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Abstract. In this paper we consider the problem of characterizing the directed
graphs that admit an upward straight-line embedding into every point set in con-
vex or in general position. In particular, we show that no biconnected directed
graph admits an upward straight-line embedding into every point set in convex
position, and we provide a characterization of the Hamiltonian directed graphs
that admit upward straight-line embeddings into every point set in general or in
convex position. We also describe how to construct upward straight-line embed-
dings of directed paths into convex point sets and we prove that for directed trees
such embeddings do not always exist. Further, we investigate the related prob-
lem of upward simultaneous embedding without mapping, proving that deciding
whether two directed graphs admit an upward simultaneous embedding without
mapping is N'P-hard.

1 Introduction

A straight-line embedding of a graph into a point set P is a mapping of each vertex to a
point of P and of each edge to a straight-line segment between its end-points such that
no two edges intersect. The problem of constructing straight-line embeddings of graphs
into planar point sets is well-studied from both a combinatorial and an algorithmic point
of view and comes in several different flavours within the Graph Drawing literature.

Gritzmann et al. [12] proved that a graph admits a straight-line embedding into ev-
ery point set in general position if and only if it is an outerplanar graph. From an
algorithmic point of view, an O(n log® n)-time algorithm [1] and a ©(n log n)-time al-
gorithm [2]] are known for constructing straight-line embeddings of outerplanar graphs
and trees into given point sets in general position, respectively. Cabello [4] proved that
the problem of deciding whether a planar graph admits a straight-line embedding into a
given point set is NP-hard. If edges are not required to be straight, then by the results
of Kaufmann and Wiese [13]], every planar graph admits a planar drawing with at most
two bends per edge into every point set and such a bound can not be improved.

Several problems ask for embedding more graphs on the same point set. Determining
the minimum cardinality f(n) of a set of points P such that every n-vertex planar
graph admits a straight-line embedding into an n-point subset of P is a well-know and
widely-open problem [5J6/14]15]. Recently, the problem of constructing simultaneous
embeddings without mapping, i.e., straight-line planar drawings of n-vertex graphs on
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the same set of n points, has been considered. Brass et al. [3] proved that a planar
graph and any number of outerplanar graphs admit a simultaneous embedding without
mapping. Whether every two planar graphs admit a simultaneous embedding without
mapping is still unknown.

Surprisingly, less attention has been devoted to the directed versions of such prob-
lems. When visualizing a directed graph, one usually requires an upward drawing, i.e.,
a drawing such that each edge monotonically increases in the y-direction. Giordano et
al. [11]] show a directed counterpart of the results in [13], namely that every upward
planar digraph has an upward planar embedding with at most two bends per edge into
every point set. As a directed counterpart of the results in [3]], the same authors show
that any number of trees admit an upward simultaneous embedding without mapping.

In this paper we study additional directed versions of some of the problems cited
above. In Section [3| we consider the problem of determining which directed graphs
admit a planar straight-line upward embedding into every point set in general or in
convex position. We show that no biconnected directed graph with more than three
vertices has a straight-line upward embedding into every point set in convex position.
We also characterize the Hamiltonian directed graphs that admit a straight-line upward
embedding into every point set in convex or in general position. We prove that every
directed path admits a straight-line upward embedding into every point set in convex
position and that every directed tree of diameter at most four admits a straight-line
upward embedding into every point set in general position. Finally, we prove that not
all directed trees admit a straight-line upward embedding into every point set in convex
position.

In Section [ answering a question of Giordano et al. [11]], we show two upward
planar directed graphs that do not admit any upward simultaneous embedding with-
out mapping. Further, we prove that deciding if two upward planar digraphs admit an
upward simultaneous embedding without mapping is A/P-hard.

Several proofs are omitted or sketched, due to space limitations. Full proofs of each
statement can be found in the extended version of the paper [9].

2 Preliminaries

An upward planar directed graph is a directed graph that admits a planar drawing such
that each edge is represented by a curve monotonically increasing in the y-direction.
Every upward planar digraph admits a straight-line upward planar drawing [7], i.e., an
upward planar drawing in which every edge is represented by a segment. The under-
lying graph of a directed graph G is the undirected graph obtained by removing the
directions on the edges of G. In the following we refer to directed paths, directed cy-
cles, directed trees, directed outerplanar graphs, meaning upward planar directed graphs
whose underlying graphs are paths, cycles, trees, and outerplanar graphs, respectively.
A Hamiltonian directed graph G is a directed graph containing a path (v, va, -, vy)
passing through all vertices of G such that edge (v;, v;+1) is directed from v; to v;11,
foreach 1 < i < n. A source (resp. sink) in a directed graph G is a vertex having only
outgoing edges (resp. having only incoming edges).
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A set of points in the plane is in general position if no three points lie on the same
line. The convex hull of a set of points P is the set of points that can be obtained as a
convex combination of the points of P. A set of points is in convex position if no point
is in the convex hull of the others.

An upward straight-line embedding of an n-vertex directed graph G into a set P
of n points is a mapping of each vertex of GG to a point of P providing a straight-line
upward planar drawing. An upward simultaneous embedding without mapping of two
n-vertex upward planar directed graphs GG; and G is a pair of upward planar straight-
line drawings in which the vertices of (G; and G5 are placed on the same set of n points.

In order to deal with upward embeddings of directed graphs into point sets, we as-
sume that no two points of any point set have the same y-coordinatel]. Then, the points
of any point set can be totally ordered by increasing y-coordinate. Hence, we refer to
the i-th point as to the point such that exactly ¢+ — 1 points have smaller y-coordinate.
The first and the last point of a point set P are denoted by p,,, (P) and pys (P), respec-
tively. In a convex point set P, two points are adjacent if the segment between them
is on the border of the convex hull of P. Points {v1,vs, -, vt} in a convex point set
P are consecutive if v; and v; 1 are adjacent, for each 1 < ¢ < k. We call a one-side
convex point set any convex point set P in which py;(P) and p,,, (P) are adjacent.

3 Graphs with Upward Straight-Line Embeddings into Every
Point Set

In this section we consider the problem of determining which directed graphs admit an
upward straight-line embedding into every point set in general or in convex position.

3.1 Biconnected Directed Graphs and Hamiltonian Directed Graphs

First, we show that no biconnected directed graph with more than three vertices has an
upward straight-line embedding into every point set in convex position, and hence into
every point set in general position. The following two lemmata are well-known:

Lemma 1. Let C be any directed cycle. The number of sources in C'is equal to the
number of sinks.

Lemma 2. Let O be a straight-line embedding of a directed graph into a point set in
convex position. Then O is an outerplanar embedding.

We now observe the following lemmata.

Lemma 3. Let G be a directed graph containing a cycle C. Suppose that C has at least
two vertices u and v that are sources in C. Then there exists a convex point set P such
that G has no upward straight-line embedding into P.

!'Such an assumption is not a great loss of generality as every point set can be turned into
one without two points having the same y-coordinate, by rotating the Cartesian axes by an
arbitrarily-small angle. Further, assuming that no two points have the same y-coordinate avoids
trivial counter-examples and the a priori impossibility of drawing an edge between two speci-
fied points of the point set.



Upward Straight-Line Embeddings of Directed Graphs into Point Sets 125

Vi1
o el
o
Y

\Y
® 2
Sl o o Vl

(a) (b) ©

Fig. 1. (a)—(b) Illustrations for the proofs of Lemmata 3] and [l respectively. Dotted segments
represent paths connecting two vertices. (c) A graph belonging to the family G11 of Hamiltonian
directed graphs with 11 vertices that admit upward straight-line embeddings into every point set.

Proof. Consider any one-side convex point set P. Let s; and sz be two sources in C.
Suppose, w.l.o.g., that the point on which s; is drawn has y-coordinate smaller than
the one on which sg is drawn. Since sz is a source in C, there exist edges (s2,v1) and
(s2,v2) going out of sy and belonging to C. Suppose, w.l.o.g., that the point on which
v1 is drawn has y-coordinate smaller than the one on which v5 is drawn. Since C'is a
cycle, there exist two disjoint paths connecting v; and s;. One of these paths does not
contain s2 and vy and hence it crosses edge (s2, v2); see Fig.[Ila. O

Lemma 4. Let G be a directed graph containing a cycle C. Suppose that C' has exactly
one source s and one sink t. Suppose also that each of the two directed paths P, and Po
of C connecting s and t has at least one node different from s and t. Then there exists a
convex point set P such that G has no upward straight-line embedding into P.

Proof. Consider any one-side convex point set P. Consider any drawing I" of G into
P and let p(s) and p(t) be the points of P where s and ¢ are drawn in I, respectively.
Consider the subset P, of P whose points have y-coordinates greater or equal than the
one of p(s) and less or equal than the one of p(t). Since I” is straight-line and upward,
both P; and Ps lie inside the convex hull Hy, of P;. As P; and P; touch the border of
H, in at least one point different from p(s) and p(t), P; and P cross; see Fig.[Ilb. O

Theorem 1. There exists no biconnected directed graph with more than three vertices
that admits an upward straight-line embedding into every point set in convex position.

Proof. Consider any biconnected directed graph G with more than three vertices. Con-
sider any one-side convex point set P;. By Lemma[2] any embedding I" of G into P;
is outerplanar, hence all vertices of G are incident to the outer face of G. Since G is bi-
connected, the outer face of GG is a simple cycle C. Hence, C'is a cycle passing through
all vertices of G. By Lemma[3] C contains exactly one vertex s that is source in C
and hence, by Lemmal [T] exactly one vertex ¢ that is sink in C. Let P; and P3 be the
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directed paths of C' connecting s and ¢. By Lemmal] one out of P; and Ps, say Py, is
a Hamiltonian directed path and the other one, say Ps, is edge (s, t). Now consider any
convex point set P, in which the line ! through p,,(P2) and pps(P») determines two
half-planes both containing points of P». Such a point set exists if n > 4. Since P; is a
Hamiltonian directed path between s and ¢, there is a vertex of P; in each point of Ps.
Then, there is at least one edge of P; crossing [ and hence crossing (s, ). g

Next, we characterize those Hamiltonian directed graphs that admit an upward straight-
line embedding into every point set in general position and into every point set in convex
position. Let P,, = (v1,va, -+, vy,) be an n-vertex directed path, where edge (v;, v;41)
is directed from v; to v;41, for 1 < ¢ < n — 1. Let G,, be the family of n-vertex
Hamiltonian directed graphs defined as follows: Each graph G € G,, can be obtained
by adding to P, a set of edges E, where each edge of E is directed from a vertex v; to
a vertex v;4o, for some 1 < ¢ < n — 2, and no two edges (v;, v;y2) and (v;41,Vi4+3)
belong to E, forany 1 < i < n — 3; see Fig.[Ilc.

Theorem 2. An n-vertex Hamiltonian directed graph admits an upward straight-line
embedding into every point set in general position if and only if it belongs to Gy,.

Proof. First, we prove the necessity. Suppose that there exists an Hamiltonian directed
graph G that admits an upward straight-line embedding into every point set and that
does not belong to G,,. If P,, = (v, ve, - -, vy,) is the Hamiltonian directed path of G,
then either G contains an edge (v;,v;), withi +2 < j < n, forsome 1 < i <n — 3,
or it contains two edges (v;, v;12) and (v;41, v;43), forsome 1 < ¢ < n — 3.

Suppose G contains edge (v;,v;), with ¢ + 2 < j < n. Consider any convex point
set P with the following property. Let [ be the line through the i-th and the j-th point
of P. Then the (i 4+ 1)-th point and the (i + 2)-th point of P are on different sides of
l. For the upward constraint, the k-th vertex of P,, is drawn on the k-th point of P,
for k = 1,---,n. Hence, edge (v;+1, v;+2) crosses edge (v;,v;). Suppose G contains
two edges (v;, vi+2) and (v;11, v;+3), for some 1 < i < n — 3. Consider any one-side
convex point set P. For the upward constraint, the k-th vertex of P,, is drawn on the
k-th point of P, for k = 1,- -, n. Then, edge (v;, v;42) crosses edge (vit1, Vi+3).

We prove the sufficiency. Consider any n-vertex Hamiltonian directed graph G in
Gy, and any point set P in general position. Draw P, = (v1,v2,---,v,) into P as a
y-monotone path. Draw edges (v;, v;12) belonging to G. Since the drawing is straight-
line, edge (v;,v;+2) intersects or overlaps only those edges intersecting the open
horizontal strip S delimited by the horizontal lines through v; and v;;2. By the defi-
nition of G,,, the only edges that have intersections with .S are (v;, v;+1), (vi, v;42) and
(Vit1,viy2). Since P is in general position, then v;, v; 41, and v; o are not on the same
line and edges (v;, vit1), (vi, Vi+2) and (v;41, vi4+2) do not intersect or overlap. O

3.2 Directed Paths and Directed Trees

We show how to construct upward straight-line embeddings of directed paths into point
sets in convex position. We observe the following:

Lemma 5. Let P be any one-side convex point set with n points and let P = (v, va,
-+, vy) be any n-vertex directed path. If edge (v1,v2) is directed from vy to va (resp.
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Fig. 2. () Illustration for the proof of Theorem Bl when (vq, vq+1) is directed from vg t0 Va1,
and (va+1, Va+2) is directed from vqy2 t0 va+1. (b) Ilustration for the proof of Theorem[3] when
(Va, Va+1) is directed from vq t0 Va1, and (Va+1, Va+2) is directed from va41 t0 Vat2.

from va to vy ), then there exists an upward straight-line embedding of ‘P into P in which
vy IS on P, (P) (resp. vy is on pps (P)).

Proof sketch. The argument uses induction on the number of points of P (and of ver-
tices of P). If n = 1 the statement trivially follows. Consider any one-side convex
point set P with n points, and any n-vertex directed path P = (v1, v, -, vy). Sup-
pose that (v1,v2) is directed from vy to va, the other case being analogous. Consider
the point set P’ = P\ {p,,(P)} which is a one-side convex point set. By induction
P’ = (va,---,v,) admits an upward straight-line embedding into P’ in which v is
either on pys(P’) or on p,,(P’) (depending on the direction of edge (v2, v3)). In both
cases vy can be mapped to p,,(P) and edge (v, v2) can be drawn as a segment. The
resulting drawing I is easily shown to be straight-line, upward, and planar. ]

Theorem 3. Every n-vertex directed path admits an upward straight-line embedding
into every convex point set with n points.

Proof sketch. Let P = (v1,ve, -+, v,) be any directed path and let P be any convex
point set with n points. Let A and B be the subsets of P to the left and to the right,
respectively, of the line through pas(P) and p,,(P). Let |A| = a and | B| = b. Consider
edges (Vq, Va+1) and (vVg41, Vat2)-

If edge (va,vq+1) is directed from v, t0 ve41 and (Va41,vat2) is directed from
Vat2 t0 Vgt (see Fig. Pla), apply Lemma[3 to construct an upward straight-line em-
bedding of path P; = (vg, Va—1, -+, v1) into A in which v, is placed either on pjs(A)
or on p,,(A), and apply Lemma [3 to construct an upward straight-line embedding of
path Py = (Vg41,Va42, -+, Up) into BU{par(P), pm (P)} in which vg41 is placed on
pr(P). The resulting drawing I is easily shown to be straight-line, upward, and pla-
nar. An upward straight-line embedding of P into P can be constructed analogously if
(v, Vat1) is directed from v, 11 to v, and (Vg41, Vat2) is directed from v, 41 t0 V41 2.

If (vg,Vqt1) is directed from v, to ve41 and (Ve41,Vat2) is directed from v,
to va12 (see Fig.2lb), let h be the smallest index such that edge (v;, v;11) is directed
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Fig. 3. (a) Illustration for Theorem [l (b)-(c) A tree T and a point set P such that 7" does not
admit any upward straight-line embedding into P.

from v; to v;41, fori = h,h 4+ 1,...,a, and let k be the greatest index such that
edge (vi, v;11) is directed from v; to v; 41, fori = a,a+ 1,...,k — 1. Consider path
Py = (Vph—1,Vh—2," -, v1) and consider the point set A’ C A composed of the first
h — 1 points of A. Apply Lemma[3]to construct an upward straight-line embedding of
Py into A" such that vj,_1 is placed either on py;(A’), or on p,,(A’). Consider path
Py = (Vk+1,Vk+2," -, Vy,) and consider the point set B’ C B composed of the last
n — k points of B. Apply Lemma[3to construct an upward straight-line embedding of
Py into B’ such that vy is placed either on pas(B’), or on p,,(B’). Consider path
Ps = (vn, Vh+1, - - -, Vi) and consider the point set C' = P\ {A’ U B’}. Construct an
upward straight-line embedding of Ps into C’ such that the i-th vertex of Pjs is placed
on the i-th point of C’, for ¢ = h, - - -, k. The resulting drawing I" is easily shown to be
straight-line, upward, and planar. An upward straight-line embedding of P into P can
be constructed analogously if (v, vg+1) is directed from vg41 t0 V4, and (Vg41, Vat2)
is directed from vg42 t0 V1. O

Directed trees of diameter at most four, i.e., in which the maximum number of edges in
any path is at most four, admit upward straight-line embeddings into every point set in
convex or in general position, as in the following theorem, whose constructive proof is
shown in Fig.[Bla and detailed in the full version of the paper [9].

Theorem 4. Every directed tree with diameter at most four admits an upward straight-
line embedding into every point set in general position.

Next, we show that not all directed trees admit a straight-line upward embedding into
every point set in convex position (and hence into every point set in general position).
The proof uses as main tool the following lemma. Consider any tree 7" and any convex
point set P. Let v be any node of 7" and let 71, T, - - -, T}, be the subtrees of 1" obtained
by removing u and its incident edges from 7.

Lemma 6. In any upward straight-line embedding of 'T' into P, the vertices of T; are
mapped into a set of consecutive points of P, for eachi = 1,2,--- k.

Assume n is odd and greater or equal than 5. Consider a directed tree T° composed of:
(i) one vertex r of degree three, (ii) three paths of n vertices P1 = (u1,u2, -+, Up),
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where (u;, u;+1) is directed from w; 1 to u;, Py = (v1,v2, -+, vy), where (v;, v;41)
is directed from v; to v;41, and P35 = (wq, wa, - - -, wy), where (w;, w;4+1) is directed
from w; to w; 1, and (iii) edge (r, u;) directed from r to uy, edge (r, v1) directed from
vy to 7, and edge (r,w;) directed from w; to 7; see Fig.Blb. Let P be a convex point
set with 3n 4 1 points such that a set @ of (3n — 1)/2 points q1, 2, - - -, q(3n—1)/2 are
to the left and a set R of (3n — 1)/2 points rq,72,---,7(3,—1)/2 are to the right of
the line connecting pas(P) and py, (P). Assume that y(p,,, (P)) < y(q1) < y(r) <
Y(q2) < y(r2) < -+ < y(ain-1)/2) < Y(r@En—1)/2) < y(Pam(P)); see Fig.Blc. It is
not difficult to show that 7" does not admit any upward straight-line embedding into P.

Theorem 5. For every n odd greater or equal than 5, there exists a (3n + 1)-vertex
directed tree T and a (3n + 1)-point convex point set P such that T does not admit a
straight-line upward embedding into P.

4 Upward Simultaneous Embeddings of Directed Graphs

First, we show two n-vertex upward planar directed graphs that do not admit any up-
ward simultaneous embedding without mapping. Let G be the graph with n > 5
vertices ui, ul, - - -, ul, with a Hamiltonian directed path P; = (u},ud,---,ul), with

) n’
edges (ul,ud), (ul,ul), (ul, ul), (ud,ul), and (ul, ul), and with any other set of edges

such that G} is still upward planar. Let G2 be the graph with n vertices u?, u3, - - - , u>

with a Hamiltonian directed path Py = (u?,u3, - -, u2), with edges (u?, u3), (u?,u?),
(u2,u2), (u3,u?), and (u3,u2), and with any other set of edges such that G2 is still
upward planar. It is not difficult to show that G and G2 do not admit any upward

simultaneous embedding without mapping.

Theorem 6. For every n > 5, there exist two n-vertex upward planar directed graphs
that do not admit a simultaneous embedding without mapping.

Next, we show that deciding whether two upward planar directed graphs G; and G»
admit a simultaneous embedding without mapping is an A/P-hard problem (in the fol-
lowing called UPWARD SIMULTANEOUS EMBEDDING WITHOUT MAPPING).
In order to prove the AP-hardness of such a problem, we perform a reduction from
3-PARTITION [10]). An instance of 3-PARTITION consists of a set A of 3m ele-
ments, a bound B € Z7, and a size s(a) € ZT for each element a € A, such that
B/4 < s(a) < B/2and such that ) _, s(a) = mB. The 3-PARTITION problem is
to decide whether A can be partitioned into m disjoint sets A;, As, ..., A, such that,
forl<i<3and1l <y Sm,zaieAJ_ s(a;) = B.

We describe how to construct an instance of UPWARD SIMULTANEOUS EMBED-
DING WITHOUT MAPPING from an instance of 3-PARTITION.

Graph G (see Fig.Hla) contains m directed paths P; = (ui’l, ui’?,_ e ,yil_’w ) of
2B vertices, with 1 < i < m. Edge (u7’, ull"ﬁl) is directed from u]’ to uzl’”l, for

1 <j<2B—1and1 < i < m.Further, G; has an edge directed from vertex u§’2B

to vertex u§+1’2B, for each 7 odd such that 1 <7 < m — 1, and an edge directed from
to vertex uzl’l, for each i even such that 2 < ¢ < m—1. Finally, G; has two

vertex uzﬁl’l
vertices wy and 21 such that, for every vertex u?, with 1 < i < mand 1 < j < 2B,



130 A. Estrella-Balderrama, F. Frati, and S.G. Kobourov

Z* PR
u2,~2 Ny u4 2 ul2s(a) u%>25(az) u%,ZS(%)
vf/{lll’z \*&//113 2 \ ul » 2 s
uf-! up! u i W3 u
W W,
(@) (b)

Fig. 4. (a)-(b) Graphs GG1 and G'2. In order to improve readability, edges incident to vertices w1,
z1, w2, and z2 are not shown. Labels are shown only for the first and the last vertex of paths P;
of G and for the first and the last vertex of the paths of each component G. An edge (a, b) is
oriented from « to b if, in the figure, the y-coordinate of b is greater than the one of a.

there exists an edge from ullj to z1 and an edge from w; to ullj . It is easy to see that
(G1 has only one upward planar embedding, up to a flip of the whole graph. Further,
the subgraph P of (G1 induced by the all the vertices of GG; except for w; and z; is a
directed path. We say that two vertices u** and u'>72 of G are consecutive in G if
they are adjacent in P.

Graph G5 (see Fig.[lb) has a triconnected component G for each element a; € A
(except for the elements a; such that s(a;) = 1 to which biconnected components G%
correspond). All the Gi ’s share two vertices wo and zo. Graph Gi has 2 - s(a;) + 2
vertices, where 2 - s(a;) vertices form a directed path (ub', ub?, - ,u;’Q'S(ai)) such
that edge (ub”, u’ ™) is directed from u’ to ub’**, for 1 < j < 2 s(a;) — 1. For
every 1 <i < 3mand1 < j < 2-s(a;), there is an edge directed from u%? to 2,
and an edge directed from ws to u2’J Notice that, an embedding of G2 is completely
specified by a left-to-right order of the G%’s, up to flip of some G’s. We say that two
vertices us' 1 and u”’J2 of G are consecutive in G if i; = i3 and j5 = j; &= 1. Notice
that, in any upward s1mu1taneous embedding of G; and Go, vertex w; of G; must be
mapped to vertex wsy of G and vertex z; of G; must be mapped to vertex zo of Go. We
observe the following:

Lemma 7. Let ui’j and ui’j+1 be two consecutive vertices of Ga, for some 1 < i < 3m
and1 <j<2- (al) f 1. In any upward simultaneous embedding without mapping of
Gh and G, vertices uy’ and usy’ 1 are mapped to consecutive vertices of G1.

Corollary 1. Consider any upward simultaneous embedding without mapping of G
and Gy in which two vertices uj'”’* and uz2 92 of G1 have been mapped to two vertices
of the same component G of Ga. All vertices between u'"7* 2272 iy P have been

mapped to vertices of G%.

and uy

Lemma 8. In any upward simultaneous embedding without mapping of G1 and Go
there exists no component G5 of Go which has two vertices mapped to vertices u1’2B

j+1,2B—1

and wj , for every j odd, and there exists no component G of G which has two

vertices mapped to vertices u1’1 and v} +1,2 , for every j even.
We obtain the following:

Theorem 7. UPWARD SIMULTANEOUS EMBEDDING WITHOUT MAPPING is
NP-hard.
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Proof. The reduction described at the beginning of the section can clearly be performed
in polynomial time. In fact, 3-PARTITION is A'P-hard in the strong sense, hence it
is N'P-hard even if 2m B, which is the size of the constructed instance of UPWARD
SIMULTANEOUS EMBEDDING WITHOUT MAPPING, is bounded by a polyno-
mial in m. We show that an instance of 3-PARTITION admits a solution if and only
if the corresponding instance of UPWARD SIMULTANEOUS EMBEDDING WITH-
OUT MAPPING admits a solution.

Consider any instance A of 3-PARTITION admitting a solution A;, As,..., A,
such that, for 1 < i <3and1 < j < m, ZaieAj s(a;) = B. We show how to map
the vertices of GG to the vertices of G;. Foreach+ = 1,---,m, consider components

Gg, and G3 of G corresponding to elements a,, a,, and a, of A;, respectively.
Smce Gk has 2 - s(ay) vertices different from wo and 23, then G, Gg, and G3 have
exactly 2B vertices different from wy and z2. Map vertex u3’ 7 of G% to vertex uy’ of

G, foreach 1 < j < 2 s(a,); map vertex ug’] of GY to vertex u§2 S(a’”)ﬂ of Gy, for

each1 < j <2 s(ay); map vertex u;”’ of G5 to vertex ui’zs(%)w's(%)ﬂ of G, for

each1 < j < 2-s(a,). It is easy to see that G, when its vertices are mapped to the
vertices of (G; as described above, is a subgraph of GG;. Hence, an upward simultaneous
embedding of G; and G is obtained by any upward straight-line drawing of G .

Now consider any upward simultaneous embedding (I}, I':) of G; and G5. We show
how to construct a solution Ay, As, ..., A, for the correspondmg instance A of 3-
PARTITION. We claim that the vertices of three components G5 ™', GY’ ‘ and Gy of Ga,
except for wy and 29, have been mapped to all and only the vertices of path P; of G,
foreacht = 1,2, .- -, m. The claim directly implies the existence of a solution to the in-
stance of 3- PARTITION since the claim implies that |G5'*| +|GY"*| + |GZ ‘| = 2B and
hence, by construction, the three elements of A corresponding to G, G¥*, and G5
sum up to B. Consider the component Gy ! of G, which has a vertex mapped to ui 1.

By Corollary[dl the vertices of G””’ are mapped to consecutive vertices of GG1, hence

1
they are mapped to the vertices of P from u1 "o u1 163

LlGst 41

2 . Analogously, the component
Gy’ of G2 which has a vertex mapped to uq

x,1
P from ui 1G4 4 1 163 G Opserve that |G2| + |GY'| < 2B, since each
component of G has less than B vertices (by the assumption that s(a;) < B/2). Hence,

LGS HIGE I+

has vertices mapped to vertices of

there exists a component G5’ Lof G2 which has a vertex mapped to u;
By Corollary[T] the vertices of GZ’ are mapped to consecutive vertices of G L Suppose
that |G2'| + |GYY + |G2Y] > 2B Since each of |Gz I, |GY'|, and |GZ is even,
|GZY + |GYY| + |GZY| is even, as well, hence G5 has a vertex mapped to u>*Z ™1,
By Lemmal8] (I, I;) is not an upward simultaneous embedding without mapping of

G and Gy. Now suppose that |G5"' |+ |GY' |4 |G3" | < 2B. Then, there exists a com-

x,1 y,1 z,1
ponent Gw’ that is mapped to u1 G2 IR IHG . By Corollary [T} the vertices

of Gw’ are mapped to consecutive vertices of Gy. Further by construction and by the
assumption that s(a;) > B/4, |Gm N4+ 1GY + |G + |GYY| > 2B. Hence, since
G2 4G + G + |G| is even, G has vertices mapped both to u;*” and
tou 2 251 . By Lemmalg] (17, I';) is not an upward simultaneous embedding without

mappmg of Gy and Gy. It follows that |G| + |GY'| + |G5'| = 2B. The previous
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argument can be iterated to show that the vertices of three components Gg’i, Gg’i, and
G5" of Go, except for wo and 29, have been mapped to all and only the vertices of path
P; of Gy, foreach i = 1,2, - - -, m, proving the claim and hence the theorem. O

5 Conclusions and Open Problems

In this paper we have shown combinatorial and complexity results regarding the prob-
lem of constructing upward straight-line embeddings of directed graphs into point sets.

We have shown families of directed graphs that admit a straight-line upward em-
bedding into every point set in convex or in general position, and families that do not.
However, the problem of characterizing those graphs admitting a straight-line upward
embedding into every point set in general or in convex position is still open. With this
in mind we note that if an upward planar directed graph admits an upward straight-line
embedding into every point set in general or in convex position, not all its subgraphs, in
general, admit an upward straight-line embedding into every point set in general or in
convex position; see Fig.[3l However, the necessary conditions of Lemmata 2, 3] and4]
strongly restrict the class of upward planar directed graphs to investigate. The follow-
ing two problems naturally arise from the results of this paper: (1) Does every directed
path admit a straight-line upward embedding into every point set in general position?
(2) Does every directed caterpillar admit a straight-line upward embedding into every
point set in convex/general position?

Deciding whether a directed graph admits an upward straight-line embedding into a
given point set in general position is likely to be A'P-hard, since the same problem is
NP-hard in its undirected version [4]. However, we do not know the time complexity
of testing whether a directed graph admits an upward straight-line embedding into a
given point set in convex position. The same problem can be solved in linear time for
undirected graphs as a graph admits a straight-line embedding into a given point set in
convex position if and only if it is outerplanar, which can be tested in linear time [16].

We proved that deciding whether two upward planar directed graphs admit an up-
ward simultaneous embedding without mapping is A/P-hard. We observe that the same
problem is polynomial-time solvable for trees [11]. Hence, it would be interesting to
solve the problem for subclasses of planar digraphs richer than directed trees, e.g., out-
erplanar digraphs and series-parallel digraphs.

A final open problem is to find the minimum cardinality f(n) of a set of points
P in the plane such that every n-vertex planar digraph admits an upward straight-line

(a) (b)

Fig. 5. (a) An upward planar directed graph G that, by Theorem [l does not admit an upward
straight-line embedding into every 4-point point set in convex position. (b) An upward planar
directed graph G2 that admits an upward straight-line embedding into every 5-point point set in
convex position and that contains G; as a subgraph.
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embedding in which the vertices are drawn at points of P. While this is the directed
version of one of the most studied Graph Drawing problems [5l6/14/15], the only known
result is that the minimum size of any grid into which every planar digraph can be drawn
is exponential [8]], hence a polynomial upper bound for f(n) would be interesting.
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