

t

to t w o w ork tap es and main tains an-

other w ork tap e T

env

that con tains a list of ( variable , value )

pairs, one for eac h program v ariable. T

env

is initialized from

the initial assignmen t E

init

. M

P

then starts sim ulating the

execution of P b y tra v ersing G

P

A t eac h v ertex of the con-

trol 
o w graph, it sim ulates the e�ects of assignmen ts and

up dates T

env

appropriately . A t branc h no des M

P

nonde-

terministically c ho oses a successor to con tin ue pro cessing.

Whenev er M

P

reac hes the target no de n

t

it c hec ks whether

the v ariable v alues on T

env

matc h the desired en vironmen t

E

t

, and halts if this is the case. It is clear that if there is

an execution path in P suc h that, starting from the initial

v ariable assignmen t E

init

, execution can reac h the p oin t n

t

with the desired v alues E

t

for the v ariables, then M can

guess this path and will ev en tually halt and accept its in-

put. Con v ersely , if M

P

halts and accepts, there m ust ha v e

b een suc h a path.

The space needs for M

P

are b ounded b y the space re-

quired to store the G

P

and E

init

and the space required for

the tap e T

env

. The space required for G

P

and E

init

is O ( n ),

where n is the size of the input program. Under the assump-

tion that the w e ha v e a �xed n um b er of constan ts to deal

with (i.e., that the analysis is b eing carried out o v er a �xed

�nite domain), w e need O (1) bits for the v alue of a v ariable

at an y program p oin t; there can b e at most O ( n ) v ariables

in P , so the space requiremen ts for T

env

are O ( n ). It follo ws

that M is p olynomial-space-b ounded.
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Theorem 3.5 The class of Inter-pr o c e dur al simultane ous

values pr oblems for non-r e cursive pr o gr ams in Base+Pr oc

is PSP A CE-c omplete.

Pro of: PSP A CE-hardness follo ws from Theorem 3.4. T o

see that the problem remains in PSP A CE, consider a non-

recursiv e program con taining k pro cedures. The run time

call stac k of this program can ha v e depth at most k . W e use

a nondeterministic T uring mac hine similar to that used to

sho w mem b ership in PSP A CE in the pro of of Theorem 3.4,

except that it uses a tap e that is k times longer than b efore.

This tap e is used as a stac k: at a pro cedure call, it \pushes"

a frame b y cop ying the v alues of the argumen ts after the

\curren t frame" at the end of the tap e; and on a return

from a pro cedure, it \p ops" the curren t frame b y erasing

the appropriate tap e cells and mo v es to the next frame. The

space requiremen t of this mac hine is still p olynomial in the

length of the input, whence it follo ws that the analysis is in

PSP A CE.

Theorem 3.6 The single-value pr oblem for p ointer vari-

ables in Base+1ptr c an b e solve d in p olynomial time. The

single-value pr oblem for b ase variables in Base+1ptr is

PSP A CE-c omplete.

Pro of: F or a single-v alue problem for a p oin ter v ari-

able, the analysis need concern itself only with assignmen ts

to p oin ter v ariables, and a straigh tforw ard indep enden t-

attribute analysis is su�cien t. Reasoning as for Theorem

3.1 sho ws that this is solv able in p olynomial time.

T o pro v e PSP A CE-hardness of the base v ariable case, w e

sho w ho w a binary sim ultaneous v alue problem in Base can

b e reduced to a single-v alue problem for base v ariables in

Base+1ptr . Giv en a program P in Base the idea is to

generate a program P

0

as follo ws (here, X

1

; X

2

; : : : denote

v ariables in P while X

1

; X

2

; : : : denote v ariables in P

0

). The

program P

0

con tains t w o v ariables, Zero and One , that are

initialized to the constan ts 0 and 1 resp ectiv ely . F or eac h

v ariable X in P w e ha v e t w o v ariables X and X in P

0

. As-

signmen ts in P are translated in to P

0

as follo ws:

{ An assignmen t ` X = 0' in P is translated to a pair of

assignmen ts ` X = &Zero; X = &One ' in P

0

; an assign-

men t ` X = 1' is translated to ` X = &One; X = &Zero .'

{ An assignmen t ` X = Y in P is translated to a pair of

assignmen ts ` X = Y; X = Y .'

The in tuition is that X tells us what the v alue of the original

v ariable X is, while X tells us what it is not. Other con-

structs, suc h as conditionals and con trol transfers, remain

unc hanged in the translation.

Supp ose w e are giv en a binary sim ultaneous v alue prob-

lem in of the form X

1

= c

1

^ � � � ^ X

n

= c

n

at a p oin t p

in the original program P , where c

i

2 f 0 ; 1 g . Consider the

conjunct X

1

= c

1

: if c

1

� 0 then, in the generated pro-

gram program, w e w an t to test whether X

1

p oin ts to Zero .

If c

1

� 1, w e w an t to test whether X

1

p oin ts to One ; or

equiv alen tly , whether X

1

do es not p oin t to Zero (since the

v ariables One and Zero are the only base v ariables in the

program, and hence the only things that X

1

could p oin t to);

or equiv alen tly , whether X

1

p oin ts to Zero . Let p

0

b e the

program p oin t in P

0

that corresp onds to the p oin t p in P ,

and let u ; v denote that u p oin ts to v . W e w an t to de-

termine whether there is an execution path in P

0

upto p

0

suc h that x

1

; Zero ^ � � � ^ x

n

; Zero , where x

i

is X

i

if

c

i

� 0, and X

i

if c

i

� 1. W e do this b y inserting the follo wing

co de fragmen t at the p oin t p

0

(where x

i

is either X

i

or X

i

,

dep ending on whether c

i

is 0 or not, as just describ ed).

if ( - ) f

* x

1

= 0; ...; * x

n

= 0;

L: goto End; /* go to end of pgm, halt */

g

If, for some execution path leading to p

0

in the program P

0

,

x

i

; Zero for eac h x

i

, then all of the assignmen ts * x

i

= 0

will write to the v ariable Zero . This means that the initial

assignmen t of 1 to the v ariable One will not b e o v erwritten

(since there are no other assignmen ts to either Zero or One ,

or an y indirect assignmen ts through an y of the v ariables X

i

or X

i

, elsewhere in the program), so One will ha v e the v alue

1 at the p oin t lab elled L in the co de fragmen t ab o v e. On the

other hand, if for ev ery execution path leading to p

0

w e ha v e

x

j

6; Zero for some j , it m ust b e the case that x

j

; One ,

whic h means that the assignmen t * x

j

= 0 will o v erwrite the

initial assignmen t to One . Th us, b y answ ering the single-

v alue problem of whether or not One has the v alue 1 at

the p oin t L , w e can solv e the original binary sim ultaneous

v alue problem for the program P . The result follo ws from

Theorem 3.6.

Theorem 4.1 P

M ;x

has a valid c al l tr e e with r o ot ( f

q

; T

i;j

)

if and only if M has an ac c epting c omputation tr e e with r o ot

q u , wher e T

i;j

� u .

Pro of: W e �rst sho w that P

M ;x

has a v alid call tree T

P

with ro ot ( f

q

; T

i;j

) if M has an accepting computation tree

T

M

with ro ot q u , where T

i;j

� u . W e pro ceed b y induction

on the heigh t of T

M

.

The base case is for n = 0, whic h means that q is an

accepting state. Supp ose that the ro ot of T

M

is lab elled

q u . F rom the construction of P

M ;x

, it follo ws that the tree

consisting of the single no de ( f

q

; T

i;j

), where T

i;j

� u , is a

v alid call tree.

F or the inductiv e case, assume that P

M ;x

has a v alid

call tree with ro ot ( f

q

0

; �v

0

) whenev er M has an accepting

computation tree with ro ot q

0

u

0

and heigh t � k , where �v

0

�

u

0

, and consider an accepting computation tree T

M

of M

with heigh t k + 1. Let the ro ot of T

M

b e q u , and supp ose

that T

i;j

� u . W e ha v e t w o p ossibilities:

1. q is an existen tial state. F rom the de�nition of com-

putation trees, T

M

's ro ot has a single c hild q

0

u

0

, and

the subtree T

0

M

ro oted at this c hild is also an accepting

computation tree of M . Since T

0

M

has heigh t less than

k + 1, it follo ws from the induction h yp othesis that P

M ;x

has a v alid call tree T

0

P

whose ro ot is lab elled ( f

q

0

; �v

0

)

suc h that �v

0

� u

0

.

Supp ose that the transition from q to q

0

o ccurs on tap e

sym b ol s

i

. F rom the construction of P

M ;x

, the func-

tion f

q

con tains an execution path through the co de

de�ned b y TRANSITION ( q ; s

i

; q

0

) that v eri�es that the

tap e sym b ol scanned is s

i

, adjusts the v ariables T

i;j

as

necessary to corresp ond to the tap e con ten ts u

0

, and

calls f

q

0

. It follo ws from this that a tree with ro ot

( f

q

; T

i;j

) that has a single subtree T

0

P

is a v alid call

tree for P

M ;x

.

2. q is a univ ersal state. This means that T

M

's ro ot has

t w o c hildren q

0

u

0

and q

00

u

00

, and that the subtrees T

0

M

and T

00

M

ro oted at eac h of these c hildren are accepting
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computation trees for M . Since eac h of these subtrees

has heigh t less than k + 1, it follo ws from the induction

h yp othesis that P

M ;x

has v alid call trees T

0

P

, with ro ot

lab elled ( f

q

0

; �v

0

), and T

00

P

, with ro ot lab elled ( f

q

00

; �v

00

),

where �v

0

� u

0

and �v

00

� u

00

.

Supp ose that the transitions from q to q

0

and q

00

o ccur

on tap e sym b ol s

i

. F rom the construction of P

M ;x

, the

function f

q

con tains an execution path

if ( - ) f

TRANSITION ( q ; s

i

; q

0

) ;

TRANSITION ( q ; s

i

; q

00

) ;

g

that sim ulates eac h of these transitions b y v erifying

that the tap e sym b ol scanned is s

i

, adjusting the v ari-

ables T

i;j

as necessary , and calling the appropriate func-

tion in P

M ;x

. It follo ws that a tree with ro ot ( f

q

; T

i;j

)

that has t w o subtrees T

0

P

and T

00

P

is a v alid call tree for

P

M ;x

.

The pro of in the other direction is v ery similar, except that

the induction is on the heigh t of the v alid call trees of P

M ;x

.

Corollary .2 M ac c epts x if and only if ther e is an exe cu-

tion p ath p in P

M ;x

fr om the pr o gr am p oint lab el le d Start

to that lab el le d End such NoErr = 1 at the end of p .

Pro of: W e observ e that b y construction of P

M ;x

, the co de

at the p oin t lab elled Start sets NoErr to 1 and initializes

the v ariables T

i;j

according to the input x .

Supp ose that M accepts x , i.e., there is an accepting

computation tree T

M

ro oted at q

0

x . It follo ws from Theo-

rem 4.1 that there is a v alid call tree T

P

for P

M ;x

with ro ot

( f

q

0

; T

i;j

) where T

i;j

� x . This means that there is an exe-

cution path in P

M ;x

from Start to End suc h that NoErr = 1

at End .

Supp ose that M do es not accept x , i.e., there is no ac-

cepting computation tree T

M

ro oted at q

0

x . F rom Theorem

4.1, it follo ws that there is no v alid call tree in P

M ;x

with

ro ot ( f

q

0

; T

i;j

) suc h that T

i;j

� x . It follo ws that there is no

execution path from Start to End along whic h the v alue of

NoErr remains 1.

Theorem 4.3 The inter-pr o c e dur al single-value pr oblem

for b ase variables in Base+Pr oc+1ptr is EXPTIME-

c omplete.

Pro of: The pro of is b y reduction from the in ter-pro cedural

single-v alue problem for Base+Pr oc+Err . W e sho w ho w

an y program P

M ;x

in Base+Pr oc+Err , generated for an

A TM M and input x as discussed in Section 4, can b e

translated to a program P

0

in Base+Pr oc+1ptr (here,

X

1

; X

2

; : : : denote v ariables in P while X

1

; X

2

; : : : denote v ari-

ables in P

0

):

1. P

0

con tains global v ariables Zero and One , whic h are

initialized to 0 and 1 resp ectiv ely . Additionally , for

eac h global v ariable V in P there is a global p oin ter

v ariable V in P

0

; in particular, the distinguished (base)

v ariable NoErr in P corresp onds to a global p oin ter

v ariable NoErr in P

0

, whic h is initialized to the v alue

&One .

2. F or eac h n -argumen t function f in P there is an n -

argumen t function f in P

0

. F or eac h suc h pair of corre-

sp onding functions, for eac h lo cal v ariable V in f there

is a lo cal p oin ter v ariable V in f .

3. Assignmen t statemen ts in P are translated as follo ws:

a statemen t ` X = e ' in P translates to the statemen t

` X = e

0

', where e

0

is giv en b y

e

0

=

(

&Zero if e � 0

&One if e � 1

Y if e � Y for some v ariable Y

F unction calls are translated as follo ws: a call

` f ( e

1

; : : : ; e

n

)' translates to ` f( e

0

1

; : : : ; e

0

n

) ', where the

e

0

i

are giv en b y:

e

0

i

=

(

&Zero if e

i

� 0

&One if e

i

� 1

Y if e

i

� Y for some v ariable Y

Conditionals are translated unc hanged.

4. A statemen t Erro r-if-Zero ( X ) is translated to ` *NoErr

= *X .'

5. The single-v alue problem ` NoErr = 0' in P corresp onds

to the base-v ariable single-v alue problem ` One = 1' in

P

0

.

Eac h v ariable V in P is translated to a p oin ter v ariable V in

P

0

; a v alue of 0 for V in P corresp onds to V b eing a p oin ter

to the base v ariable Zero in P

0

, while a v alue of 1 for V

corresp onds V b eing a p oin ter to the v ariable One .

Consider the program P

M ;x

generated for a giv en A TM

M and input x . In the corresp onding program P

0

M ;x

in

Base+1ptr , the v ariable NoErr is initially set to p oin t

to One , whic h has the v alue 1. No w consider an y execu-

tion path p in P . If p do es not con tain an y o ccurrence of

a Erro r-if-Zero ( � ) statemen t, the execution along the cor-

resp onding path in P

0

simply parallels that in P , the only

di�erence b eing that instead of the v alues 0 and 1 in P w e

ha v e &Zero and &One in P

0

. If the path p con tains a state-

men t Erro r-if-Zero ( X ) , then the corresp onding statemen t in

P

0

is ` *NoErr = *X .' W e ha v e the follo wing p ossibilities:

1. NoErr p oin ts to One , X p oin ts to One , and the v alue

of One is 1 (corresp onding to the v ariables NoErr and

X in P b oth ha ving the v alue 1). In this case this

assignmen t to *NoErr has no e�ect on the v alue of an y

v ariable in P

0

. This parallels the b eha vior of P .

2. NoErr p oin ts to One and X p oin ts to Zero (corresp ond-

ing to X ha ving the v alue 0 in P ). In this case the

assignmen t sets the v ariable One to ha v e the v alue 0.

This again parallels the b eha vior of P .

3. NoErr p oin ts to One , but the v alue of One is 0 (due to

an assigmen t corresp onding to the previous case earlier

in the execution). In this case, regardless of whether

X p oin ts to One or to Zero , the v alue of *X is 0, so the

assignmen t ` *NoErr = *X ' do es not c hange the v alue

of an y v ariable in P

0

. In particular this means that

*NoErr remains 0. Again, this parallels the b eha vior of

P .
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Th us, at the end of the execution of P

0

, the v ariable One has

the v alue 1 if and only if, at the end of the corresp onding

execution path in P , the v alue of NoErr is 1. The reduc-

tion describ ed ab o v e establishes that the in ter-pro cedural

single-v alue problem for base v ariables in Base+1ptr is

EXPTIME-hard.

W e next sho w ho w a program P in Base+Pr oc+1ptr

can b e sim ulated b y a p ( n )-space-b ounded A TM M

P

, where

n is the program size. M

P

has its tap e divided in to four

regions: Glob als , A nticip ate dGlob als , T empGlob als , and L o-

c als . Glob als con tains the curren t snapshot of the global

v ariables. A nticip ate dGlob als sho ws the Globals as w e ex-

p ect them to b e up on return from the curren t subroutine.

T empGlob als is an auxiliary region big enough to hold Glob-

als and A nticip ate dGlob als . L o c als con tains the con ten ts of

lo cal v ariables and subroutine argumen ts; the scop e of these

v ariables extends only to the end of the curren t subroutine

(parameter passing and returning of results can b e ac hiev ed

using global v ariables). These regions are ob viously p olyno-

mially b ounded b y the size of P .

M

P

w orks as follo ws: It in terprets the curren t subroutine

f in P , up dating Glob als and L o c als appropriately . When

P is nondeterministic b ecause of unin terpreted conditionals

so is M

P

, whic h \guesses" one of the branc hes of the con-

ditional to con tin ue in terpreting (using existen tial states).

When f returns M

P

compares Glob als with A nticip ate dGlob-

als and go es in to an accepting state if they are equal and

otherwise in to a rejecting state.

The k ey mec hanism is ho w calls to a subroutine g are sim-

ulated. First M

P

copies the A nticip ate dGlob als in to T emp-

Glob als M

P

then guesses the e�ect of the subroutine call on

Glob als and writes this guess in to A nticip ate dGlob als . Im-

mediately after this M

P

switc hes in to a univ ersal state. One

successor of this state starts in terpreting subroutine g . This

computation branc h will reac h an accepting state only if

A nticip ate dGlob als w as guessed correctly . The other succes-

sor con tin ues in terpreting subroutine f assuming the call to

g b eha v es as exp ected, i.e., it copies A nticip ate dGlob als to

Glob als and T empGlob als bac k to A nticip ate dGlob als .

The subroutine main() , where the sim ulation b egins is

handled sligh tly di�eren tly . A t the b eginning of main()

Glob als is initialized and up on return from main M

P

alw a ys

en ters an accepting state.

It is not hard to see that this will faithfully sim ulate

P . If w e in terested in solving a single or sim ultaneous v alue

problem|whic h w e assume, without loss of generalit y , to b e

p osed at the end of main |w e can mak e M

P

test the condi-

tion at the end of main and either go in to an accepting state

if the condition is satis�ed or in a rejecting state otherwise.

Theorem 4.6 The single value pr oblem for Base extende d

with pr o c e dur es with r efer enc e p ar ameters is PSP A CE-

c omplete for non-r e cursive pr o gr ams and EXPTIME-

c omplete for arbitr ary pr o gr ams.

Pro of: (sk etc h) The pro of is v ery similar to that for Theo-

rem 4.3, the primary di�erence b eing that instead of explicit

p oin ter v ariables w e use reference parameters. Eac h pro ce-

dure in the program tak es t w o additional argumen ts that are

references to the global v ariables Zero and One . Instead of

explicit assignmen ts of &Zero and &One , as in the construc-

tion in the pro of of Theorem 4.3, w e use these reference

parameters. The remainder of the pro of remains essen tially

unc hanged.

Corollary 4.7 Pr e cise inter-pr o c e dur al liveness analysis

and available expr essions analysis for Base extende d with

pr o c e dur es with r efer enc e p ar ameters ar e b oth PSP A CE-

c omplete for non-r e cursive pr o gr ams, and EXPTIME-

c omplete for arbitr ary pr o gr ams.

Pro of: The pro of follo ws the lines of that of Theorem 4.6,

mo di�ed in a manner analogous to that in Theorem 3.9.
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